
MATH 595 Lecture 11

Last time Given Lie Aloesnois A M

e A connection on v b E M

D f A xp E Tle R bilinear set Fas FPas
Malts fist flailfis

Curvature 2 Form R E 12 A ENDE

When E A Tension 2 Form TDE 2 CA A

A path
A I A s t plait gait Jae basepathof a

s adt TI A lie aloebnois morphism

A Derivative

A path a I E

path u I E above ya I m
Da I E pathabove ya

Rnk A paths can have inner content not revealed in Ja

A TM A path as path in M

A G 4 3 A path is any path a I G
A TF A path is any path in a loaf of F

A TPG Atiyah aloebnois A path path in PIG
Latin we will look in none Detail into space Pla of A paths

Moto if fact ocoesaltlekula as Dault digit



Geometric Interpolation of Curvature
Consider a lie a Gedrois morphism

T CIXI A Elt e E It e at Iit e de

with base map 2 I XI M parameterized surface of Apaths

Fix path u Ix I E above 2

fo E dy Co tie 8 It e

POI It e tie

Fixing E Eo t 1 I It so is A path with
base path t to fit Eo

A Derivative Dq U O I x oil E

w DEY t.co Dqiej.Eo It

Fixing t to E 1 I to e is A path with
base path Easy to E

vs A Derivative Dean 0,13 10,1 E

Proposition talith These notations

R E E U DEDE U DEDE UProof

We can pullback the connection via The Alocbrois

MAP E T CIXI A And We Find

DE U DIEU DE u ME U

The curvatures are Related by pullback
RACE a p g's y R a p s

R di I M R f d u

Since da da 0 the result fellows my



Geometric Interpolation of Torsion

Consider a vector bundle map

CIXI
I is A

IxI
g

p

I dttg d

I 1

Assume That I preserves anchors

Po I dy

lalo still have the A paths obtained by freezing Elt as Before

preservation of brackets was not USED

Proposition

Given An A connection T on A A v b Map I TIIxI A

compatible w Anchors is a lie aloebnois morphism Iff

E 2 DE 2 DEE
Proof

3 Pullback D alone I to obtain classical connection at CIXI
And apply classical result

E late will comeback to this resell and its proof later
1

Parallel Transport

Def Given E nom with A connection I we sayThat u I E

is parallel along An Apath A I A if u covers Ja Anos

Dan o

As in classical case one can 11 transport vectors



Prop Given E D ans A path a I A For each UocErazo

Thero Exists a unique 11 curve a I E alone a a 4101 40

Moreover The two point 411 Depends linearly on Yo
Proof

Pullback D along A path a I A to obtain classical connection

on JE 10,1 This Reduces Result to existence of 11 transport

for classical connection on Co I

Alternative In local coordinates equation For 11 transport is

f gait
festralt alt Usct

410 no

linear t Dependent ODE Solutionsexist For all t
II

1 transport map alone A path

Ta Ejaco Eyal Uo Ld U 1

C linear isomorphism between fibers
Examples
0 A TM as usual 11 transport along paths

1 A TF E UCF PBO

J I L path in leaf LEF s alt jct I TL is TFpath

Ta hollin y Us by L Linear holonomy off

2 Mono Generally For any lie aloosnois A M

a I A A path Tact E O W O orbit of A
a I AG is Ao path

Recall UCO DB E Rep AG so

Ta Uga Uga O linear A holonomy of a



3 A G 4 3 Ve Rep g
A I G any path Ta V V

What is This map
42 da b basis for y tea lk basis For V

Ccdi er Aires alt ailed Ult Usct es

Dan t ft't Air hilt atti es

So Taco alt ahere

SIA plait ult

Uto V

Intoenatina to group Rep G Gllv we obtain

Tatu exp f lait dt v

Groinany 11 transport satisfies 3 basic properties
i Invariance under Reparameterization of paths
ii Concatenation of paths composition Ty To Ty
Ciii Invariance owner path homotopy when connection is flat

We Extend All These properties For A connections

Prop Let a I A be A path and T 10,1 coil I lol 0,5111 1

Set atcha Ict altit

Then at on A is A path and Fon ang A connection

11 transport alone a 1 transport alone at



Proof Note That fat Ct Juliet 1 An'd

ath I'IH flattie Ict Jaltiti Talita
so at t is A path

To perform 11 transport alone a we can pull back alone

A TI A And Reduce to onoinany 11 transport For pullback
bungle Ja E I alone id path Yeti t

Tae Ty Sate JIE
11 SI

Igala Fall
For reparametenizes A path we have similar resection Bet

Then too reductions are just 11 transport Fa TI connection

Relative to y aus Reparameterization Mot By ordinary result
the 11 transport maps coincide

Using Reparameterizations That satisfy Imco Theil o then

We obtain A path at with a lot On all Oy and all its

Dinivatives at t ont vanish

o A I an A az I A w all Derivatives 0 at t 0,1

If Ja lo Lazlo
292 Zt Oft 1112

9,092 t
29 at 1 let 1

Proposition Under these conditions Fa any A connection

ta oq Ta OTaz

Proof Exercise



DEI Two A paths a a I A ane called A path honctopic

if There exists a lie aloconois morphism
T CIXI A E I dt Eade

I It 07 9 lt OI It 1 a It

Is O E Iz O E 0

Rink

Since I is alGobrois morphism it satisfies

Po I dy

For each E ti g tie is A path

If I
jI

III
Faeach t E Elt e is A path

It Follows also that

I o e so 3 Yg O E o 210 e constant

CIXI In A

t

Proposition For A Flat A connection Given any two

A path homotopic paths do 9

Tao Ta



Proof

I T CIXI A be an A path homotopy between a da

Tty Ezio o Eat e 11 transport alone 1 OI It.e

EzioE

For any Ue Eggo C t.ee Itgilu gives a curve

above y Ix I M satisfying Dq o

Claim

DEC 0

Assuming claim we have

ect E Dgse 1 e I 0

So Cll E TI In is constant showing that

Taful II can T'sCa Tain
Proof of Claim

At t o boundary conditions for A path homotopy I

give
Dg o e clone 0

Since D is Flat Geometric interpretation of curvature Gives

DI DI DqIgg
So Dq C is parallel along t to I t.ES By uniqueness of

H paths we Must have Dq C to
my


