
MATH 595 Lecture 12

A Homotopy

In This Discussion we fix a lie aloodroid A M

Dy IR I is some manifold possibly w boundary a lie Algernon's

morphism TE En A

E In
is called an A MAP

RMI
1 The condition one of is that it intertwines the lie alacracis

differential and the deRham Differential

I da dot
In particular we have a map in echondocg

É H A H E

2 In Decree 0 we have preservina anchors

I n A
foot dy I

TE If
dol

It follows that ie I is connected then 4 E c 0 an orbit of A

3 When I is 1 Dim x is the only condition on OI Whew

I 10,1 we obtain A paths Whew I we obtain A loops

4 When din I 7,2 we have additional conoitions That

we have Already seen in Discussion last time More to come

I



A maps can be pre composes w onoinang maps

4 I I

I TE A
E d4 TI A

For example Reparametinization of A paths is an instance of this

DI Given an A nap TI A its restriction to a

SubmanFCD 1 20 CBI is The A map

Elz I Eodi TI A

For example if I is manifold at 02 we have

OE I 1oz TLE A

Dof Let I bi manifold without boundary Two A maps

o I TI A are called A horctopic if There exists

A map I T I x oil A such that

I Exhoy Io E Exp Is

Proposition Two A homotopic maps Io I TZ A

induce The same map in cohomology

I I HCA H E

Proof

Choose A homotopy E T ExI A between Io I

let i I c XI is I G I XI be inclusions i x no

Isen nil We have

E

HCA É H Ext n It.cz
E

it EEgg
it



Inteonation can be Defines Fon A maps

Dot Let I be a compact oriented K dim manifold The

into oral of Wo 2 Al along an A Map I TI A is

JW E'w

NoteThat

fila E p

so if 22 0 we have a map in cohomology

H A H El SE R

From homotopy invariance

Corollary If I I TI A Arc A homotopic maps

i

I
No Also have

StokesThm

Let I be a compact oriented K manifold with boundary
For any A map I TI A and WG 12 A

Proof

daw É daw dew Itn Jw gOE

I



Fon an A path a I A and A 1 Fern we 2CA the inteoral is

saw adttw ficwg.in acts dt

And we obtain the Following properties

Properties

i linearity fatalitywe A fit af
ii Invariance under Repananctinitation few Saw

Cia Asitivity relative to concatenation Jang Sawtfa
Civ chance of Sion under Reversion

few fewact all t

u Fa exact l Ferns daf floats firacos

In particular
g H A is 112 linear Function

Noto however that

A homotopy A path homotopy
02 0 2 10113,02 0

In This LANGUAGE An A path homotopy between do a I A

is an A map I TIIxI A such that

OI t o A It O It A It Italo

OF 10 E 0 08 I E VE e lo i

Exercise Show that A path homotopy is an equivalence Relation

Hint For transitivity use Id xp o.mx ail loilxfo i where

Co oil is repanngetenization a pie
0 in 10 s

I in 43 I



Theorem Let a a I A bo A path homotopic And wet A

A closed 1 Form Then

Iit
We will need the Following important proposition characterizing

A homotopies

Proposition

let T CIXI A E E dtt Eade be a bundle reap which

is anchor preserving i.e fog dy The following are equivalent

i OI is a lie a GebRois morphism

Cii For every we 2CA

If W Er I w I daw E Er

iii For every Families of sections at e Bt.ee CA extensive

I Ez
It e 8 It e E It E Bt e 8ft e Elt e

One has

g Btie text e yay tie Pti
get e

Iv For any A connection D on A

TIE Ez Dg Ez Dg s

Proof i ii

For f e TCM 1201A

daf d Iif I f df d for
S d fo foot dfody



So in deg 0 I'd dot preservino anchors

For WG I'CA

I daw d E w qq.ge

daw E Er g Éw de dq Éw É da da

daw E Er It W Ez da W E

Since dim 5 5 2 These are The only ambitions actually

if I daw data holds in degree of the holds in any degree

ii iii

daw E Er daw tie Ptie
get e

flat e w.pt ftp.te Widtic W late.pte
8 It El

d W Bt e Iq Ld W ht e
e wildtie Btie

get e

It W Bye 8 till W II tie get e

day W Lt e d ties W fettle
get e

W It e Pt'd
get el

I CW I da hw I W II tie edtietldtie.pte
get e

iii Iv Fa any connection D

Dq Ez Pat tie It Bt sit e

Dq I Ppt tie Edt sit e



So

TCE Ez Dq at Dq I Btietgedtie dtie.pte get e
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Proof or Theorem

IF I T CIXI A is A homotopy connecting Ao And As

Then For A It I It El by ii

few co E at

dy w Ez daw E Ia dt

i
W III E W 210 e daw I I dt

so if daw o we obtain that
fa.wefa.w.gg

Rnk Another proof pullback to 0,17 10,1 and Apply
Stokes Tha For manifolds wi corners

Application Um D orientable rank 1 Rep of A M

me Lm non vanishino section

W E 12 A w Raju Wylasm

Proposition For any A path

Talman exp Sawn Moan
In particular Fon an A loop based at Dco

Ta km kn Ta exp fac Kmt



Proof

A path u I I covering ya I M takes the Form

Ult get jugal g I R

We have that

Dault

Extant
trait

get expfftoplaiti dt glo

Tat expffwylataldt exp fawn
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Exercise If K D is possible mew oriented Rep of
Rank 1 Show that For any A loop based at me

Ta Ca Ipl Sac 4.7 CA

where W k e H M 212 is the 1st Stiefel Whitney class of 4

Rank For any A path a I A we have the linear

holonomy of a For a loop a I A Ct yields

datCholla c a exp Sanada

where

mod A e H A is the modular class of A

W E H M212 is The 1st Stiefel Whitney class of

4 NCPA Atony'm


