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Energy Function or  Lyapunov function  

 

•Given a dynamical process described by an n-dimensional 
ordinary differential equation, 

 

                           dx/dt = f(x) 

 

•Does a Lyapunov function H(x) always exist?       dH(x(t))/dt   ≤ 0 

 

•If yes, can we find a generic construction? 

 
 

 

One of best merits of such approach is to obtain results of ode without resorting to solving ode with given initial 
conditions.  There is no need to stress to physicists what one can use once corresponding Hamiltonian has been 
known 

 

 

•Adding Noise      dx/dt = f(x) + (x,t)   

 

 



Difficult but Important Question 
 encountered in many fields 

 

• Physics, chemistry, biology,  …   

 

 

 

 

• Mathematics: 

       gradient vs  vector systems, unsolved                                               (Holmes, 2005; Strogatz, 2000, 2015) 

        dissipative,    f  0;  

        asymmetric,   f  0 (absence of detailed balance);  

        nonlinear;  

        stochastic,     multiplicative noise 

 

 

 

• Economy (econophysics), finance, engineering,   …  

 

 

  



Construction, I 
Two equivalent forms of stochastic differential equations  

• Standard stochastic differential equation (SDE): 

      dx/dt = f(x) + (x,t)                             (S) 
 

                          Gaussian and white, Wiener noise: <  > = 0,  < (x,t)  (x,t’) > = 2 ε D (x) (t-t’)            (FDT-I) 

 

• The desired equation (local and trajectory view): 
 

    [S(x) + A(x)] dx/dt = - H(x) +  (x,t)      (N) 

              Gaussian and white, Wiener noise: <  > = 0,  < (x,t)    (x,t’) > = 2 ε S (x) (t-t’)        (FDT-II) 

      which has 4 dynamical elements:    

       dissipative (S=S ), transverse(A=-A), driving(H), and stochastic forces(). 
 

• The desired distribution (global and ensemble view): 

    steady state (Boltzmann-Gibbs) distribution  ss(x) ~ exp(- H(x) / ε ).   

   This suggests the “positivity” of Lyapunov function.      
 

From (N) to (S) is easy:   S+A nonsingular,   i.e., n independent dynamics 
 



• Describing same dynamics  ⇒  

         [S(x) + A(x)] [f(x) + (x,t)] = - H(x) +  (x,t)  

 

• Noise and deterministic “force” have independent origins   ⇒ 

         [S(x) + A(x)] f(x)    = - H(x)    

         [S(x) + A(x)] (x,t)  =    (x,t)  

 

• Potential condition:  H = 0  ⇒ 

         [S(x) + A(x)] f(x) = 0,               anti-symmetric, n(n-1)/2 equations 

• Generalized Einstein relation                  

        [S(x) + A(x)] D(x) [S(x) - A(x)] = S(x)                  ( Einstein,1905: S D = 1 ) 

                                                                   symmetric, n(n+1)/2 equations 

 

• Total  n2  conditions to determine matrix [S(x,t) + A(x,t)] ! 

 

• Once S and A are known from above equation,  H = - ∫ [S(x) + A(x)] f(x) ⋅ dx 

 

• Hence, S, T, H can be constructed from D and f . 

Construction, II 
From (S) to (N): knowing f and D to find out S, A and H 



Lyapunov Function and Hamilton Equation  

ε = 0 (deterministic, zero temperature): 

              dx/dt  =  f(x) 

                        =  - ( D(x) + Q(x) )H(x)        ,        D(x) + Q(x) = 1/[S(x) + A(x)]  

 

                        dH(x(t))/dt  =  H(x) ⋅ dx/dt     

                                           =  - H(x) ( D(x) + Q(x) )H(x)  

                                           =  - H(x) D(x)H(x)  

                                           ≤  0 ,               

      i.e., H(x) is a Lyapunov function.  

 

• Remark 1: The Lyapunov function is generally unique with fixed D. 

• Remark 2: The fixed points of f(x) are all preserved in H(x). 
 

 

ε = 0, D(x)  = 0:     (generalized) Hamilton equation:  “energy H(x)” conserved   

                                    dx/dt  =  - Q(x)H(x)   

 



Three Typical Types of Dynamical Systems  

• Linear dynamics:   near stable or unstable fixed points 
          to show that it is possible to construct a global Lyapunov function   

 

  

 

• Limit cycles: Many theorists, such as Prigogine and his school, once or even now, would not believe the 
existence of Lyapunov function for such dynamics.   

          

 

• Chaotic dynamics:    Many mathematicians would not think this is possible.  

  



Linear Dynamics 
 

• Linear dynamics,       stable or unstable  
                                                                            Kwon, Ao, and Thouless, PNAS (2005) 

 



Limit Cycles  
 

• Limit cycles,   ▽⋅f ≠ 0 (dissipative?);   at the limit cycle, Φ = constant,  S = 0 (no dissipation) 

  

 

 

simple limit cycle:  Zhu, Yin, Ao, Intl J. Mod. Phys. B (2007 )  

van der Pol like: Yuan, Wang, Ma, Yuan, Ao. Phys Rev E (2013)  



Dissipative Chaotic Dynamics  
 

•Chaotic dynamics 
                                        Ma, Tan, Yuan, Yuan, Ao. Int’l J Bifurcation and Chaos (2014) 

 

 

 

 

                                                 Bracket dynamics 

 

 

 

 



Ito, Stratonovich, and Present Method 
on stochastic processes 

1- d stochastic process                              (Ao, Kwon, Qian, Complexity, 2007) 

 

Stochastic differential equation (pre-equation according to van Kampen): 

   dtq = f (q) + ζ(q, t) = - D(q)H (q) + ζ(q, t),   Guassian-white noise, multiplicative  

 

Ito Process: 

• ∂tρ(q, t)  =  [ε∂q ∂q D(q) + ∂qD(q)Hq(q) ] ρ(q, t) 
               ρ(q, t  = ∞) ~ exp{ − H (q) /ε  }  / D(q)  ;       H (q)  =  - ∫ dq f(q) / D(q)  
 

Stratonovich process: 

• ∂tρ(q, t)  =  [ε∂qD ½ (q)∂qD ½ (q)  + ∂qD(q)Hq(q) ] ρ(q, t) 
              ρ(q, t  = ∞) ~ exp{ − H (q) /ε } / D ½ (q) 
  

Present process: 

• ∂tρ(q, t)  =  [ ε∂qD(q)∂q + ∂qD(q)Hq(q) ] ρ(q, t) 
              ρ(q, t  = ∞) ~ exp{ − H (q) /ε } 

 



Gradient Expansion  
and Lyapunov Equation  

Gradient expansion             (Ao, 2004; 2005) 

    Exact equations:  ×[G−1f(q)] = 0 ;  G + Gτ = 2D. 

                                                                   G  ≡  (S + A ) -1  = D + Q 

 

Defining F  matrix from the “force” f in n-d:   Fij = ∂jfi   ,    i,j =  1, …, n    

Treating derivative ∂iG  as a higher order term 

 

Lowest order gradient expansion—linear matrix equation: 

• GFτ − FGτ  = 0 

• G   +  Gτ    =  2 D   

             Q = (FD − DFτ ) / tr(F) ,   2-d  

 

•  H(q)  = − ∫c dq · [G−1(q) f(q) ]   



Where We Are 
• General construction 
                            Ao, physics/0302081; Ao, J. Phys. A (2004);  Yuan and Ao, J Stat Mech (2012)  

• Linear dynamics,       stable or unstable  
                                                                                           Kwon, Ao, and Thouless, PNAS (2005) 

• Equivalence to other methods 
                                            Yin and Ao, J. Phys. A (2006);     Ao, Kwon, Qian, Complexity (2007) 

                                                                                                      Yuan et al.  Chin Phys B (2013) 

• Limit cycles 
                                       Zhu, Yin, Ao, Intl J. Mod. Phys. B (2007); Yuan et al, Phys Rev E (2013)  

• Chaotic dynamics 
                                                       Ma, Tan, Yuan, Yuan, Ao, Int’l J Bifurcation and Chaos (2014) 

• Applications: 
         Phage lambda genetic switch: Zhu et al, Funct Integr Geno  (2004); Lei et al, Sci Rep (2015) 

         Cancer genesis and progression:  

                                     Ao et al Med Hyp (2008);  Yuan, Zhu, Wang, Li, Ao. Rep Prog Phys (2017)   

• Gradient expansion:    linear problem at each order 
                                                                                                                         Ao, J. Phys. A (2004) 

• Markov Processes:  same three parts--energy function, diffusion, no-detailed balance   

                                                                                                Ao, Chen, Shi. Chin Phys Lett (2013) 

• SDE decomposition and A-type stochastic interpretation in nonequilibrium 
processes.                                   Yuan, Tang, Ao.    Frontiers of Physics.  12: 120201 (2017) 

                              https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true  

 

https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true
https://link.springer.com/article/10.1007/s11467-017-0718-2?no-access=true


New Predictions 

• Generalized Einstein relation  (Ao, J Phys A, 2004) 

    [S(x) + A(x)] D(x) [S(x) - A(x)] = S(x)            
                                    S D = 1   (Einstein, 1905)      A = 0, detailed balance  

                                                 No:  Luposchainsky and Hinrichsen, J Stat Phys, 2013  

 

• Beyond Ito vs Stratonovich (Ao, Kwon, Qian, 2007; Yuan, Ao, 2012)  

                                                 No:  Udo Seifert, Rep Prog Phys 2012 

                                

• “Free energy” equality   (Ao, Comm Theor Phys 2008; Tang et al, 2015)  

       < exp[ - ∫c dq · q(x, q) ] > = exp[ – ( F(end) – F(initial) )]            
                                                   

                                                  extension of Jarzynskii equality in physics   



How Would Nature Decide? 

“I assign more value to discovering a fact, even about the minute thing, than to lengthy  

 disputations on the Grand Questions that fail to lead to true understanding whatever.” 

          Galileo Galilei (1564-1642) 

 

 
First new experimental evidence: 

  Influence of Noise on Force Measurements.  

  Giovanni Volpe, Laurent Helden, Thomas Brettschneider, Jan 

  Wehr, and Clemens Bechinger. 

  PRL 104, 170602 (2010) 



FIG. 1 (color online). (a) A Brownian particle (drawn not to scale) diffuses near a wall in  

the presence of gravitational and electrostatic forces. Its trajectory perpendicular to the 

 wall is measured with TIRM. (b) Comparison of measured (bullets) and calculated (line) 

 vertical diffusion coefficient as a function of the particle-wall distance. (c) Experimentally 

 determined probability distribution of the local drift dz for dt = 5 ms at z = 380 nm (grey).  

The dashed line is a Gaussian in excellent agreement with the experimental data. 



FIG. 4 (color online). Forces obtained from a drift-velocity experiment with added noise- 

induced drift [see Eq. (7) with  alpha = 1 (open squares) (A-type),  alpha = 0:5 (open 

 triangles) (S-type),  and  alpha = 0 (open dots) (I-type)]. The solid squares represent the  

forces obtained from an equilibrium measurement (same as in Fig. 2). 



Fundamental Theorem of (Stochastic) Dynamics 

 (S(x) + A(x)) dx/dt = - H(x) +  (x,t)    (N) 
      

Three independent dynamical elements, the representation: 
  S: Semi-positive definite symmetric matrix:  dissipation; degradation 

  A: Anti-symmetric matrix, transverse:          oscillation, conservative  

  H: Potential function or Lyapunov function:  capacity, cost function, landscape  

  :  Stochastic force:                                      noise, related to S by “FDT”. 
     

     Steady state distribution is determined by H(X),  when independent of time,               

         according to Boltzmann-Gibbs distribution, ρ ~ exp( - H / ε) ! 

         Direct and quantitative measure for robustness and stability 
     

Global view of bionetwork dynamics: adaptive landscape.   Ao. J Gene Geno 36: 63 (2009).      http://arxiv.org/abs/0902.0980  

 

Unifying dynamical framework for nonequilibrium processes  

http://arxiv.org/abs/0902.0980


“Deriving” Statistical Mechanics 

from deterministic dynamics  

• For a handful special cases derivations are 

ok—not generally enough. 

 

 

 

• Derivations are incorrect, or, additional 

assumptions are explicitly or implicitly 

employed.  

 

 



Charles Robert Darwin, 1809-1882 Ludwig Eduard Boltzmann, 1844-1906  

Evolution Mechanics: 
Evolution by Variation and Selection 

dx/dt = f(x) + (x,t)  

 

Old formulation:  Principle of Natural Selection  

Canonical Distribution 
ρ ∝  exp (- H/kT )  

 [S(x) + A(x)] dx/dt = - H(x) +  (x,t)  

 

Old formulation:  S = k  ln W  

Answer to Tony’s question on quantum mechanics:   

  QM describes Nature correctly, nevertheless is incomplete. 

 

 

Happy Birthday, Tony!  
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