
MATH 595 Lecture 10

Characteristic class of 1 Dim Reps

Let Um D be A Rep Of A M of Rank 1 ING DEFINE

A class
C Ump e H'CA

For this consider the cases where Unis orientable or not

Umorientable Let se f 42 be nowhere vanishino

Mas W a S V della
tale have We 2 A Moreover

O Map S DappstPpDas

image's
a.no

If s e Un is another nowhere vanishing section then

s f s al f Now vanishing
W a s D s D Cfs first a f S

W a fst plailflfs

W wt d logit 94.494,1s
Itnence we can set

C Unt w e H A

Im notorientable then

In In Um I s S2 Ras Set Sia Pas



Since Im is orientable Fixing now vanishine section as before

DIS WINS

and Wowowset
C ump I w E H A

The Factor ly is included so that we Got the same result as in

The oriented case

Der The modular class of A is The characteristic class

of The Rep AMA At TM and is Denotes mod A e H A

IF mod Al o when calls A unimodolar

Examples

1 If A G 3 3 Then AMA Not'm a Atopgantopg't

g is unimobular IFF any connected lie Group G with Lic

alee BRA g has a bi invariant Volume Form So mod g E H g
is the obstruction to existence of a bi invariant volume Form on G

2 IF A TF Then IMA Nam Mu f w D topyBot

F is unimobolar iff There Exists A Transverse Yz Density

which is holonomy invariant So mad F e H F is the abstraction

to Existence of such Density

Ranks

Thang is a similar interpretation For any lie aleedrois of mod A

As An obstruction class to existence of invariant yadensity

Ono can Define higher characteristic classes For Any Rep E.P



Lio AGEBRois Connections

Dern Given a lie Aloebroid A M and A v b E M an A

conwectioa.isAn R bilinear map D CA x IE fie C S to Das
satisfying

Mpas f Pas Rolfs f Past play s

The curvature of M is The END E valued A FormREEZCA ENDE
R'la p 72,17ps Rex.p

Given A Connection D one DEFINES A Differential on E values

A Forms

d ICA E It CA E

AIM do hu Ight Da Mido Ii du

Eg 1 M Li do do Ii Ij edu

The A de Rham Differential corresponds to tho case of The

Trivial Rep E Raa
Direct computation shows That for we A Medica E
i d way daway Gti wad'ay

Cii d m R ay Ray da du I I 4 R doindeer ydoes ideal

Exercise Show that there is a 1 1 correspondent

A connections B linear operators
Don v b E M t d ICA E fit CA E

satisfying i

Hence Also a similar correspondence For RepCA



Brak When I is Flat Thecohomology of the complex fila E d

is Denoted H'CA E and is Callas Lie A Go Braid Cohomology

with coefficients in A

Examples
1 A TM connection on a v b E M is just an ordinary

connection Given any lie AlgeBrois A M and A TM Connecticut

on E M we obtain an A connection 5 by setting

Tas Pens
So A connections always exist The curvature of T P

Are Related by
R d p R'Celal spit es RI p R

2 Pullback Connections Given a lie alGeBrois morphism

A A
t
Mi I 2

AND A Az connection D an E Ma we obtain a pullback

connection g'D on p E Ma by setting

É'D 4 s Dgcas ae Aa
a

One Finds That The convatunes are Related by pull back

Ra QTR C E Icar E Ella E

In the previous example I 9 17 In The lanovaoo of Differentials
The pullback connection is characterized by

d I'm É'd'y



Def Given an A connection 7 on A M its torsion

is the A valued Form the A A

Exercise Prove The Bianchi identity
d T 12.13.87 gp.gr p t

Examples
i

1 Levi Civita Connection Given A Fiberwise matric g on A

compatible of metric

Pla glp.rs g Map 8 g p Pat ftp.jefla

2 Basic Connections A pair of A connections DA D

is called basic if

RIP Dampers Ha.pe CA

Given an ordinary TM connection on The v b A we obtain

A pair of basic connections

Tap Peppy 413 Taxi p 2 t peas X

3 Induced A Connections An A connection T on A

induces connections on associated bundles

Dual A connection on At unique connection D S.t

Pag p 15,12132 91425,13 V3efCAD a Bolla
A connection on 11 A

Dal din Ndu Radi h Rant t d A Ryan

A Connection on A xdAt C



Parallel Transport

DEI Lot p A M be a lie aleebrois A path a I A

is called an A path it

p acts It places ft e I

tale will Dinoto by fact plait the base path of The Apath

Ranh This is The right notion of path in lie AloobroisTheory

Wo can define 11 transport only alone A paths
We have observed that oc.ge M below to same orbit ire

I A path a I A with Salo n Jalil y
We will also introduce A homotopies between A paths

And construct tho A homotopy Groupoid
A TM A paths a ordinary paths

Exercise Show That
TI

Adt A
a I A is A path f f is lie aleibrois Monplism

I is M

y
da

Assume

D E A connection on pi E M

A I A A path wi base path Ja I M

U I E path above Ja

The A Derivative of u alone a is the path Dan I E above Ja

A Dan t Ma toe often at x tact

with St E E any time Dependent family of sections extruding a

St tact Uct te I



Remarks

1 One should verify that ex is independent of the choice

OF Extension St of ult Exercise

2 Since ja t can vanish e.g Alt doeher foe Defines an

A path with fact ooo owe needs to timedependent sections

3 Another point of view

A path a I A Lie aloobrois morphism
TI A

A connection D on E M as pullbackconnection on JIE
a path u I E above ya s ne f fate

p pg

Local Coordinate Expressions
o Ide b basis of local sections for A M

en basis of local sections Fon E M

yeen a fish es fish Christoffel symbols

act Allt de Jala Uct Unit er gait

Dau t Equiest fe rain a'courts e rain

Geometric Interpolation of Curvature

Consider a lie a Gedrois morphism
T CIXI A Elt e E It e at Iit e de

with base map y I x I M an parameterized surface of A paths

For any u I I E above 2

Fixing E Eo t 1 I It so is A path with
base path t to fit Eo



A Derivative Dq U O I x oil E

Wl Dgp t.co Dq co It

Fixing t to E 1 I to e is A path with
base path Easy to E

us A Derivative Dean 0,13 10,1 E

Proposition talith This notation

R E E U DEDE U DEDE U

Proof

We can pullback the connection via The Alocbrois

Map E T CIXI A The curvatures are Then Related

by pullback
RT a p g's y R a p s

Then The classical interpretation of R yields the proposition

Geometric Interpolation of Torsion

Consider a vector bundle map

TCIXII
I A E I dttE de

I 1
IXI

y
D M

Assume That I preserves anchors

Po I dy

lalo still have the A paths obtained by freezing Elt



Proposition

Given An A connection T on A A v b Map I TIIxI A

compatible w Anchors is a lie aloebnois morphism Iff

E Ia DE 2 DEE
Proof Pullback D alone I to obtain classical connection art IxI

And apply classical result

late will comeback to This resell and its proof later


