
MATH 595 LECTURE 13

GEODESICS

DEF Given An A connection D on A A Geodesic For D

is an A path a I A such That Dad o

In General Geodesics exist only For a small time

Raid figda alt Gift di fact

di Biggs Salt tilt Jilts

94 t fi salt ailt a'et
5 1 M

4 14 B rain aim

so Gee basics are into oral convos or vector field

X Bilal's p Pisani's dog e DECA

This is called The Geodesic Spray of P

Proposition Tho Geodesic spray is well defined independent

of choice of coordinates and satisfies

Cis dapr XI pla Hae A

Cii Mt X I XP It o

Conversely Any vecta Fitly satisfying i and ii is the geodesic

Spray of A unique Torsion Free connection



Sketch of proof
Given vecta Field

X Us a 3 fast 0 N 3 fgu
Us se B x

i ii
omen s Origin 3

To Find Radi fi d n with Zoro tension and X X solveThesystem

Pij Pj City di d cigar

fist fig U

Using partition of unity D wi X X

Corollary Given An A connection D on A Thone is a

unique connection IT with same Geodesics and zero tension

Exponential map

D A connection on A

445 Flow of Geodesic spray
PI M

Exercise Show that exp

Pila PR Halas

is a submersion

Onto a open neck Bor Hood seeU E Ose

This is not quite the right exponential map
Prop Let G In M lie onoupcis w lie g A There is a map

exp V G al Ome CA open

which is a local diffeo if Il is sufficiently small neittBerstood orOm



Pnoor

Tho left invariant vector fields Generates all vecta Fields

tangent to t fibers I unique Kendt connection Is.t

E is tap
Ono can Think of IT has a Brocth Family of ordinary
connections on t fibers

exp Il G exp lynn PI ya
1a

Note That

so exp prm to exp exp

RMR As For Lie Groups one can express the Groupoid
structure in exponential coordinates The Formulas now

Depend on choice of D so there is no universal

Baker Campbell Hausdorff Formula
Still it is possible to use this approach to show

That to every lie aloebrois Thane is a Local lie Groupoid
into crating it

A path homotopy Groupoid a.k.a WeinsteinGroupoid

Aim Given albebrois A M construct groopsis

GCA A paths
A path homotopy

Lemma 1

A path homotopy is an equivalence Relation



Proof
Reflexive E constantApath homotopy Ao Nao

Symmetry dona via I Then a na via

É It e Eft l e dt Elt l e de

Transitivity dona via E and a na via E then

Ao n Aa via

I It ee at 28ft.ae de Eat
Io tie

Yet Ze 1 dttzdft.ae 1 de EE
with 4 o i lo I Reparanetonization in E Direction with

E o if Of Efl

4cal I if IEEE t
117

LEMMA 2 If q co 10,17 is a Reparanetenization Then

a ad are A path homotopie

Proof Define I TCI XI A by

I tie i e edit a 11 est edit dttl.tt 01ti al11 estte4lt de

Neos to check This is A path homotopy

I It o act

I t 1 Hits a dit act 8 tie Jalil est edit
4210 E 0 Iz 1 E

IF dye CA is any section extending alt Then

It e 1 E E4 t Xp enttegit Pt E 1 t t t delest exit
Anc Extensions OF OI And I which satisfy

Gertie date yet
tie Btie

yet e



Pla 4 A paths n A path homotopy

GIA PLA
n

I M w structure maps

Sounco tanGot maps S as Jacot t a Jaca
unit map h se Ose

Inversemap I as a

Multiplication Fix a repananatonization w 4 7 4 117 0

a as afloat

Topology On Pla consider c topolocy

d a az max
gypo.geta.ltl.az1tis.gpodTaicti.ailti

when d d dt are distances in 17 TA Then consider quotient

topoloey on G A

Theorem

Gla is a t simply connected topclocical groupoid independent

of choice of Reparameterization of Whenever A is integrable

Gla has a compatible smooth structure sech that it is a lie

Groupoid integrating A

Rian

GCA is call to The Weinstein croupois of A

o g f is a Functor if QI A Aa is a lie

A Gcb Rois morphism Then we obtain a morphism of Topolog grinds

GCI GCA G Az a 1 Ioa

If A Az are inteenable This is a smooth morphism inteonatina I



Gca is topolocical grpd structure maps are continuous

since they are continuous at The level of A paths Ona still

Needs to check that source target are open maps This Follows

From

Lemma PLA PCA n GCA is open map

Given De Pla open we need to check that its saturation

D d a'e Pla a'naeD

is open This Follows by showing that if a na there

Exists a homeomorphism T PCA PCA with T ao As

Let É I dt Erde be A homotopy From Ac to a

Let at e Bae E flat such that
At e 817,91 É It El

Bae 8ft El act e

so that

g Bye Ideate getI
tie Btie

get e

We can assume That Pt e is compactly supported Sima JCIXIICM
is compact

Given A path I I A let Jie Cla be timebipinout
section wi compact support

acts alt

let It e be the solution of Odo

EItie G Pt et I e Bt

F o If



Then it
Jit e If p la't

we see that
I It jct.es dttBt elf1tiel dE

is an A homotopy stantint at a We than set

TCA It Fetial

Gla as l connected t fibers l S Fibers

Fix see M and let y as be a loop in 5 In bases at Ise

as I 17 is a Family of A paths with Ao a doe no

Assumption on s Dependence We can assume that A t A It Oye

Then We Define

S E I D E as E

g g

Claim It is a pathhomotopy in GCA between Stars And In

For fixers S E kn Hls E is continuous because

oil PLA E i D Eagle is continuous

For Fixed E Sts H sie is continuous bocouse

EE PCA PLA Arsdale is continuous

And satisfies aona as gecao n g ca
É Gla GCA
is continuous

Sta H S E or is continuous

Boundary conditions

H 5,0 On I H S 1 As 8s

It one Eagle On Is It II E EA E On se


