
 

MATH 595 LECTURE 1

Course Information

No Formal Evaluation paper is voluntary
Office Hours TR 11.3012.30 am Corby appointment

Course Constants

1 Theory Lie Groupoids

Lie AlGOBROIDS

Actions and Representations

1 Applications
Moduli Singular spaces smooth stacks

Nowcommutative Geometry index theory
Symplectic Poisson Goemetry

Higher Gave Theong

Pioneers of lie Grouper'sTheory

A Grothenbiek Algebraic Geometry

C Ehreshmann Differential Geometry
Y E Cartan

D Spencer Partial Differential Equations

A Hae Flieger Topelocy and PoliationTheory
A Connes Operator aloobras non commutative boometry

A Weinstein Symplectic Passon Geometry



O Why Groupoins

Classical view

symmetry Theory of Groups Theiractions

Example Symmetries of 2 c Rm

Eveliotan Group
Elm 0 RM RM I 0 preserves Distance a Oem R

Xen Ant b w Acorn beRm

Deriving action

Elm G R g a 0in

symmetry Group of 12

Ga lo ie Elm 47112 23

Usual CREDO

12 is very symmetric Ga is LARGE

Exercise

2 R x2 4 22 xp a R2
E

4 111111
Gaz Translations by be 11 22 23 N B

U h reflections through pointis in A U

U I Fetlections Through vertical horizontal lines through A



B 0,2m x O m finite Rectrwala

II Finite tiling B n 2

Get 212 22

Conclusion EZ is very symmetric but IT is not independent of

number of Tiles Classical Theory Does notalways capture

symmetries of An object
Groupoiss Allow To Fix This

Transformation Groupoid or actionGrouper's associates with GeGR

G ly 6 se ye Gee a ye R y Otoe
2

FAn

Partially Defines Multiplication
Z Y S b 4 oc Z 400 se

Satisfying

i Composition If g heg gh is defines only if Sigi tch

where 8 G B g p x to be source map
t G o Rin ly p n toy target map

And Thon sight sthl tight t lg

121 Assciative gh k glhn if Defined i.e sign tch
Sth tCK



3 units I oe id oc are left high identities

Itg 9 9 9 tsg

4 In curses Each g G Y se has an INVERSE

g Coe 4 y

g g It 59 Seg

Those are exactly the properties charactonizina a oroupais

Det A Groupoid over a set 19 is a set g together
with maps

o s t G M
M h gin GGxg sign t hi G g 4 tegh

o u M G be to Ise
i G G gang

satisfying a 4

i IF Zeb g e
h

se Then z shoe

2 If Zeb g e see u Then gh k gChu

13 I a be such that t y se tyg g g toe

4 IF ya Soe There Exists a g such that gg 1g g'gal
I



Rinks

A Groupoid is just a small category where every arrow is invertible

Isotropy Group of Deen s

Go 5 m n E en A

Orbit or see 19

Ose 480M I gag b se

Groupies can be restricted to subsets

G in

Nem
81 N Sli bgag signtigien

EXERCISE

A bisection of God M is a map b M G such

That sobs idm and tob M M is a bijection e The identity
U M G is a bisection

Show that the set of bisections G has a natural

Group structure

Symmetry Group is of Finite Tiling

IZ e p

Gaz Symmetry anoop

transformation Groupon
Sez Is A 2

B 0,2m x o m e R I In B

Ge Gal B



This captures symmetry of finite tiling

x y e B belone to same orbit iff They are

similarly placed in Their tilings

see B has trivial isotropy unless it see In B

For which isotropy Group is 212 212

Rank Tho construction of Gq uses the infinite lattice 2

Guo can also construct a local symmetry Groupoid of IT which

DOGS not use 2

g

B B

Y
U CR such that G Uber e I

UNCBIED C BIES
Un RIBS C RIB

Exercise ins orbits and isotropy oncups of gig
Why are The extra conoitions necessary
See More in A Weinstein Groupoids unifying interval and External
symmetry Notices of AMS Vol 43 N 7

Symmetry Groupoid of a Family Moduli Spaces

Family w 3 triangles

Ft
Symmetries or I similarity transformations between triangles

Translations scaliness Rotations Reflections



This is a Groupoid G I M

o G Arrows similarity transformations

There are 14 arrows
a b q be a b

Gt 5 Ti n E Ti Da la aliments

G 2 5 Ta n E Ta I D 2 elements

Gt E 5 T n É Ts D 6 elements

Az a dbz
2 elementsb besit.sn E Ta I e I I

E II ns ta
a

y
12 elements9 b

No arrows between A RED AND A blue Triangles

Another Family

F I

Symmetry Groupais of F z
Action Groupoid
D G 0,112,3

See More in K BEHREND IntroductionTo Algebraic Stacks in

Low on Math Society Lecture Notes Series Vol 411



Remark

We can replace triangles and similarities by other
objects and Their isomorphisms e.g Riemannian metrics on

A manifold and isometries between them

Instead of Finite ConDiscrete Families one can consider

continuous a smooth Families of objects Their symmetry

Groupoids Are Relevant to Describe The Moduli space of

All Such Deformations

Singular Spaces

a G G M smooth action of a lie Group on a manifold

FREE g she be For some be g e

proper GXM MxM Cg e to g se ne is A

proper map i.e K compact Éck compact
0cm se

going 38m59

Free proper action Mlg has unique smooth structure

Example
G 21 G Ma B Ma Mn R Nk a Me R Ma

T R zu

Space



Example
5012 G R

A

D 17
012

o o tx

If we remove origin Action is FuGo proper
Rt 303

soca
R

8013 G R RIgolz O to

Should these two singular spaces be considered the same

No The sincclan point o is or Different type
The sinoclar space should contain information about

This hidden symmetry

We will see this can be Expresso in onocpois
lawooa.co The action onoupoiss 5012 G R

80 3 a m3
ARG

Not Morita equivalent


