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MATH 595 Lecture 29

Differentiable Stacks

la hat are The stacks that can be representedby lie gnoopoins
In other words what are the stacks equivalent to Bg for

For some lie groipois GIM

Def A stack it C 747 is called Representable if it is

equivalent to 19 For some Me My

tale also need The notion of Representable map between stacks

For That we use Fiber products of Fibered catacenies
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It is defines similarly to Fiber product of crocpoids
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Risks

1 Fibers are The weak fiber products of The Froepois fibers
2 x is only 2 commctative

3 Fiber products or pre stacks resp Stacks are

prestacks Resp stacks

4 IF M N Q are Manifolds w smooth maps f M Q gin Q
Thew
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Def A map of stacks E C D is called Representable

if For any manifold M and any Map I D The Fiber

product CIM is Representable

In This case we can Represent by honest maps
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Pullbacks of manifolds only Exist under strona assumptions

like transversality In Fact one Finds

Lemma For a smooth map of M N the map of stacks

4 I I is representable iff yo is a submersion

Proof Exercise
A



Corollary If E C D is a Representable map of stacks

Then For any manifold M and map p I D The

ResultingMAP P
IngG G

IEP In D
is a submersion P

This is also useful to derive properties of Representable

Maps of stacks

p property of smooth maps stable owner pillback by
submersions

Examples injective surjective immersion submersion

EMBEDDING Open Closed EmBedding E'tale

IF A Representable map I G D of stacks has property P
IF For every Representable map p I D The pullback

p I Ige I has property P

This coincides with property P for smooth maps since

Representable maps I I I are submersions

Def A stack it G M is locally Representable if

There is Me 777 and A Representable epimorphism 9 11 G

One calls 9 I G a presentation or an Atlas For G

A stack IT C 747 which admits a presentation is called

A Differentiable stack The Reason For This name is that they
Are precisely the stacks equivalent to lie Groupoins



Thm
For any lie croopoid GIM BG is a Differentiable stack

with presentation
q Y BG f X M t Itg

Moreover There is An Equivalence

Ing I

Proof

To check that q 11 BG is an epimorphism just
observe That Given F X M e M X and P X e Bg X
we can Find a covering Family I Vi X where both Plo d fGlo
Are Trivial principal G bundles hence isomorphic

Consider a map p I BG The map p ammounts to

f U X principal G bundle Pu

s X map of principal gbugles
R
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clan consider a covering Family f Uy X For which

Pu Pump are trivial principal G bundles late obtain a g cocycle
i ga Ua X a gap Vap G

so They yield a principal G bundle P X late leave

As an exercise to check That

I X Bgm
so q Y BG is representable



Finally to check Iggy E Just apply the previous
Aroument to M X

any
f s G X This gives a 2 commitatio
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which satisfies tho pullback universal

property.gg

Thm

Let it G 777 be a differentiable stack w a presentation

9 Y G

Then Igt is representable by a smooth manifold G which
has a canonical lie groupoid structure over M The stack Bg
is canonically equivalent to G And Any Two Grouper's badge
presenting G Ano Morita equivalent

Sketch of Proof

Since 9 M G is representable so is My19 Denote

by G a manifold Representino it Then

Source traroct Maps are The projections 19y I 19
beine pullbacks of rep maps are submersions

unit map is the diaconal M 181
Inverse map is the map switching factors 19819 My

a product map

GYG Igt g't Metz't Baga g



Having The onocpois GIM we have tha prestack associates

with tho separated pre shear or gaps
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Donate This pre stack by it D 747 so
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We Define A Map or pre stacks I D G by
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CosmaDefinition
or pullback

IEA
Using That q I G is epimorphism owe checks

That This map induces no isomophism on tho stackificatia

É By G

Epilogue This is just the beocinnio of The story
Ono can now DEPING socometic topolocical structures on

a differentiable stack by Defining them on a lie oncopas

As low as They are Monsta invariant

That's All Folks


