
MATH 595 LECTURE 16

Last time Fa c Pla Foliation Determined by A path homotopy

When is A inteonablle

When is the leaf space Gla Pla
ya
smooth

An obstruction to intourability

Assume A inteonable a Gla Play smooth

Gla is a liar Group w lie algebra ga Kerfoe

9 G Joe G A is a couching map

lemma Noe e Ker ga e G Ga is a disenctosibonocp of Z Glyn

Proof Gm is covering homomorph Na is Discrete and Normal

Every Normal Discrete subgroup D or a connect lie Group G

is contained in 2 G

geG de D Choose path get EG al globe get g Then

get d gets e D must be constant gag goodgoi d

g d g glad gco d es de 216

191
Hence

G A G Gn f It Gla Noe

t 5Coe I Oneprincipal G A n bundle w 5 in l connectors so

o IT On II G Alm is 1 I Om T Gla m I



It follows that we have shout exact sequence
T Gn G Gn GCA I IT Om is 1

where Im On Nj
still exists in the non inteenable case

This leads to

Main Obstruction to inteoability

We will see That I can be competes in many cases First

We see how it can do Defined Fon Any Lie AlecBrois

Proposition For any lie alocbrois A There is a short exact

sequence of Groups

T Gn 7 G Gn GCA is IT Om is 1

abent

i Pn maps a Ja

evil 9 Gli i Gn as A

iii do maps 6 to a where a I ga is A path henclepie

to One via A path hanctopy covering 6

Rink What we are doing is working out explicitely the

Find terms of lone exact sequence or 5 se One ScaleGCA
Since steal can be vang pathological we are not allowus to use The

Result That principal bundle is a Serna fibration

We Defer The proof For later



Deen The map On T On G gu is called The

Monodromy Map of A AND NIA Ind is call is the

MonoDomy Group at see M

Note that In A is a normal subgroup of G Ga But

it may fail to be closed obstruction Still

Lemma N.CA C Z Glyn

Proof

Each goNICA is represented by an A path a I g
which is A path homotopic to One Working on orbit Ooze

we have Rep Ag on isotropy GG Bolt connection

D P La p def Alot pep 96
This Rep AG restricts to ad G g ga Then 1 transp

Gives Ad on G ga Hence since a nose

a Ta Adg Gn Ga
Adg Ide get

Ta To Id

Note that Z Glyn inteonates 2 gu but may Fail to

be connected Passing to connected component or identity

exp 2 ga t 2191gal
This leads to a version of monodromy living in Gnc Age
which is better For computations



Proposition Set

Na A Exp NICA n 20

TF AE
co Inca c g gu is closed

Cii In CA c G Gu is discrete

Ciii Nu A c ga is closed

110 Nu A c ga is discrete

Proof For a l connected lie group G al lie Altoona g
exp g G

Restricts to a group isomorphism

exp zig 2 6

Since Talon is countable Na A and Nala are countable

and The equivalences fellow

Note that

InCA Egle Gla g no

Nala h ve Ga Yn Ox

Exercise Show that if so y belowo to same orbit O or A

Thew N CA I Ny A And NICA I NgCA canonically

Moreover There is a bundle isomorphism T Go Go
such that T Nn A In Ny A

Hint Use The Bolt Agconnection ow go as in proof above



Set
Nca Y N.CA c Kae A

Theorem Crainic F

A lie alacBrois A is inteorable IFF there exists

An open U e A containing Zeno section On sit

NCA n U Om

Rinks
Fixing Jee M Un Un Gn is open in G so x gives

NSA n Un 403 N CA c Ga are Discrete
Conoitition says that N CA Aro uniformly discrete
IF se y belong to same orbit N CA IN CA and Nu

is Discrete IFF Ny is Discrete Exercise Above

IF A is transitive N CA c g Discrete Again

by exercise Above

Pa general A we can think that condition x has

Two components

a Alone leaves Nn A e g is Discrete

b transoonso to leaves d N A do On stays
bounded Away from O when se varies in transverseDirection

Corollary Any lie AlocBrois wi trivial monononomy onoups N.CA
is inteonable For example This happens if

i ga has trivial center fore M

ii orbits O have Finite Tz Are M

iii For every orbit Ocm There is a splitting 6 TO Ao

of the Anchor p Ag TO preserving lio brackets



still we would like to compete tho monodromy groups
We will see that next lecture

Proof or Proposition
We want to show exactness of sequence of croup homomorphisms

T Gn G Gn GCA is IT Om is 1

First one needs to check that reaps On 9m Are well Defined

o gu Glyn Glahn this is just gli where i g e A

o On Talon G ga let 6 I I On WI G dCIxII

Then On o a where a I Ga is A path hemotopic

To One via E TCI XI A covering 6

Exercise Show that I exists Hint Ste proofs last time

AND use splitting of Anchor

Now similarly to ordinary homotopy theory one shows

i if a I A has base path ya Aud J I xI On is

homotopy stastint at ya I A path hinctopy E covering y

Using approximation Reselts to represent classes in IT Gn

by smooth maps and co homotepies by smooth henctopies one

sees that On Does not Depend on choices of Representatives



In On KerGn i c is obvious From Definition For a lot

a I G represent caseGlyn in kagu This means I I A path
homotopy giving an On But base 8 of this homotopy Defines foetal
w Only a

Im Gn Kupa c is obvious from definitions For a let

a o Gla be in Kupa ice Ja is contractible in orbit On
Choose pathhenctopy 6 Ix I O Giving on n se Can find Apath

homotopy E TCI XI A covering 6 with I It o act

Then aCHEE tit is ga path which is A path henctopic to a

80
g GI a a

o Pm is surjective Any loop g I On yea given is

Tho base path of an A path a I A e.g use splitting 6 TO Alg
Of The Anchor

IM


