



































































































































MATH 595 Lecture 4

Groupoiss and Poliation

Can associate lie croupaise to Foliations These Give important examples
AND play an important role in General Theory

M F Foliates Mani Polo This Moans That

i J La de A partition of M into Crecularly
immerSCD Connected Submanifolds La Co M

ii 7 Foliates chants Every pen belongs to a chart U y

6 U is R x R

4 convected components of Lan U oc y y c ga ca

AyeRa g codim F

T
I man

Holerwomy of leafwise Path y 0,1 Lo

t.IT

I

to

f
t to Hit Z path in leaf

H O I x Ta M H 10,7 Z

H A Z ETy
holt's's germs Z H int






































































































































Rink Holonomy Measures The behaviour of nearby leaves

wether They are Expanding contracting etc

For example orbits or non vanishina vector Field Xe JE M Form

A Poliation For a periodic orbit holonong Poincaré Return Map

Properties

holt Does Not Depend on choices of foliates charts

If 8s and 82 are leafwise homotopic Relative to end points

hot t holt't
If y Anos y can be concatenates then

holt t o hottest hottie
If Tae Sm Ty Sy are Transvensals Then

holt's hop's o hottie holla
t s

Two leafwise paths 8 ya with sane end points have

Samo holowong if holt t ye holt 22 This Does

Not Depend on choice of Transvensals Donate by 23h
The holowomy equivalence class of t

Fa loops bases at se one obtains the hclonomy Group
of The leaf L based at ocel

Hot b se 23h I 2 10,1 k glo sus a

It is a quotient or The Fundamental Group
T Lin a Hol Lin y 1 23h






































































































































Homotopy Groupoid of M F

II M F y I 2 o La continuous path

It I e homotopy class in leaf relative to Enos points
M

Ey Cry joy concatenation of paths

When eosin F o so Fe connected components of M recover II M

Orbit of be Leaf L containing se

Isotropy Group of Oc IT L se

Holonomy Groupoid or M F

Hol M F 183h I 2 Coni La continuous path

If I th holonomy class
M

Orbits Leaves

Isotropy Group of Oc Aol Lise

tale have a surjective Groupcis homomorphism

I II M F Hot M F 123 1 18Th

Theorem

II M F and Holla F have natural lie anoopois structures

And I is a lie groupoid homomorphism which is a local diffeo

Proof SEE NEXT class






































































































































Examples

1 Simple Foliations It M N sub mansion
w connected Fibers

M
F ti em men Foliation by Fibers

1Leaves have trivial do d

go.pe
Hol MF My M In M sebransion N

If fibers are I connected then T.CM F Hc M F

In General IT M F will have source Fibers which Aro

Tho universal covering spaces of The fibers of T

Rink In General Fa any M F if L is leaf containing a

Homotopy groupcis 5 x till.nl

I
universal covering space of L

Holonomy Group as 5 T Hallin
covering space correspondent
To Kes Hillin Hollins

Let 19 1131403 T
is R Tim b Z Z

y z

Ho M F submersion Gnpd sen

IT M F is not Hausdorff one ri

O

se 2 X yLet an se where

acne contractible leaves

Oc e non contractible liar 1 yen
t

g
t any
non contractibl

loopbased
at se






































































































































Exercise For a lie croupcis GIM The Following Are equivalent

i G is HAUSDORFF

ii U M is closes in G
Ciii For each see M any GGG can beseparated From toe

I
2 Linear Foliations

I
f f covering space wi group of Docktransformations f

t

f Gl V representation linearaction on uretaspace

119 Ix V
p

is foliates by

J'm linear foliation projections of Ex 403

Note L prog Exho is leaf or I

lala also obtain a lie onocpois

XI XV
I Direct product of pain anoepcis at identityIt

grapeisIt
g ixia e
It
M TX

p
Orbits leaves of F'in

Isotropy group or L p

In General This is neither the horde y non holonomy oroupois off






































































































































Exercise Show that

i G IT M J iff I is l connected

ii G Hol M J ife f Gl v is Faithfull rep

Note Ree B StabilityThan states that if L is a

compact leaf of MF at Finite holonomy Group f Holllin

Then a saturated neighborhood of L is isomorphic to

such a linear foliation take G UL obtain bad by
lincanizing holonomy

For explicit example

I Byz Z GLCR m y Etty

1 8

M Axp z
E Mobius Bans Foliatesby horizontal circles

L Effete
I is l connector II Mb F Rx Rx R z

It
RR zMoto That T.IL.nl 21 Hol 1 re 212

To obtain holonomy onoupeis

I 5 2 212 GL R 1 y Ey

L
Sh

pay 81 12
2

Hd Mbf 18 8 12112
It
Sixth

z
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Road Given a Foliation M F we have Two canonical

Lio onoupoiss associates at it Wo will see that any intention

Fits into a Diacram of surjective Italo Groupoid morphisms

II M F is G a Hol M F

So Tl M F and to M F are largest and smallest intonations

of M F


