
MATH 595 Lecture 24

Recall our aim

Which Gnoupciss represent onbifolds

For example we saw above That Manifolds Are Represented by
surjective submersions

The Gnocpoiss Representing ordifolds That we studied all had

Discrete in Fact Finite isotropy We will show that gnoipciss
with finite isotropy ane Manila equivalent to

Def A Lio groupoid G M is called E'tale if dining dim M

Noto that

G is e'tale ca s local diffeo
s t local diffeo

a local diffeo

Fibers of S t

G Eta G isotropy anceps Are All Discrete

orbits

Examples
1 Any manifold MIM Note a sebmersionGroupoid is not

étale if fibers of submersion are not Discrete So G'tale is not

Morita invariant

2 Any Discefat Croup 6 1 3 or any action oncepcis of

A Discrete Group is e'tale



3 For Any Foliation M F and any transversal T

to F The restrictions Hol M F IFT and I.CM F HIT
ARG E'tale Cnoepeiss

4 For any manifold M one can Form The Croopois
M I M of genres of local diffeos The topclocy on

M is tho shoat topolocy i.e The topclocy That

Makes source map Discrete Hence M is e'tale Groupon's
bot space of arrows is not 2mcountable

Rnk R1 is often called the Haeflicoon Groupers
IF dim 14 9 PIM TCR are Morita equivalent

E'tale is not preserves under Manila equivalence Bat

Tha

A Groupoid is Morita equivalent to an G'tale cnoopois
IFF All its isotropy Groups Ano Discrete

Proof

Since Monsta equivalent capos have isomorphic isotropy lie

groups Discreteness is preserved under Monsta Equivalence Hence

G F E c'tale G has Discrete isotropy

For The converse observe that if g has Discrete isotropy

Then dim On dim sem so connected components of orbits

Form a foliation Restricting to a complete Transversal T to

orbit foliation we have G In Gt Gt e'tale
my



Assume G In M is e'tale

Eff G f m g Gong tolstoy
w goVeg open such that
Stu U Slo is diffeo

Note that Eff is a lie Groupoid morphism

Dof An effective G'tale Groupoid is an C tale croupcis For

which EFF is injective

Brak For Any E'tale Groupcis Eff G c f G is an open

subcnoupcis which is effective It is calledThe Effect Of G

Proposition If G ga ane c'tale Gnoopains which are Menta

Equivalent Then G is effective iff Ga is Effective

Proof Exercise

Examples

1 IF G is a Discrete croup an action G GM is Effective IFF

The Action Groupers G MIM is effective More Generally Given

An Action G G M with Discrete isotropy it is effective Iff

For any complete transversal T to the orbit Poliation GAM I IT

is effective

2 Ie M F is a Poliation and T c M is a completeTransversal

The Effect of II CM F LET is HollM F I 2T In Fact

EFF 8 holtTcg
In particular HolM F IT is an effective Étale Groupoid



Def A lie onocpai G M is called proper if it is Hausdorff

And txS G MxM is proper

Convention When we say f M N is proper then it is

assumed that both M N are Hausdorff

Rnk If f M N is map between Hausdorff SpacesThen

Any sequence lamb eM suchThat flan convergesf proper 1 5 has a convergent subsequence

In particular f proper as f closed

Exercise Show that for a Hausdorff Groupoid G
G compact G proper M is compact

Exercise A Groupoid GIM is called S proper if s G M

is a proper map Show that

g s proper G proper all orbits are compact

The converse holds For a s connected GroupoidG
Hint A submersion w compact connected fibers is proper

G compact G s proper G proper

Examples
1 An action G GM is proper iff the action oncopois
GAM M is proper GAM M is s proper Iff G is compact

2 Given submersion of M N The croupous MIM M is

always proper It is s proper ite yo is proper



3 Given Foliation M F The Groupon's Ho M F Is M is

S proper ire M F has compact leaves with Finite holonomy

Basic Properties IF GIM is a proper onocpeis Then

Ci All isotropy anceps are compact

Cii All orbits are closed Embedded Submanifolds

Ciii Orbit space is Hausdorff

Proof

i Go Sext or.se And nm be MxM is compact

ii Recall That One is the immense submanifold

i 5cal
g

M GG hotly

tale claim this immersion is proper so result follows Let i gugu an se

be a convergent sequence Since k Denise ne N u aan c MxM is

compact guy C tx5 k has convergent subsequence Gm go But

s ga lim s gu se so GmGreeShelly is convergent subsequence showing

that i is proper

iii Tho projection Tig
M M is an open map For Any

Lie Grpd late show that any Distinct On OneMlg can beseparated

Assume not Then For any m letting U n Bulk Uam Bala
we have

a U n n it Van 0
In other words There exists goneG wi s gu e vi n t gm eUan

Then ft xs Gm oez.se By properness There Exists a

conocacent subsequence Gm go But Sego n tig sea

contradicting Ox n On p Im



Proposition Hausdorff And Proper Ane Morita invariants

We use The Following lemma use proof is left as an Exercise

M N
Lemma Consider a GOOD Pullback And ASSUMEg t

pg N
That M N ane Hausdorff Then h

i N HAUSDORFF M HAUSDORFF

ii f proper as g proper
When his surjective submersion The reverse implicationshold

Proof IF I G Ga is Monsta map w q M M surjective

submersion Apply lemma to pollback Diacram

G Ga
txs ftxs
MyM D MaxMa

4 4
To conclude That G is Hausdorff proper Iff Ga is Hausdorff pegen

Given any Monsta equivalence

ft
Si

K S

G It

P s a glop

G8,1 92

gts gG Ga g Ga
surjective left Iec Both loossurjective

so apply First part of proof

Bank S propen is not Morita invariant if G GM is

propen Free action of a non compact lie croup wi quotient N MIG

Thew GAM M e NIN



Recall That if 0 is an orbit of G I M Then

Go O G UCG

The action Groupoid go V10 I V10 is called the linear

local MODEL FOR G Around O
Mone ExplicitDescription

g a tis O is principal Gn buns v16 Sinmun 6 kg
G G Uno

Goku 6 S'm x sinsxUn G lg
Quotient of pair Groups Vectorspace

Examples
1 For a lie Group action GAME M Fixing An orbit O G a

UCO Gx UnCO G M

This has a G action and we Find

Gox 010 I V10 I G patina pglin

2 For a Foliation M F Fixing a leaf L we Find

UCL L x Usc L
Hey

M

This has a linear Foliation Flin And Wo Find

Hot M F NULL VIL I Hd Mifflin M

3 For a submersion 0 M N the orbits of MINIM
Are The Fibers of 4 Fix a fiber O gCy Then

UCO e 4 Ty N I b xTyN g's

G o 9 b x g b I glys
The local model is just the Direct product Gnocpois

4 b x G y xTyN I Fly



LinearizationThru Zuno Weinstein

Let G M be a proper anocpein and fix Oc M There

Exist open sets O c U c M Oc Vc v16 and a Groupoid isomorphism

G1 I 96 010

Corollary Invariant linearizationThm

Let G IM be a s proper Groupoid and Fix O M

There exist open saturated NEIGHBORHOODS O C U C M ans

O c V c U O and a Gnocpois isomorphism

G to E Gox 010

Proof of Corollary

Every s proper Groupoid is proper

Orbits of S proper Gnocpoids are stable Every NeiltBanitood

Of An orbit contains a saturated NEIGHBORHOOD

These results Generalize several well known Theorems

Reeb stability theor
Linearization or proper actions

Ereshman Theorem proper submensions are locally trivial

Corollary Let G M be a proper Groupoid Every orbit

c M has saturated NEIGHBORHOOD U such That

Glo U Fa Go YI

where O e the Ua O is Ga invariant NEIGHBORHOOD



Proof of Corollary

Fix see O and choose To M a transverse submanifold to 0

Through a
T py TO Txt

IF T is small enough Then T t to every orbit it meats and

Tn O toe since G is embedded It Follows That

G ly IT is a proper lie Groupoid with orbit bae

By linearization Thor eventually after shrinking T we can assume

Gl Go T.lt
choose Gu inv metric we see we can choose V V a gu incaninut

NEIGHBORHOOD So

Gl 1 GnkVoe

Finally observe that

G ly I Gu where U IIT is open saturated
CH N MIG

A

Corollary Let G M be a proper G'tale croopois

Every ace 19 has a NEIGHBORHOOD U Such That

Glu GaxUse

where o ell C T M is a Ga invariant neichbonhood

Proof G e'tale Discrete orbits as every me M bas

NEIGHBORHOOD I with UnOn 323 Apply linearization Them to g ly
IM

Note One can prove this corollary directly Not hard


