
MATH 595 Lecture 3

I 1 Definition Examples cont

last Time After choosing base point

Transitive Lio groupoids t principal bundles

Fa any Lie Groupoid G In M we have isotropy bundle

Iso G Lemgo

But this is not a smooth bundle of Groups

Proposition

If G Pxe
y
is The Gauge Groupoid of P M Then

150 G I Associates bundle For KOK by conjugation In

particular For any transitive Groupcis G In M
i Isotropy Groups are all isomorphic

Iii Iso G M is a lie Groupoid

Proof If G is the Gauge Groupoid

G Px Pk Iso G e
Cpa.pe Tip Tepe X

My p pg Icp oe g Gk

Px K C a PxP p.gs It p pg

PEK ke xp
hone KPK by inner action

g Ke N'g k



I is K equivariant

I pig k pk nigh pk pk right
pk pg k I p g k

OI Pek
K Pxe k

This is an Cm BEDDING an image Iso G
IM

10 General LINEAR Groupers I E M recta bundle

GL E ly A se I A Ex Ey linear isomorphism
It
pg

IF M 3 3 E V is a vector space lie Group GL Y

GLIE IM is Transitive Groupoid

Exercise Fa a vector bundle E M one has The

bundle of Frames V rank E

Fr E u RI E I seeM u linear isomorphism

This is a principle Glr R bundle Show that GLCE IM

is canonically isomorphic To The Gauge Groupoid of Fr E M
o
GLIA



11 Restrictions If Gan19 is lie and Nc M is

submanifold

Gl 5 N NEIN
is not lie in General

It
N

Need conditions on N e.g It s G MXN h MXN

Bet other conditions work e.g N is union of orbits of G
we say N is saturates In particular For any orbit

G g
I 0 is a transitive lie croupois

Conclusion

A lie onoupois can be Thought of a collection of Transitive

lie croupoids a principal bundles That Are Glued nicely

12 Poll backs Restriction is special case of pullback

under a map Y N Crs M

YG
NyG N 14.9 x 414114in

It big.nl

y je Not Lie in General

GG I N is lie Oroopois whenever yGcNxGxN is a submanifold

Ono has a morphism of Lie groupoiss

g g G
y g n gH Il

N TM
Exercise show that pig is a lie croupoid whenever y is asubmersion



13 Cech Groupoid U Ui ie I open cover of M

N e EI Vi Disjoint union a M

Y

G M E M identity onoupois one arrow for eachobject

Gu y G I N Cech gnoopois

Gu LI U nuj i v j ace Vinu
i j 11
Vi i se i see big

d

i se ja

Rian If cover is not countable This violates our conventions

14 TANGENT Groupoid For Any Lie Groupoid GIM apply
Tangent Functor

dm T Ggg TG
TG SI
at Ids Tbd S
TM

di TG TG du TM TG

Rmn There is also a etg Groupon's as well as Direct

Suns TGu
ans It g later in course These will

be relevant to understand Geometric structures on onoupciss



Groupeiss us Groups

Der A bisection of GIM is a submanifold Beg
such that Sl B M t B ta ast Diffoncaplisms

s fibers

B G

M
tigl Sigl

t risen

Equivalently a bisection is a map b M G such

that sob id and to b M M is a Diffeomorphism

Bisections can be multiplied

Dao ba se is b tobias baloes

This makes the space B G or bisections into a Lie

group Bet this is in Dim and can be very wild

Mk One can also Define local bisection

a submanifold BCG such that 51 B U ans

t ly B all are Diffeos onto open sots U V M

a map b U G such that sob id and tob U V

is A Diffee



Proposition

Every gag belongs to tho image or some local bisection

Proof

Choose a subspace LeTgg complementary to both

Ker dgs and Kadgt Choose submanifold goBeg with

TgB L If B is small enough it is a bisection A

Proposition

Let G M be a lie groupoid
i 5 se nE'ly are closed embedded submanifolds of G
Cii The isotropy Groups Goe are lie groups
Ciii t sloe O is a principal Ga bundle
in The orbits Oo are immersed submanifolds in M

To prepare For proof and for Future use

LEFT translations
g
g
g

h tegh
n
E n IlyLg E sig E tgi

q
is a Diffeomorphism with inverse Lg

Right translations gas h to hg
A

5 y
A
5 a

Rg 5 tig 5 Sigi

is a Diffeomorphism with inverse Rg

TgE'la Kudgt Tg 5 y kendgs



Proof of Proposition

Fix s Fiber 5 oc

claim Dg ka dgs n Kerdgt is a constant rank

Distribution on 5 se

INDEED we have Fa any gGSent

dfg Kud kudgt is isomorphism

so lg s in E'in dalg Dan Dg
Hence pickina a basis Va Va For Da we obtain

A basis or vector Fields Xs Xk on 5in spanning D

Xi g to danlg Vi

This proves the claim

D is involutive Distribution in sin it coincides

with kernel of The differential of smooth map t s n N

Frobenius Theorem 5 n n E y ane submanifolds
connectedcomponents Ane leaves

of D

Note Since source target Fibers are Hausdorff 2ndcountable

We can apply Frobenius Also JeninE'lol are closed in

5 n leaves are closed EMBEDDED SLIDE'D ARE

closed CMBCODED submanifolds 5 i holds

ii Gm s n n t la e g are closed EMBEDDED and Are Groups

Need to check multiplication inversion are smooth



i
Gn Gb 8

ay
EMBEDDING EMBEDDING

G
M Gnxg Ga i Ga Ga are smooth

Ciii Sen x Gr Sca gin gh rightaction

Free action

orbits are Fibers of t 5 n 79 Action is proper

principal right action It S'en sing O

principalGubonsle
it On E 5 m ga bijection

On has smooth structure 5 1
t

D

sing
M

immersion injective
Rank An immersion i N M is called Recular if

For any map f P N The composition foi is smooth iff

f is smooth

Every embedding is a Recular immersion

The irrational line in tonus

R 8 x 8 tho eit ett dog
is a Recolan immersion ahich is not AN EMBIDDING

A non regular immersion R

p
R



In General A Subset N C M can have Different

smooth structures such that inclusion N ca M is immersion

M R

R QANA
i

N i R iz R

However A set N e M can have at most one smooth Str

Such That N Ca M is a regular immersion and that smooth

structure is the unique one make The inclusion aw immersion

Alternative notations

Recular immerses Weakly EMBEDDED initial submanifold

Exercise Somewhat Hard

The orbits of a tie oroopois are RoGclarly Immersed

Hint Look at the proof ThatThe Leaves of a foliation

Are Recular immersed Submanifolds see e.g Warner

Founoations or Differentiable Manifolds and lie Groups


