
MATH 595 Lecture 27

Principal G bundles

Recall a principal G bundle is Given by a G space P

with a g invariant submersion T P M
p

t
ysuch that G f

x GYP PYP cg.pstolgp.pl Ga na
is a diffeomorphism

RMK CA says that The action onocpois GAP P

is isomorphic to the submersion onocpois PIP P

which is a way of expressing that action is proper and

FREE since Slbm Gapp is proper and Free of isotropy

Examples
1 Fa a lie Group 6 1 3 This Recovers usual notion

of principal G bundle

2 Any lie Cnocpois GIM left action an itself gives a

principal G bundle
g
g sit M X

S r

3 Fa a General principal G bundle P IX each Fiber

I'Coe is isomorphic to a source Fiber 5 p where psych Uet'coe

5 p is as gas gu
4 IF G G M I M a principal G bundle is just an ordinary

principal G bundle it P X together w a Gequivariant map ju P M
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Morphisms

A morphism of principal G bundles is a map between principal bundles

I P P

which is G equivariant
I gu g Ela

In particular p I P
M fay

P P
T f f Iz
X Xz

For a smooth map of X Xz

Pullbacks

principal G bundle G P Ypity principal G bundle

ftp.pyy EPG Y X

Y Y
fufu y Min g n y gu y

The map I p P P is a morphism of principal Gburbles

Proposition

Every morphism of principal G burbles
P E P

Tik I
induces an isomorphism

P I pop
T

f
g g

T U Its Elul.IT u

Proof A morphism covering id is an isomorphism



Local triviality

A principal G bunole PIX is Trivial if it is iso

to pull back of the unit principal G bundle Gtm
Lamma For a principal g bundle The Followina are equivalent

i P IX is trivial

Iii Thero exists a morphism E P G
fiiu PEX has a section

Proof

i S Cii E

p ay g g
t t t
X X TMid

i iii iii i

NG Xing P X

117.1461Its gÉ is Amos

P p'S
gs into 1 g ne

II

For any principal G bundle It P X is a surjective
submersion so it admits local sections

principal G bundles are locally trivia
p Irs X
M s I Plo a YaG

G m a p



Cocycle Description

Given principal G bundle it P X coven X by
open sets Ua athene there exist local section S Uy P

Ga Mosa Ua M Plus p g
On Uap Van Up

4 b lua 4 9 uPluap

x y i i ne gpfoe g
gpalml

where gpa Vap G are arrows

4pm Gah
On triple intersections

gyp Spain go n ne Uap

A G cocycle is a Family da gap w 4 L M gapVap G
so Gpa ya to Gpa Gp low Vap

92ps Gpa Goa on Vap

Two G cocycles da Gpa da gap are equivalent if I Xa Va G
soda Ga to ta Fa ow Va

Ipa Xp gpa X'd on Vap
After Refinement This Gives equivalence Relation and one finds

Principal G bundles L G cocycles equiv
RMR ONE CAN Also Describe Generalized Maps AND Monsta

equivalences using principal G bundles see Bibliography



Differentiable Stacks

A Differentiable stack is a very cenenal notion of singular

Space Generalizing manifolds

A Differentiable stack is a Morita equivalence class of

Lie enoupoiss There is a none conceptual way of approaching them

based on Grothendieck's philosophy of The Factor of points

A manifold M is completely determines up to canonical isomorphism

by The set of all smooth maps X M where X is a manifold

Equivalently by The set of all smooth maps B M no I

formally This means replacing M byThe Representable Functor

19 Manilas Sats M X f X M3

MIX 5 x ft fog

A singular space is a more General Functor Manilas Sets

which is not necessarily Representable i.e equivalent to some 1

This philosophy is completed by observing That

Exercise Show ThatThere is a bijection

CCM Ma as Nat I Me

This is a version of Yoneda's Emma

I

la o are now Going to Formalize This ans proviso Tho connection

with Lia crocpoiss



Notation

M category of Cmanifolds Cmaps
Given X E M a covering family of X is Any Family

U I X where fi are e'tale Ye fi Ui X

Rank

1 Covering Families Define a unique Grothendieck topolocy an M

called the e'tale topolocy A category eggriped w A Grothendieck

Topolocy is called a site In that Follows 777 can be replaced

by any site Ono Then obtains topolocical stacks algebraic

stacks etc by replacing 777 by top or Sef
2 Obj M is not a set One can replace 777 by

Men I w objects embedded submanifold in some R

R w objects B B R

Euc I w objects Disjoint onions of open subsets in some B

Dorn A category fibered in Groupoiss IT G DTM is

A Functor From some category Satisfying
i For every f X X C in G over X There

exists g C C in G with it g f
C X

fg
g IT C

ii Given a Oiaoram

C G f

e
is itIg f

X

X
92 fr

There is a unique lift g



Rinks

o tale have not used yet coverina Families i.e TheGrothendiecktopclocy

ByCii The object c in i is unique up to a unique isomorphism

Gne c Alls c a pullback of C via f X X and one often writes

C C xi f C

Fixing X E 777 we haveThe Fiber over X which is

Tha subcategory Cxc 6 with

Obj Gx I c e Obj G C X

Are Gx d f e Arr G Tif id

Exercise Using Cii showThat fibers Gx are onocpoiss
i e every arrow in Gx has an inverse

Abreviation
Tiberias category catering Pibanes in Groupoiss

Examples

1 Fix Me 774 Lot 6 19 be the category

Obj I F X M

Anca 54 m

It is a fiber co category For The Forgetful Functor

XFM I X
T I My X 1

21 X 9 2

Fyffe



Both axioms bold

i Given g X X earn My fr X M e Obj M
An object over M we have The pullback

XI f if 05 I 4gSEE
is X

X g
g I Ina Is
p P p d f x

X2
9 XaTz

In This Example

pellbacks are unique s fibers are identitycrocpoids

Dof A Discrete Fiber category over777 is a Fibercocatocony

I b 77 such That Gx is an identity Corps For All X e177

2 Lot G be a lie group ans G BG be The category

Obj BG principal G bangles p P X

ARR BG Morphisms of principal G bundles

P a P
Pi d f Pa
X isXz

The ForgotFull Functor T BG 997 is a Fabares category

Ono checks that Ci ans Cii held Note That pullbacks are

Not unique There are only unique up to a unique isomorphism

Exercise Show that principal G bundles at connection also

Give a Fiberts catecong I BG 777



3 More Generally Any Lie Groupoid G I M Defines A

Fibered category
T BG 747

with
G G P axobj BG 4 principal G bundles aim

Arr BG I morphisms of principal g bundles
IT PORGEFell Functor P X

y

Obj Fg Eiben bundles p E X wi fiber a Riemann surface
ofgivesg complex structure smoothly ranging on Fibers

Are Fg Commutative Diacoans

E a E

X is X

E X X EP'd IP
a conformal isomorph

The ForgotFull Functor T Ig 997 is a Fabares category

REM Afton Fibered Categories Arise As in previous example FROM
moduli problems Then one Thinks of The Fibercs catEbony T C 777 as

An object in G over M is a G Family parameterized by M

Aim is to classify all objects over pate747


