
MATH 595 Lecture 8

Flow of A section de f A

Proposition

let de Pep A There exists a unique 1 parameter group
of Automorphisms ft GAut A coverina The Flow of pea
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DEAN One calls 04 Tho infinitesimal flow of a section def A
It can also be Defined For Non complete sections in some Domain D D a

RMR When A TM This diagram becomes
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AND The equations Define The Flow The vector field a X E f A Jf m

by defining its Differential

Proof

Let Da i f A f A be the map
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By Leibniz This is a Derivation of The v b A M with symbol

X D 12

Da fps 2 Fp f la pl t calf p f Dealt Pla f B

The Result fellows from a General result about Derivations of

A vector bundle E M For Any De Der E whose symbol Xp
is complete There is a l parameter group of of vecta bundle
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To construct 45 we define a recta field Ide ECE
NoteThat CTE is generated by these two types of Functions

evaluation on a section Bef E
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pullbacks or fe Acm
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so we can DEFINE THE Et by setting
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Transposing E4 II E
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Exercise

Assume A A Gl For some GIM Show that

t É expetal
where Ib G G is conjugation by be Blg

I g b tig 5 g bisig

Actions and Representations of Lio Groupoiss

Groupoid act alone maps

Dey A left action of GI M on a map M S M is

I
9 p g p satisfying

jucg.pl tcg pig t.pt'm S
ii

fg ch p 19h P

MWe call Ju the moment map
b se

Notice That
When G thx is a Group This recoversThe usual notion of

A G action

Each isotropy Group Goe acts on Fiber julin Bet note

That pi in may not be submanifolds often They are



For an action of G M on yu S M we have action Groupoid

Gus IS where Gus is Gym's
g p p

5 g p p

t g p g p
9 P h 91 194,91 if pig.q

Orbits orbits of gas s Reoclanly immerses
submanifolds of S

Isotropy Groups lg 5 p
I closed subcnaps of Gmp

a space of orbits not smoothmanifold in General

Def An RIGHT Action of GEM on yn P M is called

principal if There exists a surjective submersion IT P B s.t

i action is fiber wise Il pg Tep
ii PyG P xp p g to p pg is a Diffeomorphism

B
One calls IT P B a principal G bundle
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in this case The orbit space GP EB is smooth

Bank For actions we allow S to be Non HAUSDORFF

but we assume That for every orbit O or Gata the

pre ima Go pi O is Hausdorff space In particular The

Fibers N n Alf Also HAUSDORFF SPACES FOR NOW ONE CAN ASSUME

That S is HAUSDORFF



Examples
1 Given a lie oncep action Gx M M

G on4 3 G yu M 4 3 and action is principal IFF

it is principal in The usual sense

G ME 119 G je P M IEE GGP and yuP M

is a G equivariant map
2 Every Lie Groupoid acts on itself on Left Right

by LEFT RIGHT translations

G G G GT t

tyg pet is tygM
D JES s

M

BothThese actions are principal

3 Given a G principal bundle it P M The GAUGE

Groupoid G PxP f M acts on I P M

Pa.pe p p.g.pl Pimp G P D G

where pig p th Tty
This action is principal
4 Given a vector bundle yu E M The Groupoid GLIE 9M

Acts an M E M
CLIE G E

g e pie if

It In a 9

This action is not principal why



We will comeBack to G principal bundle The last action is linear

Deen A Representation of a lie Groupain GIM is a g action
on a vector burble p E 19 which is linear

H geG Egg Etig engie is linear map

For each ace M we obtain a rep of G an Ex

Clearly A Rap of Gan on E M is the same thing

As a Lia Groupoid Morphism covariner idm

G I GLLE
at
MI it

We say That the representation is faithful if I is 1 1

Given two Reps of Gta M
Direct sum E Ez M g e tea geitge
Tensor product E Ez M g e ez gel gea
Trivial Rep Rm M g oeil b X if Ig
Rep G is a semi Ring

Examples
1 A Rep of pain Grouper's MXM Iam on fu E M amounts

to a trivialization of yu E M

A Rep or II M on fu E M amounts to give a

1 transport map s flat connection on D

2 A rep of action anoopois G MIM on M E M

is tho same Thing as a G equivariant v b Rap 6AM VoctgM



3 Given a principal G bundle a P M AND Rep of GAUGE

Groupoid G PxP q IM on yu E M then Fixiva seem

G G G V E Eoe

V b isomorphism PTV g
E p en hep.pe

WI Tlp se
a

Rep P PIG Rep G

4 Let M F be a Foliated manifold We obtain a linear

Action by linearizing holonomy transformations

se 2107 VE Use F Tom TafHot MIF G UCF

y v ghd Vthe hotlink
Note That holy.ly can be trivial and holla non trivial
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