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Actions and Representations of Lio AlGEBroiss

DGF An Action of a lie alGesrois A M alone a map yu S M

is Given by a linear map 6 fla Je s sech that
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Notice That i is equivalent to say an action is Given by a v b map
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lemma For an action 6 CA ECS the vecta

fields 612 p a are M related
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For an action 6 A Jf S on A map µ S M one has

An Action Lie a lot Bro is

MA S
where

Anchor f f 6 MA
TS

n lie bracket Ipta ptp jut a p and extend to

Any section by Leibniz
It follows That For A lie alGebnoisaction

o Orbits orbits of MA S Reoclanly immerses
submanifolds of S

Isotropy Lie algebras KenGp Lie Saba Gc Bras of Kapp
left Groupers action

g non mis n it s

Gp Apop Tps Rp E Mp 5 ga g p

Gp is dripRP
This can also be expressed by
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If instead Richt Groupoid Action Then

Gp Apop Tps Ip t Mep 5 ga pg

Gp is dripLP
Now one has

a p da p explta
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Examples

2 Pon a lid ALGEBRA G ha This nation Reouces To the

usual notion of infinitesimal g action on S

2 Any Lie Algernon's A M acts on its base M id Man

If A ACG M Then

A acts on t G M 6 a T

A acts on S G M 6 d

These art of course The Differentials of The actions of G on M

AND ow itself by left riant Translations

3 Given a principal G bundle it P M the Atiyah alocbrois

A TPG M acts on IT P M

6 Atop TpP Gp v3 11

Again this is The Differential or The action PxPlf I Man I P M

4 Given any v b p E M we have an action of GILE M

ar p E M by setting

G Den E JECE G D I

where I is the vector field whose flow is y

In Lastexample I is a Fibenwise linear vecta field on E M

o f E M is fibenwise linear if

flaw A fir f ter

s m f tf main xu



Xe JE E is fiberwise linear if
FeCTIE XIFIECT.IE

s myX X

Fix contractible open chant U ni Fon M so Elo U has

local basis of sections hea as loci a coordinates on E

X e Je Elu X X'Coe Exit X 005ga
lemma I There is a lie algebra isomorphism

Der E SEINE
DI X 4

to
In local coordinates

D la Dabinseb

x Xiang
Y Inga Daba's

p

Check tha minus sign e.g D D XI XI only
holds because of The minus sign

lemma 2 The Pollowine Are equivalent

Ci An action G PLA JENNIE

ii A map D TCA x f E f E 12 5 to Pas Satisfying
Cal Sto Pas is R linear

b A to P S is CE linear

Col Palfs f Past pea fly
d Dea.ps Tapps Ppps
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c S E x for S 612 Ifor Stfort Gls CINCHOITHFOGGHS

Colles 6112 p 16121,643
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Def A map D f A xp E f E satisfying a Cb cc is

called an A connection on the vector bundle E M If

Additionally it satisfies d it is called a Flat A connection

Note that if I is a flat A connection we have a map

CA DORCE f GILE 21 D

which is FM linear by lb Hence it is induced by a v b Map

A to G IE

This map satisfies

Pg1,0 Pa Xp 42 bye

preserves lie brackets by d

Hence it is a lie alGcBrois morphism A G E covering id

Convensoly every such morphism determines a flat connection

DEI A representation of a lie alGobrois A M on a v b E M

is Given by Any of The Following Equivalent Data

a A linear algebra is action G f CA DENTE

b A Flat A connection D

Cc A lie aloobrois morphism A G E covering idm
Kla say That a rep is Faithful if is injective



Given Two Reps E T Ea D of A

Direct sum of Rops E E w Pa 5,0521 1725,01152
Tensor product of Reps E Ez w Pals 521 1725,052

S Pas
Thival Rep Rn M Ralf pea f

Rep A is a semi RING

Examples
O Any Rep of GI M on v b E M induces a Rep of

A Aly on E

1 A TM Rep TM 4 flat vector bundles

2 A fix M M action alacBrois

Rep A 4 g equivariant vector bundles

3 M F foliates manifold A TF has a natural

Rep on UCF M

XE CA DECT Jef UCF YE OECM Y Y mod ECF

P I x y

This is known as The Bolt Connection In PoliationTheory
is called A partial connection I TF connection

4 Every Lie Algebra A M has a canonical Rep
on The linebundle TOPA 11th'M M It is Defines by
D din nor m I d n mx di n na jut aan nan LeiaM



check this

5 Every Recolar Lie algebrois A M has canonical

Reps on The isotropy bundle g A M And on the normal

bundle To the orbit foliation

D P La p pefcgla

Pat peas x y yay

Gta here

Fa Ime

One can put them together into a single Rop Ka Ime
which can be thought of as the Adjoint Rep of A

For non regular AIGCBROIDS This only exists as

A Representation up to homotopy

6 Let A M be any lie aloebrois Fix orbit 0cm

Then we have restriction AG O This as a canonical

Representations

i Gg kue q Kenpo special case of 5

ii UCO O not special case or 5

P I PCI I
g

Je flat If ECM
local extensions of X X

Tho later can be thought as the Bolt connection or orbit 6


