



































































































































MATH 595 Lecture 22

Wo want to use orbit spaces of lie Gnocpcios to describe sinculanspaces

Given G E M we have at least the Following Relevant TransversalData

M g orbit space w quotient topolocy

Normal space to O e M g at see 0 tangentspaceto O

Ua O ToeM Tao

Ge G Un O normal representation

g o Agt E where TeTyg dgse s o

Exercise

1 Show that this is well defined can also be Described as follows

If b M G is any local bisection al bins g Then

g 101 d to b o

2 Show That There A Normal Rep of go I 0 on UCO defined

by similar Formula
3 IF G XM I M is an action Grocpcis show that these are The

usual normal Rep G G U G

4 IF Holl a F I M show that this is the linean holonomy

Action Hol G U.CL
I

hate seek notions of equivalence or lie oncepcias GIM fl IN

inducing Isomorphisms of Their orbit spaces






































































































































DEI Given a lie cnoupcis morphism G we say
Hm Y

That is preserves Transversal Data se

i M
g Ng O 1 410 is homeomorphism

Go Molins
is isomorphism of Repsii

A
410

f
Ugh410

d 4
There are several possibilities of equivalence of Croopcias that have

This property They are inspired by usual notions of equivalence in

category theory

Isomorphism of Onoepoiss

G C are isomorphic categories if I Functors G G

E Cz C such that I E tide of idea

This makes sense For Lia onoupoiss Gives usual isomorphism

of lie Groupoiss That we studied before

Exercise Show that isomorphism of a.no peiss preserves
TRANSVERSAL DATA

This is too strong a notion

if GG M is proper free action so N 19 6 is smooth The

crocpeiss GxM M N N are notisomorphic But their orbit spaces

should represent same space N






































































































































Strong or Categorical Equivalence of Groupcias

Recall a natural transformation between two functors

I E C Cz is a map I Obj a Arr Ca such that

Ig
g

je g

1 a fly
Ten Tis

yin I 41s
Ily

It is a natural isomorphism if Tin ane invertible arrows.FR

In this case we say that I I are isomorphic Functors

G la are equivalentcategories if I Functors G G

E G C and natural isomorphisms Io Eide Io II idea

In This situation we also call I a quasi inverse or I

For a onoupu's Guang natural transformation is automatically

A natural isomorphism and Those nations have natural smooth

Versions

DGf Two lie oncepcis morphisms I OI G fl are isomorphic

if There Exists a smooth natural transformation isomorphism

T I É Two Lia onoupcissG Ilana called strongly equivalent

if I lie groupoid morphisms of G fl E fl g such that
EOE I idg Io II idea






































































































































Example Consider a submersion 4 M N

Ig jiff
Ilp pe 4lp 1 4cpa

IF y N M is a section of of Then we obtain a

Groupon's morphism I N MyM M to 4191.4191

We have that

I o I id Io ICP.in 4191,4191 9 ftp.t 41ps

Io E E id

where T N MyM gin 4191,4191 is a natural iso

Hence G and E Anc quasi inverses so They are strong

equivalences
Exercise Show that I is a strong equivalence if F q
Admits A Global section

Theorem If G tiff is a strong equivalence covenina Thou

I preserves transversal Data

Proof If I fl G is a quasi inverse

Mlg In Mlg 0 4 O Are continuous inverse

410 O to each other

Ga In

Flyin En is a croup isomorphisma

Iloelgtini G Ign
414mi






































































































































Isomorphism of Normal Rtps
4,1410

gym

d

TIMID
off dyi.it

NormalRep
1k

This is too strong a notion

Given submersion of M N the submersion enocpois

My M Io M has smooth on bit space 4cm So it

should represent N it 4 is a subjective submersion

But It MyM N is strong equivalence IFF 4 Aamits

A section

Morita or weak Equivalence of Gnocpciss

For arbitrary catecories using axiom of choice one proves

Proposition
C Cz are equivalent iff There exists a Functon I C e sit

i É is essential surjective For every object y in Ca there is

An object be in C and an arrow lo se ty e Cz
ii is Fully Faithfull For any two objects a kz in C

I Restniets to a bijection
C o x sea

I
0in denn CC

In The smooth category in particular for Lie croupcids this
is no longer True

Wo introduce smooth versions of These two nations






































































































































Por A lie groupoid morphism g Eff is a Morita map

in n

i to pra ft x M N is a surjective submersion
N

Ii The square G E fl is a Good pullback ofManitelas
tx s f f txs
MxM isNXN

4 0

Two lie chocpoiss Ga Ga ane Monita onweak Equivalent if

There Exist Monsta maps ft

g
Iz

Gz
Into will prove later That This is indeed an equivalence Relation

Bink rollbacks of Manifolds

In GENERAL Given smooth maps IT Mi N I i 1,2 we have The

pill back Diacram

pi Pa T.cp.LTCPe M X Ma Ma
N

M M2

iii Hi

But M YMa May Fail to be a Manifold or Maybe A Manifold

And Not have the expected tangent bundle pullback ofTano bumbles

T M YMa TM XT Ma C TM XT192
TN

EI
O R Job is a manifoldIt
a he tit's TO boy

tho to TM Tmz R






































































































































Ex D intersection of two curves
D R I If we consider discrete topclocyt t
p g g

Ce'te it is a pullback of Manifloss

Rationally Bet not of topolocical spaces

d

ftp.leiteirt
If we consider D has a topclocical
pullback it is not a manifold

In t say That MYMz is a Good pullback of manifestos if

Ci M y Mz CD M XM z is embedded submanifold

ii T M YMa TM XT Ma
TN

Exercise Show That if IT AND Tz ARE TRANSVERSE

Im dp t I Imldp.tl Tp M H p pe's w Tilpilettelpakp

Then M YMa is a Good Fiber product In particular this is alwaythe

case if Either I or I is a Scbmension

Proposition

A strong equivalence is a Monsta map

Proof
get g

p g

be a strong equivalence at quasi inverse

I H G so there are natural iso Io I Idg Io I Idg
i to pra flyM N is singective submersion

It is surjective since yeN is IMAGO of 615 4157 To See

That it is submersion we construct local section throng any Choseo mapping

to go look at arrow

Doj ho 4 ooo 414150 E fl






































































































































Since I is a cateconical equivalence there is a unique arrow

go Sco 4190 EG with go 61905 ho Choose local

bisection b M G ay boo go Then

A to b M M local diffeo no 4150

So DEFINE
N H IM G y 615 b Notts I pls

It is a local section w 0150 ho Ko

Ii By Ci we have A Good pullback

MELT M P ft
Prixpast txs

Mx M D NXN

Since I is catecronical equivalence G My fly N gta 157,9197sign

is a bijection It is also smooth and immersive exercise Hence

it is a Diffeo so we obtain a Good pullback

g Ll
test t txs
MxM isNXN

1A

Hence we have

I Groupeis isomorphism as I strong equivalence I Monita map
THE Reverse implications do not hold

Example Consider a Gain a submersion 4 119 N Ano The

Groupers morphism g My M In N Lf
I

Hi N




































late already Know that

1 É isomorphism of Diffeomorphism

2 OI strono equivalence 4 has a section

Now

I essential surjective
to pra My It N surjective submersion

y Ia Es p surjective submersion

I Fully Faithfull s Good pullback Diagram

MEM N
always trueSat p f's.tl

exp
4 0 is submersionMxM NXN

Conclusion I is Morita map s f is surjective submersion

Monita equivalence is The Good Equivalence

Theorem delHoyo

A Groupoid morphism of G a fl is a Moritamap iff it

preserves transversal Data

Proof

I Folly faithful
8 Helen

Mlg Mlg injective

che v o belongs injective

Since I is cafeconical equivalence settheoreticallyI First two Follow


