
MATH 595 LECTURE 2

I 1 Lie Groupoid.s Definition Examples

DEI A Lie Groupoid is a Groupoid GtaM ahora G
19 are manifolds s t are submissions And M M i

Are smooth

Notation We have spaces of composable Arrows

G M G G G Ggg gin sigs th

G Gsg YG ga gr sigil t git s

S t are Scbmersions G is a manifold

In particular it makes sense to say m G g is smooth

Def A morphism from a lie onoupois Gas 19 to a lie

Groupoid fl In N is a pair of smooth maps F G fl

ans f M N which are compatible w the structure maps

Compatability F F Functa

Ir y as re in G Then fly
18 fins in H

Ie g h e g then F gh Fig Ich

IF oce M Then F toe 1 fin
a If ya Soe in G Then Fig Fig
The last property Follows From The others



Convention

Manifolds ARE ASSUMED HAUSDORFF AND 2nd Countable

We Do Not Assume This For The space of Arrows G
But we still assume that M and The fibers of s ans t

ARE HAUSDORFF AND 2ndcountable Ste Examples

Rmn Because 5 a And Elly a closed embedded Hausdorff

and 2nd countable For most purposes one can work with G
as if it was Hausdorff and 2ndcountable

Exercise Show That For A LieGroupoid Is M

m i g G is a submersion

o I G G is a Diff to

U M co g is AN EMBEDDING which is closed if

G is Hausdorff

Proposition

Let G M be a lie groupoid
i 5 se nE'ly are closed embedded submanifolds of G
Cii The isotropy Groups Goe are lie groups
Ciii t sloe One is a principal Ga bundle
in The orbits Oo are immersed submanifolds in M

Explanation about iii
pg
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Examples g
1 Lie Groups I Lie Groupoid's oven M La tfs

2 3O

egg
2 Bundles Of Lie Groups I Lie Groupers with s t 9

Orbits pts of M Isotropy groups Fibers or t s

Very special case identity onocpois M

idly

bundle non as a Group bundle

i iG Rx R2
µ pp

t bi t.oca.ba is foetoes y tethys
t o Go is abelian

M R

R2 tin

yea y
t ft Y me Z t of ufology p

R t G RA

YI
to

too

R

Gta81

3 Pair Groupoid For any need M
Z.se

Mx ng
t PM If press p

12
pls

M Z b se

ont orbit I isotropy Groups are All trivial



4 Submersion Groupoins Fa a submersion yn M N

194M Yin if july pulse
ht
14

Orbits Fibers of ju isotropy Groups Are Trivial

Ray If yu id M M we recover pain Groupoid

5 Equivalence Relations Any equivalence Rc 19 19

Defines A SubGroupoid or The pair Gnocpois

R
pre ft pre
19

This is a lie Groupers if R e Mx M is an immersed submanifold

And pre pre restrict to sub mansions He say that R is smooth

For any lie Groupoid g IM one has a lie

Groupon's morphism called The anchor of G
q g

t
Mxn

The image of E is the equivalence relation Groupoid
Associates w orbit equivalence Relation not lie in General

Exorcise Show That a lie oncepcis GIM is isomorphic

To an equivalence relation onocpois iff its isotropy Groups
ARE All trivial



Dot A lie subonoupois of Gaon is a lie croupois

If N together with a lie gnoepcis morphism

Lf E G
th
N TM

which is an injective immersion If N M we call The Lie

SubGroupoid wide

An equivalence Relation is The same thing as a wise

lie subGroopois of Mx M

An isotropy group Gacog is a liarsubaroepois which is

Not wide

6 Action Groupoiss Any lie Groep action
Gx M M g seltsgoe

GxM

thts his gin hg.sc

ng ga se if y ga

Orbits orbits of action

Isotropy isotropy groups of action

7 Flow of a vector Field Fa Xe Je M take Flow

Gtx with Domain D x c Rx M open set

tie a softcore
DIX tie

It
se ye

15.5 t.sc stt.ae
M if y affix



Orbits orbits of vector Field

Isotropy Group op ye f
R if a is Zero

if oc lies in periodic
415 otherwise

Rink
X is complete DIX Rx 119 7 Flow Derinas R action on M

so Flow Groupoid becomesActionOrpo

8 Homotopy Groupoid Fa any manifold M

I ta

ng
sIt M811 810

2 o ya 8.082

J or t
82kt of tale

J Cat 11 42 Etf 1

This is a lie Groupoid Assume M connected

Universal 19 I y I 2 0,1 M 210 no
T
D 19

covenint

PACE 21 I D 211

I Miro

IT is a smooth Manila
oT.CMseal G M is proper Free action

M

I Mino
Principal buns o

II M E M X M
T.CM.no

s ÉÉ p's



Conclusion

MxM It.CM lMxtt lt.cxa.no
It II Min H
TT

Proper free M T MIT.CM.no
Pair Groupoid Actionby

Graper's automorphisms

Orbits connected components of 19 isotropyat a IT Mise

Exercise

G M lie grouper

go k lie Group action by grpd automorphisms

SIK is a lie onoupois
At
Mlk

9 GAUGE Groupoid PTG
t y

principal G bundle

MP XP
G quotient or pain onoopeis Px PI P by

DIAGONAL Action of G pig g pg.ggM

9 P
r g g p hg p

519 Mlp if g gg
One orbit isotropy groups a G

Remark Hhow M is connected II in is an Example of A

GAUGE Groupoid associates with MITT.CM
seal



DEI A Grouper's is called Transitive if it has only one

orbit

Gauge Groupoid of M is transitive

Gas M transitive t 8Coco M is principal
Gribunale

y

ch mg oh
5Coco x5 cno lg

is G
It It
49

is a lie groupoid isomorphism

I
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