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C M F is a lie algebra For usual lie bracket of V f
o E M F is a Cgas MF Module

Kelch F if basic fX.ee m F

Doe M F is 1 parallelizable if UCF admits

Global Frame consisting of Transverse vector fields

Rnk Since we are Assumina M compact A 1 parallelizable

Foliation M F is homogeneous i e For any M.geM there

Exists of M M a diffeo w 0 F F ans pen y This

implies very strong properties

i ALL LOAVES OF F Ane Diffeomorphic

Iii Closure of leaves Form a Foliation Egas w smooth leaf space

iii Jaane M F Jas M Fbas E C M
Fae

Civ ECM F is M Fba Je M
gas

is surjective

If M F is 1 parallelizable Then

Civ CCM F is a Free Cga M F module A basis is

Any 1 parallelism Xt Xq

AIM F Mbas MIFbas

with anchor lem F ECM5bar Mbas

Theorem Almeida Molino

M F is Developable i.e pullsback off to M is simple

IFF ACM F is integrable



Exercise Let 6 be compact l connected E.g 5013

Take HCG a non closed subGroup E.g It Irrational line in 5013

show that I I gH geo is d parallelizable not Developable

Main Theorem
A lie alacbrois A is inteorable IFF there exists

An open U e A containing Zeno section On sit

NCA n U Om AS

Historical Remark

Pragines 1960s Fennelated Lio Foweton For Lia anoopoisslalocarciss

Following wonk of Ereshman Kumpena Spencer

States Lie III was valid

Mckenzie 1980.85 Look at transitive case and Found cchondcoical

obstruction Tried to showed that obstruction always vanishes

Almeida Molino 1985 while workin on transversely Pasallizable

Foliations Found a non integrable transitive lie alooznois

1985 2003 Many examples of intolerable and Non inteonable

Lia Alocanoids using various AD HocMethods

Crainic Rif 2003 General Theory of intoonability G vine

The obstructions and explaining improv've all previous Results

Sketch of Proof

as Assume Gla is lie gnapcis Choose Tin connection D

on A And consider

expt U G A Move A open



Noto that exptlg.ee exp ga Glasse usualgroup exp

So That
ex 91gal

1Pa In Al keep
Ga Glass
expga

Vo Nn A exp v E Kerpre

Wo can choose U small enough so that Expt is injective
For such a U we obtain

Un Nn A on Une M

We need to show That PCA ga is
smooth i e

Proposition IF NCA is uniformly Discrete Than For each aePCA

There exists Sa c Pla a transversal to Fa That intersects

Each loaf at most once

Fix a Pla and let be Jala

Step 1 We may assume a One

Choose section ate feta with at fact At

Define by 119 Pla Think bisection

baly t 4 ftp.g.ly te oil

Noto that Daly is an A path w initial point y Then we have

a map T PCA PCA given by left Multiplication by by
I l balsalis od

This is a smooth injective immersion



If Soe is transversal thnouch On as in Prop Then

T Sa is transversal throng a 00 as in Prop Using holonomy

Along any path in Fa connecting a oOn and a we obtain

The Desires Transversal Sa In

Fix see M Anno prove Prop For A On

ocs local coad around Oc

Ida dry local basis of sections Fon A

D e canonical Flat TM connection D di O
toes

One V e A open so That Expt U is PCA is transverse to Fa
Proposition will follow by showino That if U is small

Gwooch Then exp's U intonsects each leaf at most once

Stop 2 Canchoose U so that

UG Un Gy Exptco Noy UE Z Gg

Exercise If l l is a worm in a lie AlecBra g satisfying
IV WI I E lullwl

Then
put it Expladu Id adv O

I

Can Find 1 I on A such that I lv.ws Elvllwl VVWegy

G in A NEINBORHOOD OF se Now

Exptico n Oy Tv Id Tu lg Expladu Id

adv o s ve Z Gy
if U is small so NKT



Step 3 May choose U so that

UE Un Gy Exptcolnoy U Oy

By step 2 This is just a Restatement of The

Assumption That NCA are uniformly Discrete

Step4 May choose U so that

UG U exp o hasbasepathclosed as UE Gy
Recall expiculigeonesic with initial condition I Egs

For geodesics

f
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Period Bounding Comma Given open set D any

non trivial periodic solution of t wi seco ED bas period
Ta YI WI M sup 1835in oil

I S em

so it is enough to choose UCAD with D neighborhoodOtoe

so that M C 25 Then base path or exp co is y Es UGGy
Step 5 Consider pairs U O when U satisfy conditions

in previous steps O is a Foliation chant exp U O intesects

Each plaque in O only once Can Find such pains U 0 V2.02

And V C V2 NEIGHBORHOOD OF DC Such That

0 O e U OzOz coz I 0

Vr well O Exp o NoExptCol exp u Expicw exp'ewingexptco



Here means concatenation MEANS Reversing A path These

Are continuous operations in PCA so First set of Relationsheld

Here No means A path homotopy in 0 To prove The second

set of Relations one observes That Thane Ano natural bomatopies

h Ix U PCA connecting exp o O exptco

h Osu exptco he1,01 0 expt101 h E On On

Since I is compact and O is open we can Find Ve U

neighborhood of x such that h Ix V c 0 so resell follows
second identity is similar

step 6 Expt V Pla intersects each leaf or Fa at most
in one point

Assume u well exptco n exptcw

a exptio expect e O is homotopic to Og
steps

A Noexp u For unique we V1
choiceof 01,01

Since explin no its base path is closed

ne dy
steps

9 so 9 No Og
Step4

steps
expo no expt v expectexptia noOjexpewingexpew

a

By construction of O we conclude that v w
1

To conclude The proof one needs to show that the croopcis
operations on Gla are smooth and that lie GLA IA We leave



The First part as an exercise For The second part
Definitions A E Kerdnt p d la
Fa lie bracket observe that

i lie bracket on A is determined by flow of sections

d PIE 4,194 B
t o

Iii Exp A Bis Gla is injective 10 Neieboritoo of

zero section and Gta Is 4É
Hence la B a T.FI 1g

Finally From The proof one also concludes That

Thn Every Lie aloesrois intocrates to a local lie groupoid

Proof

As in proof one can choose connection I opens ON CA
Oc PLA with 0 0 And

Expt U O intersects each plague of Fain O
only once

Then G 0 not U is a local lie groupoid inteonating A


