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Control of Linear Switched Systems With Receding
Horizon Modal Information

Ray Essick, Ji-Woong Lee, Member, IEEE, and Geir E. Dullerud, Fellow, IEEE

Abstract—We provide an exact solution to two performance
problems—one of disturbance attenuation and one of windowed
variance minimization—subject to exponential stability. Consid-
ered are switched systems, whose parameters come from a finite
set and switch according to a language such as that specified by
an automaton. The controllers are path-dependent, having finite
memory of past plant parameters and finite foreknowledge of
future parameters. Exact, convex synthesis conditions for each
performance problem are expressed in terms of nested linear ma-
trix inequalities. The resulting semidefinite programming problem
may be solved offline to arrive at a suitable controller. A notion
of path-by-path performance is introduced for each performance
problem, leading to improved system performance. Non-regular
switching languages are considered and the results are extended
to these languages. Two simple, physically motivated examples are
given to demonstrate the application of these results.

Index Terms—H infinity control, H2 control, hybrid systems,
linear matrix inequalities, switched systems, uniform exponential
stability.

I. INTRODUCTION

W E are interested in the stability and control of switched
systems; that is, multi-modal systems exhibiting non-

deterministic switching between operating modes ([18], [24]–
[26], [34]). The system has finitely many modes, each with
a corresponding state-space model, and a set of admissible
switching sequences which are possible modal trajectories for
the system. The system dynamics are given by

xt+1 = Aθ(t)xt +Bθ(t)wt; zt = Cθ(t)xt +Dθ(t)wt. (1)

The admissible sequences may be developed as the evolution
of a finite automaton (Fig. 1) or may be drawn from a more
general switching language (as in Section VII). As a result, the
exact sequence of parameters at each time is not known. These
systems appear in many contexts, such as networked control
systems ([4], [15], [19], [36]), macroeconomic models ([8],
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Fig. 1. Automaton with four modes which provides switching logic. The
automaton state at each time generates a switching signal for the system.

Fig. 2. Tree of possible switching trajectories for the graph of Fig. 1. If the
future switching path (bold) is known, some paths (grey) can be discarded.

[35]), distributed networks of autonomous vehicles ([17], [29]),
and biological and chemical processes ([2], [32]).

We present results for control of such systems to achieve
two different performance measures. We first consider the
�2-induced norm, and then the average system variance over
a finite window. Both performance measures will later be
refined to allow for a variable performance level which de-
pends on the particular switching sequence, leading to path-by-
path performance. We take a receding-horizon type approach
by designing controllers with memory of finitely many past
parameters and access to a finite number of future parameters.
Such foreknowledge eliminates some system trajectories, but
not all (see Fig. 2). This approach resembles previous results on
receding-horizon type control of switched systems (such as [1],
[3], [8], [13], [26], [31]). However, these results are restricted
to controllers which depend only on the current mode, even
though controllers with memory of past modes are known to
improve performance ([6], [25]).

The dependence of our control law on a finite preview of
system modes suggests a comparison with model-predictive
control (MPC), also commonly called receding-horizon control.
Applications of MPC to switched systems have been considered
previously ([5], [27], [28]), but each of these makes different
assumptions. In [27], the entire switching signal must be known
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a priori, and in [5] the switching signal is treated as a de-
sign choice rather than an exogenous signal; in contrast, [28]
assumes no switching knowledge beyond the current mode.
There are also no assumptions made on the allowable switching
transitions. Our controllers potentially occupy a middle ground
between these approaches by permitting a preview of finitely
many future modes. Note that the length of this preview may be
a design choice, or may be fixed (or bounded) by the problem
formulation. In contrast, controller memory is always a design
choice.

Our approach also differs from mainstream MPC by com-
puting all control gains offline. In contrast, MPC requires
the (repeated) solving of an optimization problem online; our
controller requires only selecting the appropriate controller
gain based on the observed switching sequence. In addition,
we explicitly consider the structure of the allowable switching
languages (described by a switching graph). Our approach guar-
antees infinite-horizon performance levels, but a drawback is
the inability to guarantee input or output saturation constraints;
this is a key attribute of the MPC approach.

The paper is organized as follows: Section II develops the
notation and basic tools needed for our results. In Section III
we consider the simpler problem of stabilization without per-
formance to demonstrate the technique used. Section IV con-
siders the �2-induced norm for performance, while Section V
considers the average variance over a finite forward window.
Section VI refines these results for path-by-path performance
and Section VII extends them to non-regular switching lan-
guages. Two physically-motivated examples are presented in
Section VIII, and concluding remarks are given in Section IX.

II. PRELIMINARIES

It will be convenient to represent time-varying systems using
the notation of block-diagonal operators (following the example
of [9]). We will consider the space �2(R

n), i.e. sequences x =
(x0, . . . , xk, . . .) where each xk ∈ R

n and

∞∑
k=0

‖xk‖2 < ∞.

We will also use the unilateral shift operator Z, defined such
that for x = (x0, x1, x2, . . .) we have

Zx = (0, x0, x1, . . .).

Any bounded operator Q : �2(R
n) → �2(R

m) is called block-
diagonal if there exists a sequence of operators Qk : Rn → R

m

such that if y = Qx then yk = Qkxk, k ∈ {0, 1, 2, . . .}. Such
an operator has the representation

Q =

⎡
⎣Q0 0 · · ·

0 Q1
...

. . .

⎤
⎦ .

We use the notation Q∗ to represent the adjoint of Q, and Qk to
denote repeated multiplication. We write Q � 0 whenever the
inner product 〈x,Qx〉 ≥ c‖x‖ for some c > 0.

Consider an LTV system governed by the equations

xt+1 = Atxt +Btwt; zt = Ctxt +Dtwt.

The sequences At, Bt, Ct, and Dt each describe a block-
diagonal operator, and using the shift operator Z we can rewrite
the above system as

x = ZAx+ ZBw; z = Cx+Dw.

For an indexed sequence x, let x(a:b) denote the subsequence
(xa, . . . , xb) when a < b or xa when a = b. Likewise, for a
time-valued sequence θ(t), we use θ(a:b) to denote the sequence
(θ(a), . . . , θ(b)) or θ(a) if a = b. We will use the notation [N ]
to denote the set of indices {1, . . . , N}.

For any symmetric matrix X we use X � 0 (X � 0) when
X is positive definite (positive semidefinite); the notation for
a negative (semi)definite matrix follows. For any X � 0, we
define the norm ‖y‖X = yTXy. For a matrix X , the image and
null spaces are denoted Im(X) and Null(X); N(X) represents
any full-rank matrix such that Im(N(X)) = Null(X). The
largest singular value of X is denoted σ(X).

Lemma 1: Consider a partitioned matrix given by

X =

[
X11 X12

X21 X22

]
.

Then the following are equivalent:

(a) X � 0;
(b) X22 � 0 and X11 −X12X

−1
22 X21 � 0;

(c) X11 � 0 and X22 −X21X
−1
11 X12 � 0.

Proof: These are the well-known Schur complement for-
mulas; see, e.g., [10] for the proof. �

Lemma 2: Given matrices R, S and symmetric matrix Q
there exists a matrix J of compatible dimensions such that

Q+RTJS + STJTR ≺ 0

if and only if the following inequalities are satisfied

N(R)TQN(R) ≺ 0; N(S)TQN(S) ≺ 0.

Proof: This result can be found in either [14] or [30]. �
Lemma 3: Suppose matrices R,S ∈ R

n×n are positive def-
inite. Then for m ≥ n, there is a positive definite X ∈
R

(n+m)×(n+m) which satisfies the relationship

X =

[
S N
NT ·

]
; X−1 =

[
R L
LT ·

]

if and only if [
R I
I S

]
� 0.

Proof: See [30]. �
A switched linear system is described by a finite, indexed set

of parameters

{(Ai, Bi, Ci, Di)} , i ∈ [N ] (2)
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Fig. 3. Finite-length switching paths at time t (blue) and t+ 1 (red), and the
resulting induced switching modes at these times.

Fig. 4. Switching constraint graph with four modes, and the induced switch-
ing graph generated by paths with one past state and one future state. The edge
labels identify the corresponding admissible transitions, while the current mode
(of the underlying sequence) is marked in angle brackets.

and governed by dynamics of the form of (1). The switching
sequence θ : Z+ → [N ] selects the system parameters at each
time t ≥ 0. The switching dynamics are described by a directed
graph with adjacency matrix Q ∈ {0, 1}N×N . An admissible
switching sequence is a sequence (finite or infinite) representing
a valid walk in this graph. In this paper, we assume that Q is a
strongly connected graph; i.e. a path exists from any vertex to
any other vertex.

Remark 4: A special case of switched systems arises when
the adjacency matrix Q is the N ×N matrix of ones. Such a
system is also called a discrete linear inclusion.

Our controllers use not only the current switching mode, but
also a finite number of past and/or future modes; that is, a
finite-length sequence including the current mode. These finite-
length switching paths lead to an induced switched system.
The induced switching modes are the finite-length admissible
switching paths (the relationship between the switching se-
quence and the induced switching mode is shown in Fig. 3).
The induced switching graph admits transitions which preserve
switching knowledge. The induced graph for a small system is
shown in Fig. 4. In the worst case the number of induced modes
grows combinatorially in path length; nevertheless finding the
induced switching graph is straightforward.

When performing analysis on induced systems formed from
switched systems without control inputs, the parameters of
each induced mode depend solely on the current mode. We
introduce the function φ : [N ]L+H+1 → [N ], defined below (as
appropriate):

φ
(
θ(t−L:t+H)

)
= θ(t), φ ((i−L, . . . , i0, . . . , iH)) = i0. (3)

In essence, φ selects the current mode from a sequence which
includes past and/or future modes. This corresponds to the
mode marked in angle brackets in Fig. 4.

III. UNIFORM STABILIZATION

We begin with the stability analysis and stabilization of
switched linear systems without any performance measure.
This simpler setting more clearly demonstrates the intuition
behind the performance results in the subsequent sections.
We require some results from LTV stability theory; therefore
consider first the LTV system described by

xt+1 = Atxt (4)

where At ∈ R
n×n for all t ≥ 0. We will assume that the At

are uniformly bounded; in switched systems the At take only
finitely many possible values so this assumption does not
restrict us. In operator notation, this system has the form

x = ZAx.

Definition 5: The system of (4) is called uniformly exponen-
tially stable if there exist constants c ≥ 1 and λ ∈ (0, 1) such
that for all k ≥ 0 ∥∥(ZA)k

∥∥ ≤ cλk. (5)

Remark 6: This definition is equivalent to requiring that
σ(At+k · . . . ·At) ≤ cλk+1 for every k ≥ 0 and every t ≥ 0.

Lemma 7: The system of (4) is uniformly exponentially sta-
ble if and only if there exists a block-diagonal Y � 0 such that

(ZA)Y (ZA)∗ − Y ≺ 0. (6)

Proof: This is an operator version of a well-known result;
a full proof using this notation can be found in [9]. �

A solution to the Lyapunov equation (6) leads directly to the
bounds c, λ in Definition 5.

Lemma 8: Suppose Y is a solution to (6), and α, β, γ are
positive constants such that

αI � Y � βI; (ZA)Y (ZA)T − Y � −γI.

Then (4) is uniformly exponentially stable with c, λ given by

c =

√
β

α
; λ =

√
1− γ

β
. (7)

Proof: The inequality above shows, for any x, we have

‖(ZA)x‖2Y − ‖x‖2Y ≤ −γ‖x‖2.

Rearranging the above inequality and using the upper bound
‖ · ‖Y ≤ β‖ · ‖ shows that γ ≤ β and gives the inequality

‖(ZA)x‖2Y ≤
(
1− γ

β

)
‖x‖2Y .

Since the norm ‖ · ‖Y is submultiplicative, we then have

∥∥(ZA)k
∥∥2
Y
≤

(
1− γ

β

)k

.
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Using the bounds on Y and rearranging terms gives∥∥(ZA)kx
∥∥

‖x‖ ≤
√

β

α

(√
1− γ

β

)k

from which we obtain the desired result. �
The next lemma gives, for a stable system, a solution to (6)

which is finite-path dependent. This solution is central to the
stability proof for switched systems that follow.

Lemma 9: Suppose the system in (4) is uniformly expo-
nentially stable. Then there exists a Y � 0 which solves (6) and
whose blocks depend only on a finite number of past parameters.

Proof: Suppose the system is uniformly exponentially
stable for c and λ. Pick M such that cλM < 1. Let

Y (M) =

M−1∑
k=0

(ZA)k [(ZA)∗]k .

Clearly, Y (M) � 0. Substituting Y (M) into (6) gives

(ZA)Y (M)(ZA)∗ − Y (M) =(ZA)M [(ZA)∗]M − I

≤ −(1− c2λ2M )I

so Y (M) satisfies (6). The block Y
(M)
k is given by

Y
(M)
k = I +

k−1∑
s=max{0,k−M}

(As · . . . ·Ak−1)(As · . . . ·Ak−1)
T

so Y
(M)
k depends on at most M past parameters. �

We turn now to switched systems of the form

xt+1 = Aθ(t)xt (8)

where θ(t) is an admissible switching sequence under Q.
For a fixed θ(t), this is an LTV system; we require uniform
exponential stability for every admissible sequence.

Definition 10: A switched linear system is uniformly expo-
nentially stable if there exist constants c ≥ 1 and λ ∈ (0, 1)
such that for every admissible sequence θ(t) the system is
uniformly exponentially stable in the sense of Definition 5.

Remark 11: In the following theorems, we use the dual form
of (6) which is obtained by Schur complements.

Theorem 12: For H ≥ 0, L ≥ 0, the system of (8) is uni-
formly exponentially stable if and only if there exist an integer
M ≥ 0 and matrices Xj � 0 for j ∈ [N ]L+M+H such that for
all admissible i(−L:H) and φ given by (3)

AT
φ(i(−L:H))

Xi(−L−M+1:H)
Aφ(i(−L:H)) −Xi(−L−M:H−1)

≺ 0.

(9)

Remark 13: If L = H = M = 0 then the Xj consist of a
single matrix X and (9) reads AT

i0
XAi0 −X ≺ 0 for all i0 ∈

[N ]. In this case, X provides a common Lyapunov function for
the system, i.e. V (x) = xTXx.

Proof: For sufficiency, suppose an M and a family of Xj

satisfy (9). There are finitely many inequalities, so there exist
positive constants α, β such that

αI � X � βI

AT
φ(θ(−L:H))

Xi(−L−M+1:H)
Aφ(θ(−L:H))−Xi(−L−M:H−1)

�−αI.

Let θ(t) be an admissible sequence. Left-extend θ(t) by picking
modes ψ−L−M , . . . , ψ−1 such that (ψ−L−M , . . . , ψ−1, θ(0)) is
admissible. Then define θ(−L−M) = ψ−L−M , . . . , θ(−1) =
ψ−1 so that θ(t) is defined for t ≥ −L−M . Construct a block-
diagonal operator X with Xt = Xθ(t−L−M:t+H−1)

as well as the
operator (Aθ)t = Aφ(θ(t−L:t+H)). Then the inequalities of (9)
yield

αI � X � βI; (ZAθ)
∗X(ZAθ)−X � −αI.

By Lemma 7, the system is exponentially stable, and by Lemma 8
the bounds c, λ are functions of α, β and not of the particular
switching sequence, making them uniform.

For necessity, suppose the system of (8) is uniformly expo-
nentially stable. Lemma 9 gives a block-diagonal X satisfying
the dual of (6) whose blocks depend on At−1, . . . , At−M . Since
At = Aθ(t) = Aφ(θ(t−L:t+H)), these blocks are determined by
the switching sequence θ(t−L−M :t+H). Therefore relabel Xt =
Xθ(t−L−M:t+H)

. This works for every admissible sequence, so
choose a sequence θ(t) which is recurrent, i.e., one in which
every admissible sequence of length M + 1 appears infinitely
often (such a sequence exists when Q is strongly connected.)
Then the blocks of the resulting inequality for t ≥ M , give
every inequality of (9). �

Remark 14: Theorem 12 characterizes the stability of a
switched system in terms of a finite collection of matrix inequal-
ities (in fact, the collection of Xj provides a joint Lyapunov
function for the system). We use two properties of the Lyapunov
inequality for time-varying systems: first, that any solution
demonstrates stability, and second, that stability implies a finite-
past dependent solution. The proof of Theorem 12 gives a
blueprint for the results of Sections IV and V; i.e. developing
conditions which share these two properties (see Theorems 26
and 34).

We now apply this result to a closed-loop system by examin-
ing the induced switched system it creates. Consider a switched
system with controlled input given by

xt+1 = Aθ(t)xt +Bθ(t)ut; yt = Cθ(t)xt +Dθ(t)ut (10)

connected in feedback with a controller of the form

x̂t+1 = Âtx̂t + B̂tyt; ut = Ĉtx̂t + D̂tyt (11)

in which the controller state x̂t ∈ R
n. Define

Ãi =

[
Ai 0
0 0

]
; B̃i =

[
0 Bi

I 0

]
; C̃i =

[
0 I
Ci 0

]

for i ∈ [N ], and also

Kt =

[
Ât B̂t

Ĉt D̂t

]
(12)

from which the following matrix is obtained

AC(t) = Ãθ(t) + B̃θ(t)KtC̃θ(t).

With xC(t) = [xT
t x̂T

t ]
T

, the closed-loop system is

xC(t+ 1) = AC(t)xC(t). (13)
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The controller has memory of length L ≥ 0 and horizon of
length H ≥ 0, so write Kt = Kθ(t−L:t+H)

(and also AC(t) =
AC(θ(t−L:t+H))). The closed-loop matrices are the parameters
of an induced switched system, giving the following theorem.

Theorem 15: For L ≥ 0, H ≥ 0, the system of (13) is uni-
formly exponentially stable if and only if there exist an M ≥
0 and matrices Xj � 0 for j ∈ [N ]L+M+H such that for all
admissible i(−L−M :H)

AC

(
i(−L:H)

)T
Xi(−L−M+1:H)

AC

(
i(−L:H)

)
−Xi(−L−M:H−1)

≺0.
(14)

Proof: Apply Theorem 12 to the closed-loop system. �
The inequalities of (14) are not linear in both X and K and

are treated using the methods of [9] for LTV systems (or those
of [14] for LTI systems). Rewrite (14) as

Hi + FT
i0
Ki(−L:H)

Gi0 +GT
i0
KT

i(−L:H)
Fi0 ≺ 0 (15)

in which

Fi0 = [ B̃T
i0

0 ] ; Gi0 = [ 0 C̃i0 ]

Hi =

[−X−1
i(−L−M+1:H)

Ãi0

ÃT
i0

−Xi(−L−M:H−1)

]
.

Remark 16: We can only apply Lemma 2 here if each
controller variable Ki(−L:H)

appears in exactly one inequality,
i.e. if M = 0. Thus, in the results that follow (particularly
Theorem 18), we lose the distinction between M and L.

Lemma 17: There exists a controller satisfying (15) if and
only if, for every admissible sequence i(−L̄:H)

N (Fi0)
T HiN (Fi0) ≺ 0 (16a)

N (Gi0)
T HiN (Gi0) ≺ 0. (16b)

Proof: Apply Lemma 2 to (15). �
Take a compatible partition of Xi and its inverse by

Xi =

[
Si N
NT ·

]
; X−1

i =

[
Ri L
LT ·

]
. (17)

We now develop equivalent conditions to (16) using matrices
Ri and Si. An explicit representation of N(Fi0) is given by

N (Fi0) =

⎡
⎢⎣
N

(
BT

i0

)
0 0

0 0 0
0 I 0
0 0 I

⎤
⎥⎦ .

Substituting this into (16a), carrying out the multiplication, and
using the partition of X−1

i in (17) yields⎡
⎣−N

(
BT

i0

)T
Ri(−L−M+1:H)

N
(
BT

i0

)
N
(
BT

i0

)T
Ai0 0

AT
i0
N

(
BT

i0

)
0

−Xi(−L−M:H−1)

⎤
⎦≺0.

Applying the Schur complement formula and using the parti-
tion again produces (18a) below; applying the same technique
to N(Gi0) and (16b) produces (18b). These inequalities and
Lemma 3 produce Theorem 18.

Theorem 18: There exists a path-dependent controller with
horizon H ≥ 0 such that (13) is uniformly exponentially stable
if and only if there exist an integer L̄ ≥ 0 and matrices Rj � 0,
Sj � 0 for j ∈ [N ]L̄+H such that for all admissible i(−L̄:H)

N
(
BT

i0

)T (
Ai0Ri(−L̄:H−1)

AT
i0
−Ri(−L̄+1:H)

)
N

(
BT

i0

)
≺ 0

(18a)

N (Ci0)
T
(
AT

i0
Si(−L̄+1:H)

Ai0 − Si(−L̄:H−1)

)
N (Ci0) ≺ 0

(18b)[
Ri(−L̄:H−1)

I
I Si(−L̄:H−1)

]
� 0.

(18c)

Furthermore, given solutions to the inequalities in (18), a con-
troller may be chosen with memory L ≤ L̄.

Proof: Given a stabilizing controller such that (14) is
feasible for some M , the developments above yield (18) with
L̄ = L+M . If sets of Rj , Sj are found satisfying (18), then
one can reconstruct the set of Xj according to (17). Using
these Xj in (15) yields LMIs in which the controller matrices
(with memory L̄ are unknown. Solving this feasibility problem
produces the desired controller gains. �

IV. DISTURBANCE ATTENUATION

We again require some results for LTV systems. Consider the
system described by

xt+1 = Atxt +Btwt; zt = Ctxt +Dtwt (19)

where At ∈ R
n×n, Bt ∈ R

n×m, Ct ∈ R
l×n, and Dt ∈ R

l×m

for all t ≥ 0. Once again we assume that these parameters are
each uniformly bounded. We will use the operator representa-
tion of this system. The uniform exponential stability of this
system is the same as in Definition 5.

Definition 19: The LTV system of (19) is called uniformly
strictly contractive if it satisfies∥∥C(I − ZA)−1(ZB) +D

∥∥ < 1. (20)

Remark 20: This definition is equivalent to the existence of
a γ ∈ (0, 1) such that, when x(0) = 0, the system has ‖z‖2 <
γ2‖w‖2 for any disturbance w. When this holds for a particular
γ, the system achieves attenuation level γ.

Lemma 21: The system of (19) is uniformly exponentially
stable and uniformly strictly contractive if and only if there
exists a block-diagonal Y � 0 such that[

ZA ZB
C D

][
Y 0
0 I

][
ZA ZB
C D

]∗
−
[
Y 0
0 I

]
≺ 0. (21)

Proof: See [9]. �
Solutions to (21) are closely related to solutions of the

associated Riccati difference equation, defined using the system
operators A,B,C,D. For any symmetric operator Y , define

V(Y ) := I −DD∗ − CY C∗.

For any Y such that V(Y ) is invertible, define

R(Y ) := (ZA)Y (ZA)∗ + (ZB)(ZB)∗

+ [(ZA)Y C∗ + (ZB)D∗]V(Y )−1 [CY (ZA)∗ +D(ZB)∗] .
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Lemma 22: The system of (19) is uniformly exponentially
stable and uniformly strictly contractive if and only if there exist
positive constants ε2, δ2, η2 such that for every ε ∈ [0, ε2], the
sequence

Y (ε,0) = εI; Y (ε,M+1) = R
(
Y (ε,M)

)
+ εI (22)

satisfies for all M ≥ 0

V
(
Y (ε,M)

)
� η2I; εI � Y (ε,M) � Y (ε,M+1) � δ2I.

Then the limit Y (ε) = limM→∞ Y (ε,M) satisfies (21).
A technical lemma, demonstrating algebraic properties of the

Riccati operator R, is needed to prove the previous claim.
Lemma 23: Define the operator

A(Y ) := (ZA) + [(ZA)Y C∗ + (ZB)D∗]V(Y )−1C.

Then any operators Y1 and Y2 satisfy the following:

R(Y1)−R(Y2) =A(Y2)[Y1 − Y2]A(Y2)
∗

+A(Y2)[Y1 − Y2]C
∗V(Y1)

−1

× C[Y1 − Y2]A(Y2)
∗ (23a)

=A(Y1)[Y1 − Y2]A(Y2)
∗. (23b)

Proof: Our proof generalizes the proof of [22, Lemma 2.6]
to consider operators in place of individual blocks. From [16],
Lemma 11, we may rewrite the Riccati operator R as

R(Y ) = ĀY Ā∗ + Q̄+ ĀY C∗V(Y )−1CY Ā∗

where

Ā =ZA+ (ZB)D∗(I −DD∗)−1C

Q̄ =(ZB)(ZB)∗ + (ZB)D∗(I −DD∗)−1D(ZB)∗.

We apply [7], Lemma 3.1, to this equation to obtain (23a). It is
straightforward to verify that

V(Y1)
−1 − V(Y2)

−1 − V(Y1)
−1C(Y1 − Y2)C

∗V(Y2)
−1 = 0

from which we obtain the equations

A(Y2) =A(Y1)
(
I − [Y1 − Y2]C

∗V(Y2)
−1C

)
I =

(
I − [Y1 − Y2]C

∗V(Y2)
−1C

)
(
I + [Y1 − Y2]C

∗V(Y1)
−1C

)
.

Using these identities and (23a) we can derive (23b). �
A useful result of (23a) is that the Riccati operator R pre-

serves order; that is, if Y1 � Y2 � 0, then R(Y1)−R(Y2) � 0.
Proof of Lemma 22: First suppose that the conditions on

the Riccati sequence hold. It follows from (22) that

Y
(ε,M)
k = Y

(ε,M+1)
k =⇒ Y

(ε,M+1)
k+1 = Y

(ε,M+2)
k+1

and also for any M ≥ 0, Y (ε,M)
0 = εI . These two facts and a

simple induction argument show that for M ≥ k, Y (M)
k is fixed.

Let Y (ε) denote the block-wise (weak) limit of the sequence.

Then this operator satisfies Y (ε) = R(Y (ε)) + εI; rearranging
terms produces R(Y (ε))− Y (ε) � −εI , from which a Schur
complement produces (21).

Now suppose the system is uniformly stable and contractive,
and let Y be the necessary solution to (21). Let α, β be
constants such that αI � Y � βI and that −αI bounds the
left side of (21). Taking the Schur complement of CY CT +
DDT − I produces

V(Y ) � αI; R(Y ) + αI � Y.

Pick ε ∈ [0, α] and construct Y (ε,M) as in (22). This gives

εI = Y (ε,0) � αI � Y � βI

and by the monotonicity of the Riccati equation given by (23a)

εI � Y (ε,M+1) =R
(
Y (ε,M)

)
+ εI

�R(Y ) + αI � Y � βI

and also V(Y (ε,M)) � V(Y ) � αI . Finally, consider

Y (ε,0) = εI � εI +R
(
Y (ε,0)

)
= Y (ε,1)

so by induction the sequence remains monotone for all M ≥
0. Then setting ε2 = α, δ2 = β and η2 = α the conditions of
Lemma 22 are satisfied. �

The sequence Y (ε,M) captures the evolution of the forward-
iterating Riccati difference equation; the block Y

(ε,M)
t (for t >

M ) is the value of a Riccati iteration with initial condition εI
at time t0 = t−M . The key observation is that each block in
Y (ε,M) depends on parameters for the past M steps.

Lemma 24: Suppose the system of (19) is both uniformly
exponentially stable and uniformly strictly contractive. Let
Y (ε,M) be as in (22) for ε ∈ (0, ε2). The following are true:

(a) There exist constants cε ≥ 1 and λε ∈ (0, 1) such that for
all M ≥ M0 ≥ 0∥∥∥A(

Y (ε,M)
)
· . . . · A

(
Y (ε,M0)

)∥∥∥ ≤ cελ
M−M0
ε . (24)

(b) There exists an M such that Y (ε,M) satisfies (21).

Proof: To prove (a), fix ε, ε̄ ∈ (0, ε2) such that ε < ε̄, and
also define Y (M) := Y (ε̄,M) − Y (ε,M). Since V(Y (ε̄,M)) � 0,
applying (23a) gives

Y (M+1) =R
(
Y (ε̄,M)

)
−R

(
Y (ε,M)

)
+ (ε̄− ε)I

�A
(
Y (ε,M)

)
Y (M)A

(
Y (ε,M)

)∗
+ (ε̄− ε)I.

Since (ε̄− ε)I � Y (M) � (δ2 − ε)I and ε̄− ε > 0, rearrang-
ing the above produces a Lyapunov inequality which establishes
the uniform stability of the operators A(Y (ε,M)). A proof
similar to that of Lemma 8 shows that the corresponding cε,
λε are functions of the bounds on Y (M).
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To prove (b), pick an M such that c2ελ
2M
ε < ε/(δ2 − ε). Then

applying (23b) produces

R
(
Y (ε,M)

)
− Y (ε,M)

= R
(
Y (ε,M)

)
−R

(
Y (ε,M−1)

)
− εI

= A
(
Y (ε,M)

) [
Y (ε,M) − Y (ε,M−1)

]
A
(
Y (ε,M−1)

)∗
−εI

= A
(
Y (ε,M)

)
. . .A

(
Y (ε,1)

) [
Y (ε,1) − Y (ε,0)

]
×A

(
Y (ε,0)

)∗
. . .A

(
Y (ε,M−1)

)∗
− εI

� (δ2 − ε)c2ελ
2M
ε I − εI.

By the choice of M , the last expression is negative definite.
Then the Schur complement formula produces (21). �

We now examine switched linear systems using the same in-
tuition as in Section III. Consider the switched system described
by (1) along with switching constraint Q. Uniform exponential
stability is same as in Definition 10.

Definition 25: A switched system is uniformly strictly con-
tractive if for every admissible θ(t) the system is uniformly
strictly contractive in the sense of Definition 19.

Theorem 26: For H ≥ 0, L ≥ 0, the system of (1) is uni-
formly exponentially stable and uniformly strictly contractive if
and only if there exist an integer M ≥ 0 and matrices Xj � 0
for j ∈ [N ]L+M+H such that for all admissible i(−L−M :H) and
φ given by (3)[
Aφ(i(−L:H)) Bφ(i(−L:H))
Cφ(i(−L:H)) Dφ(i(−L:H))

]T [
Xi(−L−M+1:H)

0
0 I

]

×
[
Aφ(i(−L:H)) Bφ(i(−L:H))
Cφ(i(−L:H)) Dφ(i(−L:H))

]
−
[
Xi(−L−M:H−1)

0
0 I

]
≺0.

(25)

Proof: The proof follows that of Theorem 12, applying
Lemma 21 for sufficiency and Lemma 24 for necessity. �

We now apply this result to a closed-loop system. Consider a
system with controlled input governed by the equation

xt+1 =Aθ(t)xt +B1,θ(t)wt +B2,θ(t)ut

zt =C1,θ(t)xt +D11,θ(t)wt +D12,θ(t)ut

yt =C2,θ(t)xt +D21,θ(t)wt. (26)

The system is connected in feedback with a controller of the
form in (11). Define

Ãi=

[
Ai 0
0 0

]
; B̃1,i=

[
B1,i

0

]
; B̃2,i =

[
0 B2,i

I 0

]
;

C̃1,i= [C1,i 0 ]; C̃2,i=

[
0 I

C2,i 0

]
; D̃21,i=

[
0

D21,i

]

D̃12,i = [ 0 D12,i ]

and Kt as in (12) to find closed-loop matrices

AC

(
i(−L:H)

)
= Ãi0 + B̃2,i0Ki(−L:H)

C̃2,i0

BC

(
i(−L:H)

)
= B̃1,i0 + B̃2,i0Ki(−L:H)

D̃21,i0

CC

(
i(−L:H)

)
= C̃1,i0 + D̃12,i0Ki(−L:H)

C̃2,i0

DC

(
i(−L:H)

)
=D11,i0 + D̃12,i0Ki(−L:H)

D̃21,i0

and the corresponding closed-loop equations

xC(t+ 1)=AC

(
θ(t−L:t+H)

)
xC(t)+BC

(
θ(t−L:t+H)

)
w(t)

z(t)=CC

(
θ(t−L:t+H)

)
xC(t)+DC

(
θ(t−L:t+H)

)
w(t).

(27)

Theorem 27: For L ≥ 0, H ≥ 0, the system of (27) is uni-
formly exponentially stable and uniformly strictly contractive
if and only if there exist an M ≥ 0 and matrices Xj � 0 for
j ∈ [N ]L+M+H such that for all admissible i(−L−M :H)[
AC

(
i(−L:H)

)
BC

(
i(−L:H)

)
CC

(
i(−L:H)

)
DC

(
i(−L:H)

) ]T [
Xi(−L−M+1:H)

0
0 I

]

×
[
AC

(
i(−L:H)

)
BC

(
i(−L:H)

)
CC

(
i(−L:H)

)
DC

(
i(−L:H)

) ]−[
Xi(−L−M:H−1)

0
0 I

]
≺0.

(28)

Proof: Apply Theorem 26 to the closed-loop system. �
From here we proceed in the same way as Section III by

using Lemmas 2 and 3, subject to the limitation discussed
in Remark 16. As a generalization based on Remark 20, the
system achieves attenuation level γ if and only if the sys-
tem {(Ai, γ

−1/2Bi, γ
−1/2Ci, γ

−1Di)} is contractive. This fact
leads to the next result.

Theorem 28: There exists a path-dependent controller with
horizon H ≥ 0 such that (27) is uniformly exponentially stable
with attenuation level γ if and only if there exist an L̄ ≥ 0
and matrices Rj � 0, Sj � 0 for j ∈ [N ]L̄+H such that for all
admissible i(−L̄:H)[
NF,i0 0
0 I

]T⎡⎣Ai0Ri−A
T
i0
−Ri+ Ai0Ri−C

T
1,i0

B1,i0

C1,i0Ri−A
T
i0

C1,i0Ri−C
T
1,i0

−γI D11,i0

BT
1,i0

DT
11,i0

−γI

⎤
⎦

×
[
NF,i0 0
0 I

]
≺ 0 (29a)

[
NG,i0 0
0 I

]T⎡⎣AT
i0
Si+Ai0−Si− AT

i0
Si+B1,i0 CT

1,i0

BT
1,i0

Si+Ai0 BT
1,i0

Si+B1,i0 − γI DT
11,i0

C1,i0 D11,i0 −γI

⎤
⎦

×
[
NG,i0 0
0 I

]
≺ 0 (29b)[

Ri− I
I Si−

]
� 0 (29c)

where i− = i(−L̄:H−1), i+ = i(−L̄+1:H), and

NF,i0 = N
([
BT

2,i0
DT

12,i0

])
; NG,i0 = N ([C2,i0 D21,i0 ]) .

Furthermore, given solutions to the inequalities in (29), a con-
troller may be chosen with memory L ≤ L̄.
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Proof: The proof is similar to that of Theorem 18 by
transforming (28). �

These conditions are also convex in the performance level
γ; one can optimize the performance level of the controller by
minimizing γ subject to (29).

V. WINDOWED OUTPUT REGULATION

Consider again the LTV system of (19). Suppose now that the
disturbance input w is an i.i.d. sequence of Rm-valued random
variables satisfying for all s, t ≥ 0

E [w(t)] = 0; E
[
w(t)w(s)T

]
=

{
I for t = s
0 for t �= s.

(30)

Once again, uniform exponential stability of this system is
the same as in Definition 5. Performance of this system is the
the average output variance over a finite forward window of
length T ≥ 0 as in the following definition.

Definition 29: Let T ≥ 0. The system of (19) satisfies T -
step uniform performance level γ if for γ > 0, w as in (30) and
x(0) = 0 the output satisfies (31) for all t ≥ 0

1

T + 1

t+T∑
s=t

E

[
‖z(s)‖2

]
< γ2. (31)

For a system which is uniformly exponentially stable, there
exists a unique solution Y0 � 0 to the Lyapunov equation

(ZA)Y0(ZA)∗ − Y0 = −(ZB)(ZB)∗. (32)

The block structure of Y0 is given by

(Y0)t =

t∑
s=0

Φ(t+ 1, s+ 1)BsB
T
s Φ(t+ 1, s+ 1)T

where Φ(t, s) is the state transition matrix defined by

Φ(t, s) =

{
I for t = s
A(t− 1) · . . . ·A(s) for t > s.

Remark 30: It is immediate from the definition of Y0 that
any block-diagonal operator X � 0 satisfying

(ZA)X(ZA)∗ −X � −(ZB)(ZB)∗

will also satisfy X � Y0.
From (19) and (30), it is simple to show that

E

[
‖z(t)‖2

]
= Tr(CY0C

∗ +DD∗)t. (33)

We define a windowed trace for block diagonal operators as

Tr(t,T )(X) =
1

T + 1

t+T∑
s=t

Tr(Xt). (34)

Then the T-step performance of (31) can be written as

Tr(t,T )(CY0C
∗ +DD∗) < γ2 ∀t ≥ 0.

Remark 31: The windowed trace operator preserves order;
that is, if X � Y , then Tr(t,T )(X) ≥ Tr(t,T )(Y ) for all t ≥ 0.

Lemma 32: The following are true:
1) The system of (19) is uniformly exponentially stable and

satisfies T-step uniform performance level γ if there exists
a Y � 0 such that

(ZA)Y (ZA)∗ − Y ≺ − (ZB)(ZB)∗ (35)
Tr(t,T )(CY C∗ +DD∗) <γ2 ∀t ≥ 0. (36)

2) If the system of (19) is uniformly exponentially stable and
satisfies T-step uniform performance level γ, then there
exists a Y � 0 satisfying (35) and (36) whose blocks
depend on a finite number of past parameters.

Proof: To prove (a), suppose a solution to (35) and (36)
exists. Then by Lemma 7 the system is uniformly exponentially
stable. Construct Y0 by solving (32). Then from Remarks 30
and 31 it is clear that

Tr(t,T )(CY0C
∗ +DD∗) < γ2

and from (33) the system satisfies T-step performance level γ.
To prove (b), let ε > 0 and consider the sequence

Y (ε,M+1) = (ZA)Y (ε,M)(ZA)∗ + (ZB)(ZB)∗ + εI

with Y (ε,0) = εI . The block Y
(ε,M)
t depends on at most M past

parameters. Also, for any t ≥ 0 the blocks Y (ε,M)
t = Y

(ε,M+1)
t

for all M ≥ t. Let the block-wise (weak) limit of this sequence
be Y (ε). This limit satisfies

Y (ε) = (ZA)Y (ε)(ZA)∗ + (ZB)(ZB)∗ + εI

and we have εI � Y (ε,M) � Y (ε,M+1) � Y (ε) for M ≥ 0.
From the definition of Y (ε) is is clear that

Y
(ε)
t = Y0 + εỸ

where Ỹ is the solution to the Lyapunov equation

(ZA)Ỹ (ZA)∗ − Ỹ = −I.

Since both Y0 and Ỹ are bounded operators, there exists a β > 0
such that Y (ε) � βI . Further,

Tr(t,T )

(
CY (ε)C∗ +DD∗

)
= Tr(t,T )(CY0C

∗ +DD∗)

+ εTr(t,T )(CỸ C∗)

because the operators Ỹ , C, and D are uniformly bounded,
Tr(t,T )(CỸ C∗) is also bounded. Therefore choosing ε small
will make the rightmost term above as small as desired.

Since the system satisfies performance level γ, we have
Tr(t,T )(CY0C

∗ +DD∗) < γ2; choose ε sufficiently small such
that Tr(t,T )(CY (ε)C∗ +DD∗) < γ2 also. Now since the sys-
tem is uniformly exponentially stable, there exist c, λ as in
Definition 5. Choose M such that c2λ2M < α/(β − α). Then

(ZA)Y (ε,M)(ZA)∗ − Y (ε,M)

= (ZA)
[
Y (ε,M) − Y (ε,M−1)

]
(ZA)∗ − αI

= (ZA)M
[
Y (ε,1) − Y (ε,0)

]
((ZA)∗)M − αI

� (c2λ2M )(β − α)I − αI
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and because Y (α,M) � Y (α), we have

Tr(t,T )

(
CY (α,M)C∗ +DD∗

)
< γ2.

�
We proceed to the switched system of (1) and extend the

performance measure to all admissible switching sequences.
Definition 33: Let T be a nonnegative integer and γ > 0.

The system described by (1) satisfies T -step uniform perfor-
mance level γ if for all admissible θ(t) the system satisfies
T-step performance level γ in the sense of Definition 29.

Theorem 34: For H ≥ 0, L ≥ 0, the system of (1) is uni-
formly exponentially stable and satisfies T-step uniform perfor-
mance level γ if and only if there exists an integer M ≥ 0 and a
collection of matrices Yj � 0 for j ∈ [N ]L+M+H such that for
all admissible i(−L−M :H) and ı̂(−L−M :H+T )

Aφ(i(−L:H))Yi(−L−M:H−1)
AT

φ(i(−L:H))

− Y(i(−L−M+1:H)
≺ −Bφ(i(−L:H))B

T
φ(i(−L:H))

(37a)

1

T + 1

T∑
t=0

Tr
(
Cφ(ı̂(t−L:t+H))Yı̂(t−L−M:t+H−1)

CT
φ(ı̂(t−L:t+H))

+Dφ(ı̂(t−L:t+H))D
T
φ(ı̂(t−L:t+H))

)
< γ2.

(37b)

Proof: Proceed in the same manner as the proof of
Theorem 12 using the conditions of Lemma 32. �

We now apply this result to a closed-loop system. Consider
the system of (26) connected in feedback with a controller of
the form of (11). Construct the closed-loop system equation as
in (27) to obtain the following result.

Theorem 35: For H ≥ 0, L ≥ 0, the system of (27) is uni-
formly exponentially stable and satisfies T-step uniform per-
formance level γ if and only if there exists an M ≥ 0 and a
collection of matrices Yj � 0 for each admissible j ∈
[N ]L+M+H such that for all admissible i(−L−M :H) and
ı̂(−L−M :H+T )

AC

(
i(−L:H)

)
Yi(−L−M:H−1)

AC

(
i(−L:H)

)T
− Y(i(−L−M+1:H)

≺ −BC

(
i(−L:H)

)
BC

(
i(−L:H)

)T
(38a)

1

T + 1

T∑
t=0

Tr
(
CC

(
ı̂(t−L:t+H)

)
Yı̂(t−L−M:t+H−1)

CC

(
ı̂(t−L:t+H)

)T
+DC

(
ı̂(t−L:t+H)

)
DC

(
ı̂(t−L:t+H)

)T)
<γ2.

(38b)

Proof: Apply Theorem 34 to the (27). �
We now derive equivalent convex conditions by introducing

a change of variables similar to that of [21], [33]. A Schur

complement argument gives the equivalent conditions⎡
⎣−Y −1

i(−L−M:H−1)
AT

C

(
i(−L:H)

)
0

AC

(
i(−L:H)

)
−Yi(−L−M+1:H)

BC

(
i(−L:H)

)
0 BT

C

(
i(−L:H)

)
−I

⎤
⎦ ≺ 0

(39a)⎡
⎣−Y −1

ı̂(−L−M:H−1)
CT

C

(
ı̂(−L:H)

)
0

CC

(
ı̂(−L:H)

)
−Zı̂(−L−M:H−1)

DC

(
ı̂(−L:H)

)
0 DT

C

(
ı̂(−L:H)

)
−I

⎤
⎦ ≺ 0

(39b)

1

T + 1

T∑
t=0

TrZı̂(t−L−M:t+H−1)
<γ2.

(39c)

Partition the matrices Yj and Y −1
j as

Yj =

[
Rj Tj

TT
j ·

]
; Y −1

j =

[
Sj Uj

UT
j ·

]
(40)

where Rj , Sj ∈ R
n×n, Uj , Tj ∈ R

n×nk . Now define

Wi =

[
Si(−L−M+1:H)

Aj0Ri(−L−M:H−1)
0

0 0

]

+

[
Ui(−L−M+1:H)

Si(−L−M+1:H)
B2,i0

0 I

]
Ki(−L:H)

×
[

TT
i(−L−M:H−1)

0

C2,i0Ri(−L−M:H−1)
I

]
(41)

for every i(−L−M :H). Let

Mi =

[
I Si(−L−M+1:H)

0 UT
i(−L−M+1:H)

]
; M̃i =

[
I Ri(−L−M:H−1)

0 TT
i(−L−M:H−1)

]
.

Apply a congruence transformation to (39a) with Mi ⊕ M̃i ⊕
I , and to (39b) with Mi ⊕ I ⊕ I . Algebraic manipulation leads
to Theorem 37.

Remark 36: Because the introduction of Wi eliminates the
controller variable, it also costs us the distinction between L
and M (similar to Remark 16).

Theorem 37: There exists a path-dependent controller with
horizon H ≥ 0 such that (27) is uniformly exponentially stable
and satisfies T-step uniform performance level γ for the system
of (27) if and only if there exist an integer L̄ ≥ 0, matrices
Rj � 0, Sj � 0 for j ∈ [N ]L̂+H , and matrices Zi,Wi for i ∈
[N ]L̂+H+1 such that for all admissible i(−L̂:H) and ı̂(−L̄:H+T )

Hi + FT
i0
WiGi0 +GT

i0
WT

i Fi0 ≺ 0 (42a)

Ĥi + F̂T
i0
WiĜi0 + ĜT

i0
WiF̂i0 ≺ 0 (42b)

1

T + 1

T∑
t=0

TrZı̂(t−L̂:t+H)
<γ2 (42c)
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with i− = i(−L̄:H−1), i+ = i(−L̄+1:H), and

Fi0 =

[
0 0 0 I 0
0 0 BT

2,i0
0 0

]
; F̂i0 =

[
0 0 0 0
0 0 DT

12,i0
0

]

Gi0 =

[
0 I 0 0 0

C2,i0 0 0 0 D21,i0

]
; Ĝi0 =

[
0 I 0 0

C2,i0 0 0 D21,i0

]

Hi=

⎡
⎢⎢⎢⎢⎣
−Si− −I AT

i0
AT

i0
Si+ 0

· −Ri− Ri−A
T
i0

0 0
· · −Ri+ −I B1,i0

· · · −Si+ Si+B1,i0

· · · · −I

⎤
⎥⎥⎥⎥⎦

Ĥi=

⎡
⎢⎢⎣
−Si− −I CT

1,i0
0

· −Ri− Ri−C
T
1,i0

0
· · −Zi D11,j0

· · · −I

⎤
⎥⎥⎦ .

Furthermore, given solutions to the inequalities in (42), a con-
troller may be constructed with memory L ≤ L̄.

Proof: The proof is similar to that of Theorems 18 or 28
by manipulating (39). Given the Wı̂ satisfying (42), a controller
gains are found algebraically via (41). �

VI. PATH-BY-PATH PERFORMANCE MEASURES

Sections IV and V consider uniform performance. We now
refine these performance measures by introducing a notion of
path-by-path performance for each. These refinements allow
for improved performance along certain switching sequences.

First recall the notion of uniform disturbance attenuation of
Section IV and consider the following modification.

Definition 38: Let Γ = {γi : i ∈ [N ]T+1} be an indexed
collection of positive parameters γi. Then the system of (1)
achieves path-by-path disturbance attenuation levels Γ if, for
every admissible switching sequence θ, it satisfies

∞∑
t=0

|zt|2 ≤
∞∑
t=0

γ2
θ(t−L−M:t+H)

|wt|2. (43)

When a system achieves path-by-path attenuation levels Γ, it
also achieves uniform attenuation level γ̂ if γ̂ is an upper bound
on Γ. By letting the γi be time-varying (implicitly though θ),
we may improve performance for certain switching paths. The
resulting conditions mirror those of Theorem 28.

Theorem 39: There exists a path-dependent controller with
horizon H ≥ 0 such that (27) is uniformly exponentially stable
and achieves path-by-path attenuation levels Γ if and only if
there exist an integer L̄ ≥ 0 and matrices Rj � 0, Sj � 0 for
j ∈ [N ]L̄+H such that for all admissible i(−L̄:H)

[
NF,i0 0
0 I

]T⎡⎣Ai0Ri−A
T
i0
−Ri+ Ai0Ri−C

T
1,i0

B1,i0

C1,i0Ri−A
T
i0

C1,i0Ri−C
T
1,i0

−γiI D11,i0

BT
1,i0

DT
11,i0

−γiI

⎤
⎦

×
[
NF,i0 0
0 I

]
≺ 0 (44a)

[
NG,i0 0
0 I

]T⎡⎣AT
i0
Si+Ai0−Si− AT

i0
Si+B1,i0 CT

1,i0

BT
1,i0

Si+Ai0 BT
1,i0

Si+B1,i0−γiI DT
11,i0

C1,i0 D11,i0 −γi

⎤
⎦

×
[
NG,i0 0
0 I

]
≺ 0 (44b)

[
Ri− I
I Si−

]
� 0 (44c)

with i−, i+, NF,i0 , and NG,i0 as in Theorem 28. Furthermore,
given solutions to the inequalities in (44), a controller may be
chosen with memory L ≤ L̄.

As with Theorem 28, these conditions are convex in the
γi. We can pick weightings {λi} and find a Pareto-optimal
performance level by minimizing

∑
i λiγi subject to (44).

We likewise modify the windowed variance of Section V:
Definition 40: Let T ≥ 0 and Γ = {γj : j ∈ [N ]T+1} be an

indexed collection of positive parameters γj . Then the system
of (1) satisfies T -step path-by-path performance levels Γ if for
w satisfying (30) and x(0) = 0 the output sequence satisfies

1

T + 1

t+T∑
s=t

E

[
‖z(s)‖2

]
< γ2

θ(t:t+T )

for all admissible switching sequences θ and all t ≥ 0.
Theorem 41: There exists a path-dependent controller with

horizon H ≥ 0 such that (27) is uniformly exponentially stable
and achieves T-step performance levels Γ if and only if there ex-
ist an integer L̄ ≥ 0, matrices Rj � 0, Sj � 0 for j ∈ [N ]L̄+H

admissible, and matrices Zi,Wi for i ∈ [N ]L̄+H+1 admissible
such that for all admissible i(−L̂:H) and ı̂(−L̂:H+T )

Hi + FT
i0
WiGi0 +GT

i0
WT

i Fi0 ≺ 0 (45a)

Ĥi + F̂T
i0
WiĜi0 + ĜT

i0
WiF̂i0 ≺ 0 (45b)

1

T + 1

T∑
t=0

TrZı̂(t−L̂:t+H)
<γ2

i(0:T )
(45c)

with Fi0 , Gi0 , F̂i0 , Ĝi0 , Hj , and Ĥj defined as in Theorem 37.
Furthermore, given solutions to the inequalities in (45), a con-
troller may be constructed with memory L ≤ L̄.

VII. EXTENSION TO NON-REGULAR

SWITCHING LANGUAGES

So far we have allowed our admissible switching sequences
to be any language developed by a directed graph (in automata
theory these are called regular languages). We now modify
our results to accomodate more general switching languages.
Consider again the system given by (2) but instead define

Θ ⊂ [N ]∞ (46)

to be the set of (infinite length) admissible switching sequences.
We introduce the dummy mode 0 and let θ(t) = 0 for all t < 0
when θ ∈ Θ. For integers L ≥ 0, H ≥ 0, define

L(L,H)(Θ) :=
{
θ(t−L:t+H) : θ ∈ Θ, t ≥ 0

}
. (47)

The set L(L,H) collects all the finite-length switching paths
which may occur, some of which contain the dummy mode. We
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now define the set M(L,H)(Θ) ⊂ L(L,H)(Θ) to be the smallest
subset with the following properties:

• For all θ ∈ Θ and t ≥ L, θ(−L:H)(t) ∈ M(L,H)(Θ)
• For all j ∈ L(0:H) there exists i ∈ {0, . . . , N}L such that

for every θ ∈ Θ and 0 ≤ t < L(
i
θ(0:H)

1+t , . . . , i
θ(0:H)

−1 , θ(0), . . . , θ(H + t)
)
∈ M(L,H).

The set M(L,H) is constructed both to have fewer elements
than L(L,H) and to replace some (but possibly not all) of the
zero-led sequences in L(L,H) with alternate sequences which
do not have the dummy zero mode (the second condition is like
the left-extending used in the proof of Theorem 12). We can
now state a version of Theorem 12 for non-regular languages.

Theorem 42: For a fixed H ≥ 0, L ≥ 0, the switched system
of (8) with admissible switching sequences Θ is uniformly
exponentially stable if and only if there exist an integer M ≥ 0
and a collection Xj � 0 for j ∈ [N ]L+M+H such that

AT
φ(i(−L:H))

Xi(−L−M+1:H)
Aφ(i(−L:H)) −Xi(−L−M:H−1)

≺ 0

(48)

for every admissible i ∈ M(L+M,H)(Θ), with φ as in (3).
Proof: The intuition is the same as in Theorem 12. Suffi-

ciency is demonstrated by constructing the operator X whose
blocks Xt correspond to the finite-length switching sequences
θ(−L−M :H)(t) (the left-extension of the switching sequence is
made possible by the properties of the set M(L+M,H)(Θ)).
For necessity, considering the inequalities generated by each
admissible sequence θ ∈ Θ produces an inequality for every
element of L(L+M,H)(Θ) ⊃ M(L+M,H)(Θ). �

Results analogous to Theorems 26 and 34 follow similarly, as
do the corresponding controller existence conditions, with the
results stated below.

Theorem 43: There exists a path-dependent controller with
horizon H ≥ 0 such that (27) is uniformly exponentially stable
and achieves attenuation level γ if and only if there exist an
integer L̄ ≥ 0 and matrices Rj � 0, Sj � 0 for j ∈ [N ]L̄+H

such that for all i ∈ M(L̄,H)(Θ) the inequalities of (29) hold.
Furthermore, given a solution to the inequalities of (29), a
controller may be constructed with memory L ≤ L̄.

To obtain results for the stability case (i.e., Section III),
replace (29) with (18).

For the windowed performance measure of Section V, we
capture the possible switching sequences over the performance
window T by defining

WT (Θ) := {(θ(t), . . . , θ(t+ T )) : θ ∈ Θ, t ≥ 0} .

Theorem 44: There exists a path-dependent controller with
horizon H ≥ 0 such that (27) is uniformly exponentially sta-
ble and achieves T-step performance level γ if and only if
there exist an integer L̄ ≥ 0, positive definite matrices Rj , Sj

for j ∈ [N ]L̄+H , and matrices Zi,Wi for i ∈ [N ]L̄+H+1 such
that for all i ∈ M(L̄,H)(Θ) and all ı̂ ∈ M(L̄,H+T ) such that
ı̂(0:T ) ∈ WT (Θ) the inequalities of (38) hold. Furthermore,
given a solution to the inequalities of (38), a controller may
be constructed with memory L ≤ L̄.

Fig. 5. Barbell double-pendulum system with a movable mass located at
either the upper (blue) or lower (red) position.

VIII. EXAMPLES AND APPLICATIONS

We present two physically-motivated examples which il-
lustrate how switching arises both from the dynamics of the
system as well as from its interaction with the environment.
For simplicity, our first example demonstrates switching in
dynamics only, while the second demonstrates switching in
response to environmental changes.

Example 45: Consider the system of Fig. 5, which depicts a
double-pendulum system with a barbell connected to the upper
linkage using the operating point where all linkages are vertical.
Each link has length 1 m and mass 1 Kg. A small 0.1 Kg mass
may jump between the ends of the barbell at each time step,
producing two operating modes. The nonlinear dynamics of
each operating mode are linearized with all linkages vertical
(transitions between the two operating modes correspond to a
discontinuous drop or rise in the potential energy of the system
via the motion of the small mass). A controlled torque τu is
applied about the bottom hinge, and a disturbance torque about
the top hinge. The continuous dynamics are discretized using
an interval of t = 0.05 s.

In the configuration shown in Fig. 5, the barbell can be
stabilized by driving the topmost hinge (i.e. the upper end of
the middle link) left if the jumping mass is at the blue end, or
right if the jumping mass is at the red end; the correct control
action depends on the position of the jumping mass. However,
the intermediate linkage delays the effect of an input choice on
the position of this hinge. If the mass switches position after a
choice has been made, this action chosen will push the system
away from equilibrium. Knowledge of the next switching mode
allows the controller to stabilize the system.

Fig. 6 presents the minimal achievable performance level γ
for which the conditions of Theorem 28 are feasible. Notice that
when H = 0, the system cannot be stabilized and therefore the
system has infinite gain. Fig. 7 presents the minimal achievable
γ using instead the windowed variance of Section V with
performance horizon T = 2. Once again, when H = 0 the
system is not stabilized and no finite gain is possible. Also note
that once H = 2, the minimal gain remains the same even when
past states are considered. Since the performance window is
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Fig. 6. Table of minimal H∞ gains for varying controller memory and
horizon lengths for the system of Fig. 5.

Fig. 7. Table of minimal windowed variance performance levels for varying
controller memory and horizon lengths for the system of Fig. 5.

Fig. 8. Two-degrees-of-freedom spacecraft which travels along a straight
trajectory past an obstacle.

of length 2, once we have H ≥ 2 the problem reduces to that
of a finite-length LQR optimization, as every parameter in the
performance window is known.

Example 46: A small spacecraft shown in Fig. 8 flies on
a straight reference trajectory, subject to disturbances wx, wy

pushing the craft out of alignment. The ship has lateral thrusters
vx, vy which respond as first-order systems to leaky control
efforts ux, uy . The resulting system dynamics are

ẍ = vx + wx; v̇x = −0.5vx + ux + 0.1uy

ÿ = vy + wy; v̇y = −0.5vy + 0.1ux + uy.

During flight, the craft passes near obstacles in either the
x- or y-direction; while near an obstacle, deviations in the
direction of the obstacle present a greater risk to the safety of
the craft. To this end, the controlled output switches between
three modes given by

z1 = [x y 0.5ux 0.5uy]

z2 = [5x 0.5y 0.5ux 0.5uy]

z3 = [0.5x 5y 0.5ux 0.5uy]

where mode 1 represents unobstructed flight, while modes 2
and 3 represent flight near an obstacle in the x- or y-direction

Fig. 9. Optimal path-by-path H∞ gains for controllers with L = H = 1 for
the system of Example 46.

respectively. The ship is permitted observation of its x- and
y-position. The dynamics are discretized with time interval
t = 0.1 s. The switching dynamics allow the system to switch
between the unobstructed mode and either obstructed modes, or
to remain in the current mode (but not to switch directly from
one obstructed mode to the other).

This example features a mode-dependent performance mea-
sure but mode-independent dynamics. The switching in the
controlled output z designates either the x- or y- position as
"critical" when an obstacle is present (a similar approach is
taken in [12]). We consider controllers with L = H = 1 and
apply the path-by-path performance result of Theorem 39,
minimizing the sum of the path-dependent γi. The table in
Fig. 9 shows the optimal path-by-path H∞ gains for this system.
The largest gains are found for paths 222 and 333, which occur
when the craft is near an obstacle over several time-steps. This
matches our intuition in setting the output to punish deviations
when near an obstacle. Using the same controller, the optimal
uniform gain is γ̄ = 1.75; comparing this value to those in
the table we see that performance is improved on paths away
from an obstacle, but suffers near an obstacle. In practice, the
performance levels γi could be weighted unequally, or a subset
of the γi given an upper bound to develop path-by-path gains
which are minimized on the most likely or important paths.

IX. CONCLUDING REMARKS

We have examined receding-horizon-type control problems
with different performance criteria and developed exact, con-
vex conditions for the existence and synthesis of controllers
achieving these performance goals. Our results provide a se-
quence of semidefinite programming problems which can be
solved offline to search for a suitable controller, or to optimize
controller performance. The resulting controllers are finite-path
dependent, allowing for controller gains to be selected from
a finite collection during runtime with no online computa-
tion needed. The examples presented demonstrate that a path-
dependent controller can outperform a modal controller, and
that controllers with foreknowledge of the system modes can
outperform past-dependent controllers.

Of interest for future research is the relationship between
the feasibility of any particular SDP and the achievable per-
formance levels for the system (particularly the stability decay
rate). While any feasible SDP generated by our results provides
a certificate of stability at some decay rate, Lemma 9 suggests
that the infeasibility of a particular SDP should also indicate
levels of stability which cannot be achieved. The exact relation-
ship for this case, as well as the performance cases, remains
unexplored.
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