
MATH 595 Lecture 19

I Singular Spaces

Aim Differential Geometry on spaces which ant singular i.e

which ane not smooth manifolds

Often such singular spaces arise as quotient spaces of smooth

Manifolds but to be able to work on Them we need to keep

Track of Extra structure

Our point of view

sinoclan spaces orbit spaces of lie Gnocpoids

where

n Extra structure is cosirios by Gnocpois e.g isotropyCnoups
bet Gnocpcis also contains irrelevant extra information

Cii Two onoupcias can present the same simaclar space

Ci ii Morita Equivalence or lie chocpoins

As A warm up We Consider A special CASE OF Singular

SPACES Namely

OR Bifolds

Idea An on birds is a topological space X where each

Ace X has A NEIGHBORHOOD In I U
g with U C R

open and G C DIFF U A Finite Group



To Formalic This

DEF Let X be a topclocical space
i An orbitals chart of dimension M fa X is a

Thiple U G G ahone Uc R is a connected open set

G C Diff U is a finite subcroup and And G U D X

is a G invariant open map inducing a homeomorphism

UG QIU c X

il An EMB coding of orbifold chants V H Y 4 V 6,0
is an EMBEDDING X V U such That

f 9

CiiiTwo orbifold chants U G 4 Ue Ga a Are said

To be compatible if For Any see 4,10 n 02102 There exists

EMBcobinGS of orbifold charts Xi V A 4 Ui Gi with seeylu

Iv An orbifold atlas of dim M For X is a collection

of pairwise compatible orbifold chants of dimension M

U Ui Gi Gi ie I W X Yo di Vi

Two orbifold Atlas U U For X are compatible if U uh

is An orbifold Atlas

u An orbifold of Dimension M is a pair X U where

X is a second countable Hausdorff topological space And

U is a maximal orbifold Atlas



RMRS

1 Any orbifold Atlas U Defines an orbifold U is contained

in A unique Maximal orbifold Atlas

2 Every orbifold is locally compact and paracompact

3 A smooth function f X R is a continuous map such that

For any orbifold chant U G G fog U R is smooth

4 Similarly A smooth map f X Y between to orbifold

is a continuous map such that the X there are orbitals charts
V G p at Kc 410 Aub V H X WI Finley v and A smooth

map f U Y such that
fog yo I

Notation For any manifold M and G C Diff M we write

g
M M set goe actionby GGG

Eg I see M ga oe

Ig U Ig seen Ga 13
g e

Gs GGG gs S

A subset Sc M is called G stable if either

g s s a gs n s p
Exercise

G stable sets are the connected components of G invariant

sets IF G is Finite The crew G stable sets Give basis For

Topolocy of M I



We will look at Finite sub onoops G C Diff M and we will

show that

If U G G is orbifold chart and VCU is a G stable

open subset Then V Gy fi ly is an orbifold chart

compatible w U G

Given Two orbifold charts V 6,4 V H Y and

see 4 p ny q one has that

i PE IG IFF GE IA
Iii There are Faithfull representations

Gp Glen R

Ha Glen a

9 dpt
h to dpXh

And images are conjugate sub onoops

Def For an orbifold X

i see X is called a singular point if For some chart O G 0

Dc Ocp with pc Ig The sinoulan locus of X is denoted x

Lii The isotropytype of se is the conjugacy class in Glen Rl

of The image Gp Glim R For some chant 0 6,0 and is

Denotes Iso X

Hence
z see X Iso X 1

Wo will see that I c X is a closes subset with

empty interior



Examples

1 Smooth manifolds on bifolds w empty singular locus
orbifclos a Is X 1 IN

2 IF G c Diff M is a Finite Croup Then X Mlg with
quotient topolocy has a natural orbifold structure with

Ex hocG with Ga 13 Is X I Go

To construct orbifold chants ow Ti M Mlg Given Poe M

There Exists a chant 4,4 For M centered at Po such that

V is Gpo invariant

gun 11 4 is g Gpo

Sale obtain Gpo I H c Diff q v so we can Define an

orbifold chant p V Gpo Tog

An orbifold isomorphic to 191g For Some Finite Group
G e Diff M is called A Global quotient on a Good orbifold

EI M 5 h ZEE 121 13 6 21255 comply congulation

Then X 5112,2 a C 1,1

y
4 1 13

22 212
150 X Iso x z

tix M S G In actin by rotations I
X 72
Ex Ipn Ps

Tho

z gg Iso
p

M



3 An orbifold which is not a Global quotient
Take X S has a topclocical space Consider two

orbifold charts
Cal D 1,4 4 D I E Ip
b D Zm Y 21m rotationsby In G R

Y D Diz d 8 1ps

These charts are compatible IF we consider the orbifold

chart D 403 1 T

T D toy is 5 hPa Ps
We have reaps

D lob 1 I
d
D I 1 4

D 303 I T D Zn 4 E te Z

The First map is an GMBIDDING The second
21m

Map is M t cover So Restricting to sectors

Uae D 303 We obtain embedding of orbifold chants

Giving compatibility or The charts

This orbifold has sinoolan set I 4pm
Teardrop

and isotropy Isop X 21m

Similarly one can construct a 2 Dim orbifold

fy
X 5 with two sincclan pts and isctropies

Zu 21m It is a Global quotient iff m m

we can show that orbifold structures on S

with 3 or more Sindelar points are always Good


