
MATH 595 LECTURE 7

9 Lie AlGcBrois or V b E M a vesta bundle

A Derivation of E is a pair D X where

D f E f E linear MAP

X E JE M

D Fs f Ds Xolf Hfe CTM Sef E

If D Da Then XD Xp so one usually Denotes a derivation

simply by D The recta field X is called the symbol of D

In Der E Derivations

Lio bracket

Di Da D OD DzoD
The symbol map p Den E JE M a lie alee Bra map

Q Is Don E The space of sections of some vectabundle A M

A Yes Apply Serre Swan Theorem Every finitely generates

projective M module over a connected Manifold M is The

space of sections of A V b Can also use The following instead

Exercise Show That The Lie alooBrois or GLIE I M

DowotGD G E M admits a natural linear isomorphism

f GILE Der E

which Takes The lie bracket and anchor to the commutator

and The symbol in Dar E



D connection on E D Px is Derivation of symbol X

Gl E has surjective anchor so it is transitivealGebrois

De Der E X 0 D TLE E CTM linear f Eno E

O END El G E
e
TM D O

Conclusion

Gl E I END E TM non canonical Depends on choice or D

Rmk From our previous Discussion

GL E GAUGE Groupoid OF FR E M

GLR

Gl E I Atiyah alot Brois or Fr E M

GLRTIERCE
GMA

10 Pullback or lie AloeBroids A M Lie aleebrois

µ N M smooth map

µ A AqTN a v plat dycu

I
N AssumeThis is a rectabundle e.g php

Anchor p PR p A TN

Lie bracket Mta a X e f Al x tech flaky X

da X Ida X2 4 Lila X Xz

Extend to any sectionby requiring Leibniz



Rnas

The lie algebrois of pi G is isomorphic to M Alg
Under appropriate conditions one can restrict A M

to a submanifold i N a M A i'A

If Oc M is an orbit or a lie algebra'd one can always
Restrict A to G Resulting in a transitive Aleobrois

O Go Ag TO o w 96 6 G A

An arbitrary lie aloobroid can be thought of as a collection

of transitive alGebroids parameterized by its leaves

1

Alternative Description of Lie algehncids

A M any vecta bundle 2 A 11 A A Forms

12 A 2 A A is a Graden ALGEBRA

2 A is generated by A CTM IZ CA

W I fi Gan non Gies Cal
fie Con

A As

t y
Md Any vector bundlemap I fi A 2 A

W da edu Wga Elda Ilan

Proposition Let A M be a recta bundle There is a

1 I correspondence

linear operators
gl
f2 Cal Itta

stylie algehnaid structures
cild way dong files ndayon A A

Cii d o



É w lie algebnoid A C one defines the A differential

d ICA 2 A by

daw Ido an É l 1 p di w do Li du t

Ight w did do i I du

iiConversely Given da satisfying i and Cii we define
foCRM

J f A xp Al of Al C la BJ 07 4,0 2 p la D p
p 012 Official

Since ga g plat Ige Cm we see that e
is induced by a bundle map p A TM

Definition shows that f is R linear skew symmetric

To check Leibniz

N FB O da014 fr pin G fpi p1fp Ocd

fdaG a pl plat fl 0 p f pls Ocp fpysicola

f 4 p pea f p O

Finally we need to check Jacobi identity Since Leibniz

holds it is enough to check this on a local chant 10 oeil over

which A M has a local basis of sections la Then write

e la Biaggi at baie Cal

la lb Cable
Then



Jacobi id a 0 la Leb le o
abye

age tea Cited o

age flea C ed t Ci Lea ed o

age Biaggi calc c o

let 4 d be Dual coframe ly 85 Then

daf ea plea f Biaoff daf Bia0

la lb G da0 Cea lb d 0 Ca Gaa0
Caked

a list ii O da 0 I da c b 09AQb

Big non 0 Caidaloan0

B'd O'noon 0 Ila c O'non 0 Casca Ohana

A

RMh The equation p a p flat pep in local coordinates

and local sections as above is equivalent to

Ca B BingBI B's L
Eas 14 xx ane The structure equations of A lie alacBnois They
caracterize locally a lie algebraid They appear in E Cartan's

work on The Equivalence Problem



If A AIG then

A da E Kino G d left invariant Foras on G
where A left invariant Form W of Dooree K is

lil A t Foliates Fann we f A Herdt t

Iii Left invariant

WghldiningUs dalgon Wheva Vu Va one kerdut

Also d is tho Foliates deRham Differential

dw Xo Xu I 1 W Xo Xi Xu

gC 1 Ja XiXj Ko Xi Xj Xk

In particular if I G G is a nonphism then

q 18cg d 120cg d man or complexes

I 2CA da 2 Ai da map of complexes

This suggests

Def A lie aloobroin morphism is a v b Map

A is Az
1
M D

Md

such that The induced pullback map is a map of complexes

It 12CAH d ICA d

This allows to Formally Define subalocdroids

DI A lie subalgebnoid or A L Jaga is a lie aloebrois

B Lil B PB together with an algebra'smorphism g B A which is

An injective immersion



Exercise Show that if 4 M Ma is a Diffeo this Definition

is equivalent to the old one ice

Pao d doo fd
da da É if

OI Exp EIN ECB

Hint da is determined by its action on O Forms and I forms

Another byproduct of This Discussion is

Det The cohomology or The complex 112CA da is called

The lie aloebrois cohomology of A C da

Examples
1 A TM H A HER M

2 A G H A H ly Chevalley Eilenisenacch

3 A TF H A H F foliates cchomolcay

Rank

Lie alGebrois cohomology is often a dim and hard to

compete

One can show That ELCA da is an elliptic comply
IFF A is a transitive alGeBrois Hence For transitive

A Go Brains over compact M H A is finite dimensional

A lie algebrois can be Thought of as a geometric lie alacana

or as generalizedTangent bundle Here is another illustration ofThis

MIXED Flavor



Exponential Map version 1

G M lie croupois no B y group of bisections

A M lie A Gobroid ND A Lie aleGBra of sections

EMMA

IF A A G For any de f A The left invariant v f
Te Je G is complete ite ped e Secr is complete

Proof

I p d ARE S Related

dgs Ig dogs dy gl seg dags dug 914cg

SIT pea

S is a surjective submersion I complete plateaplete

Assume pea complete let g a b g be internal curve of
Then Jlt S g t is intooral convo of Pla And can be Extended

to all te R If bath let hit be internal convo or T

with h b 1 job Then h I b e bt e f G For some E o

AND We CAN DEFINE

t
9 t te la b e

gib e hlb ej h t te b e bte

This is an into oral curve of extending get Hence b A

Similar Argument For a



For any lie aloobroid A we call de 91A complete if

a is complete For example compactly supported sections

Are complete so there are many complete sections

2 The set f A a flat in General is not a subspace The set

fe A c fCA is a lie subalgebra

DEF The exponential map of a lie groupoid Exp GA Blg
Exp d a 01g Ix

Rid By our conventions Exp a is a t parameterized bisection

to Explain id soExpla M M Diffeo

Just like Fon a lie Group The map th B G ttexpita

is a Group homomorphism


