
MATH 595 Lecture 26

Back to ORBifolds

X E orbifold

i
s s

ECU ye DiefiocCU 404 4 homey
This is a pseudocroup over U So we have effective e'tale

Groupoid

U P ECU IU

Exercise IF M is a manifold AND U is an Atlas

show That f U is the cover Groupoid

Proposition For any orbifold Atlas U of X

i U is a proper effective e'tale Groupoid

ii IF 21 is another orbifold Atlas of X Thon U

And f U ARG Morita Equivalent

Proof

i let p a e Ui x Uj c Ux U We claim that

o I k a p 9 compact werondoritoo w CtxSICK C U compact

This implies that txs U Uxo is proper
IF di p Oj q This is clean since X is locally compact

HAUSDORFF And Gi Are Finite



If Gi p dj q se By compatibility of chants

Their properties one can Find open pelle Ui EMBoddint

of orbifold chants X V Gi v Gi v Uj Gj Oj So

That Got p Iv Xcp q Note That Then He U

We may assume That Gi Gi by eventually shninkineV
Then X V is Gj Gj stable Audie Follows From

properties of chants

txsj XLV x Y I germackgot goGj Zev Gj qV
Since Gj are Finite claim Follows

ii IF U U ane equivalent Atlas so 4 LIV is also an Atlas

Then Thane ane Groupoid morphisms

U

91440
U

These are Morita maps since they presenuo t data
pg

On the other hand

Proposition For any proper effective Groupoid G Is M There is

A canonical orbifold structure on X M g such That For

Any orbifold Atlas U u g ane Morita Equivalent

Proof
For each pan one can Find A saturated NEIGHBORHOOD UpCM

And a Gp invariant neiaitbonhocdo.clpcTpM such that

G up E Gp Up



Then the collection Vp Gp Cfp w Ap Vp Up Mlg
is an orbifold Atlas U For Mlg

Notice That

U plat Up i U M Gui itg g
is a Moritamap On the other hand

Gu U gt is gonna b b localbisection
al bl sigil gis also a Morita map so

g z U

Thm For any Lie Groupoid G The Following are equivalent
i G is Morita equiv to a proper effective e'tale cops
is G is Morita equiv to a Groupoid associated w An orbifold Atlas

iii g is Morita equiv to The holonomy Gaps of a foliation w

compact leaves finite holonomy
iu g is Monta equiv to The action amps of an proper effective

lie Group action w Finite isotropy

Proof

i s ii This Follows From previous props
iii i HollM F M In Hol M F IT For a complete

transversal T Later Capa satisfies i

Iv i IF G G M is proper Effective wi Finite isotropy
Then connected components of orbits Form a foliation IF T is

complete Transversal Then G AM M t GAM IT Later

Grpa satisfies i



ii iii Iu We saw That we can Find compact connected

lie Group action K G M which is effective and has Finite

isotropy so that X MIK The oncepcis K M M

is Morita Equiv to f U For an orbifold Atlas 21 ans

satisfies in The orbits of K form a Foliation M F

AND Ho M F E K M so Ciii Also holds
in

This all Discussion sobests

Dt Let X be a top space
i An orbitals Atlas For X is a pair g p where G
is a proper lie Groupon's w finite isotropy Y M X is a map
indocina A homeomorphism Mlg Io X

ii Two orbifold Atlas Ga Ga And Ga 02 are equivalent

if There Exists a Morita Equivalence GIVING Comm Diagram

G rig
Milly isMaly

to

id

Ciii An orbifold structure on X is an equivalence class

of orbifold Atlas

Recall That

G proper finite isotropy Es g Monta equivalent to proper
Italo Orpo

DEI An Effective orbifold X is an orbifold structure on X

Admitting an Atlas G 01 whine G is proper Effective E'taleOrpo



Note That

Effective orbifold se classical or Bifolds with classicalAtlas

ORBifolds I cannot be Defines using classical Atlas properties
of Atlas collapse without effective Assumption

Prop Any orbifold structure on X has an unocalyino

Classical Effective structure

Proof

G proper e'tale EFF g proper effective Étale

114

Example
Let G x M M be an action of A Finite Group

possibly ineffective Then G G M M Defines

An orbifold structure on Mlg By Factoring The

Kernel th of The action

k e f ge G g pep Kpem

We obtain an off Action GI GM And Glp M M Gives

The classical orbitals structure on

M G M Glu
An extreme case is when K G i.e A trivial action

Theunderlying classical orbifold is a manifold

What do we Gain with the Groupers approach to orbitelos
1 It solves some issues

2 It is conceptually simpler

3 It extends to even none Sinclar spaces



1 Lot X be an orbifold What is a suboreifold Yc X

Classically There are problems Take 212G R Coe g 2.3

is the jet II Isibonisirds Be

Manifold ton Birds a No isotropyi i
We can Think of it as a 1Dim
orbifold with isotropy Zz at
every point Not an effective orbifold

Now classically
a G a M a orbifold Atlas For X

N c M closes submanifold such that G I I N is

susoncepcis of G M

Y Nlg
C X Mlg

is suborbifolos

In Example G Z R I LfU

81,5Éi Ko3xR
sober

2 Homotopy Groups of An orbifold

G M a Groupoid representing X

no nerve of G is the simplicial manifold

ME b É beg 9 b
Ib_get Y ga

Ie
g



Face maps di G G iso m

92 Gm i o

d ga Gm ga gigin ign is ism n

ga gmt i m

DeGeneracies Si G Gl i I Mtl

Si ga Gm g i gin toe Gi Gmt

As For any simplicial set we have its Fat oocnatnic Realization

11g'll LI G x m n we quotienttopolocy

whore
An e to tn ti o E ti 1

O Am T Am i O m pace maps

di to tn to tie O ti tn

n is equiv relation Generator by
di g t n g dict

IF 0 G Ga is a Morita map one Gets a simplicial map

Gi Ga ans hence a continuous map

1411 I gill llgill
me can show that this Gives an isomorphism of homotopy groups

Thor If G Ga are Monsta equivalentthen 11Gill and 11gal
ARE WEAK homotopy equivalent

Ono an use G Ilg'll to attach geom I Topolocical invariants

to The orbifold X represents by the Atlas g p



1 The orbifold homotopy Groups
IT X.ro Tm 11Goll.C1x

2 For any Rino R The singular echomology of X

H X R H 11g'll R

3 The de Rham cohomology of X

2 X We LTCM EW Ew 03
d 2 x dnt x

Do RhamTheorem

H ELIX d I A X R

4 Riemann Metric on X

M tmatric on G metric on g Makino S t Riem sub

And i G G an isometry

There is a Gauss Bon at Theorem etc

Example
Can use IT to find obst to be a Global quotient

Prof IF I X 1 Then X is not a Global quotient

Sketch of proof
G G M is effective proper action wi finite isotropy X 191g

Then I Iowa exact sag in homotopy

Tm G Tm M I X Imf t As



When G is five to This Gives

f
TIE X I Tn M M 2

I IT M T X G 1

But if X is not smooth Thew G 1 so TIMEX 1

II

Corollary
le K G N is a proper effective action with finite isotropy on

A l connected marvels N Then X Nyk is not a Globalquotient

Proof

The Iowa exact sequence x Gives IT X 1

11

Tear Drop

g g 83 4 z w EG 121 14
x 531g not Global

O.cz a Ce't e t In m quotient

Zm


