
MATH 595 Lecture 25

If is an orbit of G Is M Then

Go O G UCG

The linear local model For G around O is

Go V10 I V16

LinearizationThru Zuno Weinstein

Let G M be a proper anocpein and fix Oc M There

Exist open sets O c U c M Oc Vc v16 and a Groupoid isomorphism

G1 I 96 016 I

The open sets U and 11 in General will not be saturates

union or onBits For That

Corollary Invariant linearizationThm

Let G IM be a s proper Groupoid and Fix O M

There exist open saturated NEIGHBORHOODS O C U C M ans

O c V c U O and a Gnocpois isomorphism

Glo k Gox 010 I

Proof of Corollary

Every s proper Groupoid is proper

Orbits of S proper Gnocpoids are stable Every NeiltBanitood

or an orbit contains a saturated NEIGHBORHOOD Exercise

17h



By considerint various classes of Croupcios we obtain several

well known Theorems

IF M F is a foliation w compact leaves and Finite holonomy

Then Hol M F IM is an s propia Groupoid

Inv Linanization Thm Reeb stability Than
a IR GAM 3 M is an action Croepcis associated W An

Action of a compact Lia croup it is s proper Ana

Inu Linearization Tha E Linearization Of Action

IF MyM M is submersion caps of a proper submersion

M N Then it is s proper and

Inu Linanization Thn I Ereshman Theorem

proper submensions are locally trivial

Corollary Let G M be a proper G'tale croopois

Every see 19 has a NEIGHBORHOOD U Such That

Glu Gaxllae

where Oell C T M is a bn invariant neichbonhood

Proof G e'tale Discrete orbits as every see M bas

NEIGHBORHOOD I with UnOn 323 Apply linearization Them to g ly
There is smaller neighborhood melee aus OellacTam

91 I Ga IM y

choosing a Ga inv metric we see we can choose Il tobe Gu incaninut

Note One can prove this corollary Directly See Moenaijk Macon



Corollary Let G M be a proper Groupoid Every orbit

c M has saturated NEIGHBORHOOD U such That

Glo U Fa Go Y n

where O e the Ua O is Ga invariant NEIGHBORHOOD

Proof of Corollary

Fix see O and choose To M a transverse submanifold to 0

Through a
T py TO Txt

IF T is small enough Then T t to every orbit it meats and

Tn O doc since G is embedded It Follows That

G l IT is a proper lie Groupoid with orbit bae

Apply linearization Than to Gly around 423 eventually after

shrinking T

Gl G T.lt y

As in previous corollary eventually after shrinking T we can write

G I Ga Voe

For some Ga invariant open Of Vn Tact

Finally observe that

G ly I Gu where U IIT is open saturated
I M MIG



Sketch of Proof of LincanizationThan

The main idea is to use a Groupoid metric i e A Riem

Metric adapter to Transverse Data
Recall That given submersion of M N Riem metric

Menon M ONG calls of a Riemannian Submersion if For any ppeM

with Gcp yep q tho linear isomorphism

Kerdp.pt ITgNad1 knap It
is an isometry Then 4 ta inherits a unique Riem matric Mn st

dy Kengo DTM
is an isometry Fon All PEM We write M Mm

For a Riemannian Sebmersion

i Geodesic 1 to a Fiber as I to every fiber

Cii Fibers are equidistant

Def A 2 metric on a Groupoid GIM is a Riemann

metric y on tho composable arrows

g 95 8
For which

i The 3 maps gas
G th
g Gib gh ARE

g g
Riem Submersions

ii The natural action S G G is by isometries

g P hG 14
g

S E.g g 4 to Chigi
g h to hotly



For such a 2 metric y't one obtains

i The metrics induced on G by pre Mn pre coincide

We Denote it by M's
Iii The metric y makes s t Riem submensions

And is invariant under inversion i g g
Ciii The metric imbocco by S t an M coincide

We denote it by yo

g yy
i G y

t

in.y s
PR s

G
S

O
Sz

Now Fix orbit O Then we have the exponential maps

of The Metrics which because of Properties above Give connotative

DIAGRAM

u g eucgo exp go
I th f f Defined only on Neighborhoods

of Zeno sections of U0166
exp

b
It It
V10

exp

By Restricting to Domains of infectivity we obtain Groupoid iscm

with Glu Fon O c Ue expm y Oc Nc v16 So this

shows

Thm If a Groupoid G M admits a 2 Metric Then it

CAN Do incanized AROUND An orbit



The linearization of proper Gacopoiss now Follows From

Thm

Every proper Groupoid admits a 2 metric

The proof is by averaging using the Facts

Proper Groupciss admit invariant volume forms Densities

Proper Gooepcias Annet invariant partitions of Unity
Ik

Historical Remarks

linearization or proper onocpoiss was conjectured by A Weinstein

2002 He also showed it was enough to prove the case whena 0 4m3

N.T Zuno 2006 cave a proof of The case O bed bet proof
has a Gap using analytic methods iterative scheme on BanachSpaces

M Crainic I Struchiner 2013 Gave a complete proof USING

vanishing of Deformation echomolocy Fan proper onoopoiss

Inocpois metrics went intreoccos by del Hoyo RLF 2018

Ans Gave Tho geometric proof sketched above

Effective Gaocpoiss us PseudoGroups

For a manifold M let

Diffio M 44 U X V UCM open le Diffee

Rmh Those are Difftos That are locally Defined not smooth

maps That are local diffeos



Def A pseudosnoop on a manifold M is a collection I CDiffiocm

satisfying

i 4 y e E Imy c Dom 01 Goy e I
ii id E É
iii g e I G e É

Civ Ge I Ve Den O open Glue I
u G DIFF M bVibiet is open couch of Doom G
and 4 o e I 3 Ye I

Rmk IF A subset P e Diffie M satisfies i iii one obtains

A pseudocroup Generates by P by imposing Civ u

Cartan introduced pseudoGroups as A dim generalizations of

lie Groups We will see That They are essentially equivalent to

Effective Étale Groupciss

Examplosj
1 DIFF

oe M is a pseudo Group

2 Given a Riemannian manifold M M the set of all local

isometries is pseudo Group Similarly for any Gometric structure

symplectic structure Cplx Str etc

3 Given AN Effective G'tale croopois G E M The set

IG tob I b O g local bisection

is a pseudoGroup Note That we need the Effective condition to be

Able to Glue bisections if 4 tobi Ui Hi and V NU 0

Then b be on U n V2 by effectiveness



Hence

bop f
bi'd peu

balm PE U2

is a smooth bisection and 4 to be g satisfies fluid
4 IF G M is any Groupoid

P tob I b O g local bisection

satisfies i Civ bet not v It Generates a pseudoGroup

which will be Denoted by g

Given a pseudoGroup I c Diffie M we can associate

to it the Groupoid of Germs or I

E gamp p peg pedomco

With The shear topolocy This is an effective G'tale Groupoid

perhaps not 2ndcountable Ono checks easily
For any pseudoGroup E I PCI I

F any e'tale Orpo G f ECG EFF G
In particular

Proposition
There is a 1 1 correspondence between Effective

Étale croupoiss not ness 2ndcountable and pseudoGroups

G i n E G
whose inverse is

UI a I



Given manifolds M N AND PSEUDOGroups I c Diffie M

I C Diffloe N an equivalence From I to OI is a collection

E h U V Ven Ven open h Diffto

Satisfying
i U Dom h M Yog Im h N
hee

ii YEE peg hah e E 4,04 oh c I

hiopoh.EE
Ciii E is maximal Amano collections satisfying i ii

Proposition

Two Effective e'tale Groupoid are Monita Equivalent IFF

The corresponding pseudoGroups are equivalent

Proof Exercise
I


