
MATH 595 Lecture 14

Last time

GCA A paths
A path homotopy

Theorem

Gla is a t simply connected topclocical groupoid independent

of choice of Reparameterization of Whenever A is integrable

Gla has a compatible smooth structure sech that it is a lie

Groupoid integrating A

To finish proof assume A inteonable Let G bet simplyconnected

with
Lie G A

Proposition There is a Groupoid homeomorphism

G E GCA
To construct homeomorphism we introduce

Def The Maurer Cartan Form is The vector bundle map

Herdt
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D A

glo d Lg v

D
M

GRanks it

For a lie group O is a left invariant Form on G

with values in g satisfying the Maurer Cartan equation

TG G d 0 I 0,0 0 A



Exercise Show that x is equivalent to

H Q TG g is a lie Alecinois Morphism Adg do

I

For a lie groupoid O is a left invariant Farm

with values in A f Recall left invariant Forms are only
Defines For vectors tangent to t Fibons

Exercise Show That The grouper's Mc Form is A

lie AlGosrois morphism
Kadt A G da dog0

so d is the t Foliates de Rham Differential

I

EMMA Thero ARG 1 1 Correspondences

paths g I G
a y a

a 00dg
get ta genetic

o
A paths

In homotopies

His.es ta actinetin I II a
E oooh

O

The maps are well defines sinceThey are compositions of

Lie AlGobrois Morphisms

a TI Kadt O A
Eisen

I T CIXI is Kudt O
is A M



Moreover we have The right boundary conditions

H tie toe
210 e 11,4 0 084 de 0

It o e g

1st map has inverse given a I A The corresponding

g I G is the solution of

f
8414 digit acts

g t Ioe w acne Aoe

If we extend alt to time Dependent section at
4 Kalt Alt

We can choose at such that there exists Kc M compact

supp at Ck Ute Lois

Then get is internal curve of Xy Tt which is A

complete vector field exercise

2ndmap has inverse let IT be A path homotopy Apply
inverse or 1st map to Ae I I e to obtain H t E E E'In
with H 1 E toe Need to show That H o e is independent

of E Set É Ood It We claim that É It e1 It e

so that
o of go.es odfeco e 8410.81 0

The claim Follows because both I and I satisfy The same

ODE at the same initial condition proposition A path homctopies

In



By the lemma we obtain a bijection

E G a Gla g i n a w a Oodg
Wl get EE'ltisi 5121 9,5101 1tig

N

I is homeomorphism 192 PCG.ms pathhendopg ctepdocy
I preserves source target unit section

I preserves multiplication

let J gr I G be paths in t fibers we

d
ng 1

5 01 5 11 0 1 1125111 14
52107 9

Then Define g I G
g ga at Of tf lez

t

g at 1 112ft E 1
WE FIND

g o g ga 511 ttig.gs 00dg A 092

I g 92 gi ga e

o g is a Functor if QI A Aa is a lie

A Gcb Rois morphism Then we obtain a morphism of Topolog grinds

GCI GCA G Az a 1 Ioa

If A Az are inteenable This is a smooth morphism inteonatina I
So we conclude

11 IF I A Az is a morphism between inteenable Lie

A Go Broids And G Ga Ane Lie Gnoepcias W Ga target

1 connected I lie oncepcis morphism E G G al I I



Recall That

E D is Rep of A S D A gl E Lio ale morphism
a G G E is Rep S G GLEE lie grip morphism

so we Also obtain

2 Every Rep E D of A intacnates to a rep of

The target l connected g integrating A
Also if P is an A connection on A we have exponential
3 The Exponential map of P is

expt Y D G A Aol D a w a unique Geodesic
al alot Ao

A

Rnk The Functor Gl shows That D 2 3 hold

even for Non intocrable Lic algeisroids

Integrability

When is a lie algebroid A inteonable

When is The Weinstein Gnpd GCA smooth

Detour Smooth structure on space of paths TCM

M RM

T Bn y I R smooth is a Banach space
11811 max I 1181till sup 1184111

te I

This is a norm uniform limit of Co functions is Co

Rnk This true Fan any k norm 11 In If we want to
control all derivatives need FrechGt space



ME Any manifold w me dimM

TCM a 4 y I M smooth is a Banach Manifold

Fon C topology Defines by
a 8 y max FEI did't yet gg ctTYgits.yiti1

It is locally modeled on DCR

Fix Riemannian metric g an M Given JoePCM

A chart around Jo

8 TM trivial recta bundle IxR I

Choose go e U c PCM open small enough that

Fa every ye U yet belongs to Domain or injectivity of exp
i U s 918Th FCR

81 a 11 w exp t jct

Exercise Check that U G form an Atlas

Notice that

Ty PCM f 8 TM

i e a tangent vector at yo is a vector field Alona Jo

From now on TCA 4 a I A smooth viewers as a

Banach Manifold As Above We will see That

PCA c PLA is a Banach submanifold

o N Defines Foliation F of PCA of codimension dim MtrankA

A intoan able Lear space F is smooth and Gla Play
w this smoothstructure is lie grpd


