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Last time

777 catecony of smooth manifolds

Fibered category over 777 a Functor T G 777 satisfying
i For every f X X C in G over X pellback exist

I
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pullbackX T C

ii Existence of unique lifts
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Fiber over X Cx e g ICC X Ilg id Corps

Fibones cataconies Generalize presheaves

In one direction Given a presheaf i.e a contravariantFunctor

P 777 Sets

g

g
obj X se Xen see PIX

Ann L EX se
f
Y y I fix y Plf y x

it G o 744 Forget Full Functor

Rnk Note that this is a discreetly Fibres catecony i.e

Fibers Ox Are Identity Gaps s pullbacks are unique



In the other direction Given Piberes catacony IT G 777 Make a

choice of pullbacks

For each Ce Cy map f X X choose a lift f C C

With Notation C f c by property Cii if C GE Gx ans g C Cz

Then

fate Is f cz

g
É

Into obtain a contravariant map
P 774 Grpos

where
P X Cx a Cnapcis

P f X Xz F Cx Cx A Groupon's morphism

Bet this is only a pseudoFunctor by axiom 2 there is a

f of a fief
T.f.fr

where Tfp is a unique natural transformation satisfying some coherence

conoitions One calls P a Lax presheaf of Grpds One Finds That

Different choices of pullbacks equivalent Lax presheaves of Gaps
Lax presheaf of Cro poises Fibered category similarto above

Equivalent Lax presheaves of Capos Equivalent Fibers cattaories

we Derive equivalence later

Lax presheaf of Groupoids a Fibered catecory choice of pullbacks

Rink A choice of pullbacks For it G 777 is Also Called A Cleavage



Examples

1 The FiBenco category 19 has unique cleavage The associates

presheaf is the strict pre shear

Ut is CACO M identityCrocpois

More Generally

strict presheaves of Groupoids c Discretely Fibered categories
i.e unique pullbacks

2 T BG 77 has a natural cleavage pullbacks of principal Gbundles

The associated Lax presheaf of Groepcios is

X I a Principal G bundles over M 3

f X X2 t o f Pellbach of principalG bundles

This is not a strict pre sheaf

f f P f tip

3 For any Lic Orpo G E X we can Define a strict

presheaf of Grpas
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arr CTU G
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V G cu.g
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By Cornesponce above This Defines A Discrete Fibered eatebory

Whow g is the identity Gnoopois X X we recover X

Note In General This Fibenco catecong is BG



Prostacks Stacks Descent

So far we have not use covering families i e the

Grothendieck topelocy These allows us to introduce Gluingaxioms

similar to sheaves and Define stacks Recall

A covering family or X is U I X at fi Étale and Y f Vi X

Consider a presbreaf over MY ice a contravariant Functor

P 771 Sets

Given f U V see Ply we use the usual notations

Oct P f se

Also For a covering Family f fi Vi X we set

Uig VigUj Vijn VigUigUn etc

Note That These are all Good pullbacks Recall
Def

i A presheaf P over 777 is separated if

Ifi b X coverino Family
se se

se a e PIX Hi oct lui
Cii A presheaf F over 777 is a sheaf if

fi Ui X comin family

y I see fax w beto ai
bei e F Ui Oei vi Dejlui

Since Fibenco categories can be thought as lax presheavos
One can impose similar properties These lead to prestacks stacks



First we Define The analogue of separates

Dod A Fiber catecong IT G M is callin a prestack if For some

cleavage For Any C C e Gx Any covering Family f fi Oi XJ and

isomorphisms di Clu C u

4 on Clu It isomorphism of C C

Rank Without a choice of cleavage The condition is that one can always
fill The DiaCram

fi Vi
a

Cig PC Vijay
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Cj
no
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Examples
1 Fa a lie Croup G BG 777 is a prestack The

condition annonts to the alvino axiom For maps of spaces applies
to principal bundles

Similarly principal G bundles with connection Form a prestack

BG 777 principal bundle connections can also be Glued

Moro Generally For any lie cnoopois BG Bg are prestacks

2 IF T G 777 is a discretely Fibered category Then it

is a prestack iff The corresponding pre sheaf P 777 Gprs

is separated
In particular For any manifold I is a prestack and

For Ang Lio Groupoid G X Cx g Gives a pre stack



Doe A prestack it G 777 is called a stack if Fon some choice

of Cleavage For any X G 777 any covenina Family fi Ui X

Any Ci EGu And Gji Ci lui Cj long satisfying the cocycle condition

0kg0Oji dki in Coign

There exists CE Gy ans isomorphisms of C u Ci
such that

Oji 04 Oj in C log

Rank Without a choice of cleavage The condition saysThat Given Data

Ci

Vig
Vi

Cig
Cj Uj

Cig VijC

I Vij is binCijn is Cin Icj I Uj

Cin Icn Vin Un

There is C e Gm and Arrows C C filling Diacram

c j

Ci

C

Cj
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RMN The data Ci Gig satisfying cocgele condition is

CALL Descent DATA The condition For a prestach to be a stack

is called The Descent condition



Examples
1 A Discretely fibered category is a stack IFF The

corresponding presheaf is A Sheaf In particular For any

manifold 19 is a stack

The F bones catecony associates w X CTXG is not inGeneral a stack

2 For IT BG 777 Descent Data Amounts to a collection

of principal G bonbles Pu Ui and transition Functions Giving

A G cocgelo Then there exists a principal g bundle P M and

isomorphisms f P I Pu compatible w transition maps Hence

BG is a stack

Rink Given a pre stack there is a stackification IF owe

stackiegies The Fibered catecong associates al Xt CCX.gs
one obtains BG

Maps of Stacks

DEF Let IT C 277 52 62 Nt be Fibines catcoonies

i A map of FiBenes categories is a Functor I C Ca sech

That IT 8 91

Ii A 2 isomorphism of FiBenes categories between G Cz

And I C Cz is a natural isomorphism T I Iz WI TIX e Cx

Iii An equivalence of Fibenco categories is a map I C C2

aortic A quasi incense I Cz C so Io E Ide Io Fide
A map 2 isomorphism or equivalence of stacks is just a map

2 isomorphism or equivalence of The underlying Fibones catoconies



It once fiber co categories and stacks are both 2 cateconies

Me later is Denotes St 777

Properties

equivalence IFF For every Xe 7M The Restriction To the Fibers

iii iii

i

I I I
f X M s of X N

ly s

X2 Fz X2 Oof

Every map of stacks of I I is of This form Note That

I is discretely fibanes
No non trivial 2 isomorphisms
betewen Maps

So we have a Full embedding of 2 catcoonies

777 St m
M M

t

Remark One can also show That For any stack IT G 777

There is a canonical equivalence of Groupoiss

Cx I Hom X G

This Example And Remark FormalizeThe idea That we can understand

A Generalized Space by looking at all maps into the space



2 Let E G off be a morphism of lie crocpoiss

no obtains a map or stacks BG BA as

follows

P
G 1

E P Axp
gNt

gain It N

f P Pa 1 f b p b fops

Exercise Show That I BG Bff is an equivalence of

stacks IFF I b tf is a Morita map

Dee Let G Cz be a map of Fibered catecories over 777

i I is a monomorphism if For Every Xe 744 The Restriction To

The Fibers I x Ca is Folly faithful

ii E is a epimorphism if For every X G777 and Cze a There

is a covenina Family fi Ui X and Cie G u such That

I Ci I Calvi

Rak If I G x Ca is ess surjective For every Xe 977 Then

ii holds for trivial covering Family did X X So lii is

Weaker ThanThis condition Hence an equivalence of Fibered cateconics

is both a Monomorphism and A Epimorphism bet not The Concorso

Exercise let 4 M N be a smooth map Show That

For The map or stacks of it Il
Cil Q1 is always a monomorphism

ii of is epimonphism iff 4 is a surjective submersion


