



































































































































MATH 595 LECTURE 5
Theorem

I M F and Holla F have natural lie Groopcis structures

And I is a lie groupoid homomorphism which is a local diffeo
Proof

We will Describe a basis For The topolocy That Are Also The

domains of charts

Fix path 2 o i M 210 n Jen y lying in a leaf to

choose Foliates charts centares at a dy and transversal s Tn Ty

We can assume That choices are small Enoch so that we have

The holowomyTransformation

her Tn ta

H O I x T m f
t Alt

H A Z ETy

Y
RA AB

q codimF
D

pm9 pm

µ

A C C R B D e R
econtractible open sots






































































































































charts R s A x Bx C D II M F

a b c 83082oz w

I
81 42 a b orb

82 HI O orb

23 4 0,4582111 c 4,1821in

This defines a basis ForThe topolocy as well as localeuclidean charts

Ncos to check That transition Functions Are smooth

Classes or Lie Groupoids

Recall X is called K connected if IT X is trivial Pon Osiek

Def

A lie groupoid G 19 is Target K connected if E'in

is K connectors For all REM Special cases

K o G is t connected

ok 1 G is t simply connected

Remand Inversion is Diffeo between 5 n and Elon so

tanGot K connected Source K connected

e Wo do not assume M connected So t connected

Does not imply G is connected

Proposition Given any lie oroupcis G
go geG g e connected component of E tip containing Itg

is an open t connected subcroupois of G






































































































































Proof

Let y m e go 1g g belongto same connected componentof Ely

Lg 1a g Lg raps connectedcomponentsto connect comp

so g he go g he go

jfidies

senses
Go is a Groupoid

To show that go is open it is enough F M U
open C Go

By local manual form Fon sub mansions

Ine g has open neighborhood Un e go
U InUae is Desired open set

Proposition let G M be t connected Lio cnocpc.is Any
open neighborhood Mc U C G generates G Given ga g
There exists ha une U such that

g Us e Um

Proof It is enough to showThat

Claim The set 5 4 get m g is productofelements nie U

is both open closed in E n

S is open because left translations are Diffeos between t fibers

S is closed check that E n IS is open in E a Choose






































































































































g S t lg n Since inversion is also diffeo

go i f gu sog seal ue U

is neighborhood of g But go n s p if gules then
get's hi un es g u una es contradiction

1

Thor

Let G M be a t connected lie croupcis There exists

a lie groupoid g I M and a lie groupoid Morphism I g g
such that

Ci G is t simply connected

Cii I is a surjective Local Diffeo

Moreover G is unique up to isomorphism

Proof

I Yenstar with sin 1g g I 5in giant

S Cgs se t Lga t get
g J Ch J Rn 5l oh

G is a ammo ÉÉWhy smooth

F Foliation by s fibers

II F I G lie grouper's so its source map p II g G
is submersion

I p m c IT I is submanifold Check that operations
make it into a lie croupois






























































We have a surjective oncupcis morphism

G G g I is g
which is smooth being restriction of target of II F Ig tog
Exercise Check its differential is isomorphism

let g G g be another groupoid satisfy ina i Aws ii

Then locking at t fibers

Ega toe
E

s Egan tx

ften 1

Those are couching maps It Diffeo In Makino DiacramCommute

I Lie Groepcis isomorphism

g I
n g

I n

g
I

1m

The previous Result is a Groupoid version of the Following

Lie I Given a connector lie group G there exists a

1 connected lie group G w same lie algebra Moreover G
is unique up to isomorphism

There are Two other results that Form the Foundations

of The chassical Lie Group a Lio ALGEBRA Correspondence



Lie II Given lie groups G H wi G l connected

AND Lio Aldabra homomorphism of g ly there exists

A unique lie croup homomorphism E G H wi def p

Lio III Given a finite Dimensional Lio Algebra G
There Exists a lie group G w lie aloebrag

We would like to extendTheseTo Gnocpoiss so we now turn to thestory

of The infinitesimal versions of Lic Onoupoids

II Lie Aloobroiss

Lie Aleta Rois of A lie Groupcis

Recall G I lie croup Thane isomorphism of vector spaces

it JE.GG XEJECG Lg X X Ugo Te G

X t Xle
É a e d Ig delg d

ii X X E JEG as XI X e JE G

Def Lie algebra of G is the vectorspace g Ted a bracket

J Gxg g
22,22 É Ia e

Rink Why left invariant vecta Fields Our convention Fon lie

bracket of vector Fields is the usual one

Xe X f X Xz Ifl Xz X If

If G G LIV Then TeG g Il since Glu cGIV is open



Exercise The bracket induces on gl u is the usual

commutator or linear transformations

A B AB BA

If one uses right invariant Volta fields then tho bracket induces
on g v is tho anti commutator

Def A left invariant recta Fiola on GIM is a v F XEdtG
i X is tangent to t fibers Agt Xg o Ageg
Cii dhLg Xh Xgh Y g 4 e g

Lemma The recta space Jtino G or left inv v f is

closed unsen tho lie bracket or veeta fields It is isomorphic

To The space of sections of the recta bundle over M

A G ka dt
m

U't knelt

Proof

X y tangent to t fibers x y is also tawGatto t fibers

Fixing goG Lg Etsy E
tiggs

is Diffeo so

X ly Y e Je Elm
tis

Lg XIE X
El G Y Eat Ely

Lg IX 4 laity leg leg X
El E's

X Y
e

Fa second part observe that the map

Ain G a X I X low e ku dt
aca



has in curse The map

Hu dt um 221 D É e Jtinuly 21g delglasig
IM

late also Define a vectorbundle map p AIG TM by

p x d d if de Ao Keildant

i

LEMMA

The bracket on sections ACG ans the map p AIG Delta

satisfy the Leibniz identity
da Fda f 4,22 t Pla f 22 4 deep AGl FeCTM

Prof
I ane f x are S Relates

S IT Ca Stf Seein Ifl
Also

I Scf
Then

Ea Fda É II 5,5 4122

usual Leibnit f g f T.I I Slf 2For V f

FILI feat f da fla.diltfla.lt dz


