
MATH 595 LECTURE 6

Dot A lie alGebrois is a vector bundle A M together

with
A lie bracket on la

A bundle map p A TM covering idm

satisfying tho Leibniz identity
da f La f 4,22 t Pla f 22 4 daGf Al FeCTM

RMN
e Fa G I M we call A G Defines in previous lecture

The Lie aloosnois or G When A 1 Ally we say that A is intolerable

p is called the anchor of A Together wi Leibniz it

is what makes a lie alGcbrois a Geometric object
I

Exercise Show that for any lie algebrois A L Ja f The

induced map p A Jf M
preserves

brackets f laplat 27.9431

What about morphisms
too got A I

G i 62
di y morphism
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Sog 40s Pao ago p

E gh Ecg h I proscavas Lic brackets

If 4 is a Diffeomorphism Then I Ai A2 a 1 xoxog

C S E 12 22 OI Lil OI La
Issue In General There is no map q A1 o f Aa
We will deal w this later



Examples
1 Tangent bundle For any manifold M

A TM w p I id TM TM

usual Lie bracket of v f
It is easy to check that both MXM M I M I M

have lie algebra'd I TM we say integrate A TM

For any lie algebroid The anchor

P A TM

is a lie algebacid morphism

Exercise If GIM is lie groopcis show that groupoid
Anchor I Itis G Mx M is a groupoid Morphism That

differentiates to p Alg TM we say that I intoonates
The morphism p

2 lie ALGEBRAS E Lie Aleebroids w 19 4 3

Exercise For Any lie algebnois A M Fixing see M

g A Ker p CA

Show that far if doe Bree Goe then

doo Ba E p a a t.pe flat
Fini da Bini Ba

is welldefined i.e independent of choice of extensions

g CA is the isotropy lie algehna of A at se

Gala c An is a lie subalocbrois

IF A A G Gala is The lie algebra of Goe



3 Bundle of Lif algebras a lie algebroids w p o

These Do not need to be locally trivial
A Rx R2 e o

f por e e t It 1,0 e t t.co.il
R

e ez tea

A Rx R ee o

f PR e ez tea tea es e es la E
R

5013 t 0

At I era t o

5112 t o

There is a bundle of lie groups GtsM intercrating

This bundle of Lie alGcBroiss If we require G to have l connected

fibers G is Non Hausdorff

4 Involutive Distributions D c TM a vector subbundle

such that
x y e Je D IX y E JE D

Then A D is Lie AleeBnois WI

Anchor p A TM inclusion

a bracket usual lie bracket of v F

Recall Frobenius Thru

involutive distributions a Foliations F
D CTM of M

D TF

Exercise I M F Ho M F both have lie AlgeBrois

isomorphic to TF



Rink Fa a general lie algebrois A M

G A Keep Lenkerex

is a bundle or lie algebras but not smooth We call

A a reoclar lie algebra'd if p has constant rank so

A M is bundle or lie algebras In this case we

have a short exact sequence or lie algebroids

O Here A Imp o

where Im CTM is an intolerable Distribution The Foliation

F corresponding to Imp is called the orbit Foliation of The

Recular ALGEBROID A

For General Lie AloeBrois p A M owe still has an orbit Foliation

It is the unique partition of 19 into connectors Recolar

immerses submanifolds Fa 0 i ie I with Tao Imf tneQ
Dc ye M belong to same orbit if F F smooth path a 0,1 A

whose base path connects beg y
2 Lo M 2 It p acts 8107 00 211 y

And

p alt day t Ute 10,1

If A A G For some lie gnocpois G M then

Orbits of A g connected components of orbits of GIM
lalo will not prove this result See references

A lie AlgeBRois is CALLED TRANSITIVE IF Im p TM sequence
becomes o Kup A ITM o



5 Atiyah AlGebrois For any principal bunolo PIM
UK

TP P ND A TPI M P

dit TP TM ND p A TM

K

P A JEEP no C FCA x FCA TCA
h

p f ye Jeep K X X H ke k

y

XG JECP dot X o e X P Y K equivariant
Faadjoint

Sections of Adjoint bundle

PEK PXE K
So The Atiyah alocbnois as associates shat exact sequence

o PCH TPI TM O

Exercise Show That The lie AlooBrois of The GAUGE

Groupers
G P xp

p
to M

is The Atiyah algebnois
Conclude That if a transitive lie aloeBrois A M over a

connector base is intolerable Then A Atiyah aloobrois of

some principal bonble



6 Prequantization AlGedrois Fix we 23 M

Aw TM Rn Rm MXR M

Anchor p pro Aw TM

Lie bracket on f Au ECM xCTM

X F Y g X y X g Y f WIX y

Transitive also Brois w Atiyah sequence
O Rm TM R D TM 0

PrequantizationProblem Given a closer 2 form W is there

A principal bundle a P M w connection OER P

such that do w

Exercise Show That if it P M is such prequantization

bundle Then its Gauge Groupoid P xp g IM bas lie

AlGobroid Aw
w prequatizable Aw integrable

I
Pen w C R Discrete Por W c A Discrete

W 601,117.21 w Getz m

Examples

i iiPar w 21,112 a R not prequatizable



M 5 52 w prig Vpn p w me T Sg just

Pula Pens w 1,52 CR not prequatizable
Not inteorable

7 Vector Fiolos Given Xe JE M

A R M M

Anchor floc X XXo
a Lie bracket Rm CEM

f g f Xigl g Xlf

Any lie algebrois structure on Rm M is of this form

X p e else a 1

The Flow Groupoid D X I M has lie alGcBrois A Rm

8 Action a Gobroids A g Je M infinitesimal action

A MxG M

Anchor p Mxg TM oe ul te Alr

Lie Bracket A C'CM g

f g lol flat girl Lapin g lol Largent a

The lie AlGobroid of XE Jf M is a special case

The lie groupoid associated w an action G G M has

lie algebra's The one associated w the corresponding

infinitesimal action

A lie algebra action does not need to inteenate to a lie

Groupaction But the action aloobrois is always integrable


