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Conditional Inference Functions for Mixed-Effects
Models With Unspecified Random-Effects Distribution

Peng WANG, Guei-feng TSAI, and Annie QU

In longitudinal studies, mixed-effects models are important for addressing subject-specific effects. However, most existing approaches
assume a normal distribution for the random effects, and this could affect the bias and efficiency of the fixed-effects estimator. Even in
cases where the estimation of the fixed effects is robust with a misspecified distribution of the random effects, the estimation of the random
effects could be invalid. We propose a new approach to estimate fixed and random effects using conditional quadratic inference functions
(QIFs). The new approach does not require the specification of likelihood functions or a normality assumption for random effects. It can
also accommodate serial correlation between observations within the same cluster, in addition to mixed-effects modeling. Other advantages
include not requiring the estimation of the unknown variance components associated with the random effects, or the nuisance parameters
associated with the working correlations. We establish asymptotic results for the fixed-effect parameter estimators that do not rely on the
consistency of the random-effect estimators. Real data examples and simulations are used to compare the new approach with the penalized
quasi-likelihood (PQL) approach, and SAS GLIMMIX and nonlinear mixed-effects model (NLMIXED) procedures. Supplemental materials
including technical details are available online.

KEY WORDS: Conditional score; Generalized estimating equation; Generalized linear mixed-effects model; Penalized generalized
weighted least square; Penalized quasi-likelihood; Quadratic inference function.

1. INTRODUCTION

Longitudinal data arise frequently in many studies where
measurements are obtained from a subject repeatedly over
time. Consequently, measurements within a subject are corre-
lated. Major statistical models, such as marginal models and
mixed-effects models, have been developed for longitudinal
data. Marginal models are applicable when the inference of
the population average is of interest. One widely used marginal
model is generalized estimating equations (GEE) (Liang and
Zeger 1986), which only requires the first two moments of
the distribution. The advantage of the GEE is that it pro-
vides consistent estimators for regression parameters regard-
less of whether the working correlation is correctly specified
or not.

In contrast, mixed-effects models are able to incorporate
random-effect variation and have a richer interpretation when
the subject-specific effect is one of the interests. However, in
most of the current mixed-model literature (Laird and Ware
1982; Breslow and Clayton 1993; Jiang 1999), the cluster cor-
relations are assumed to be induced by the random effects
only; that is, conditional on the random effects, the observations
within a cluster are assumed to be independent. Although the
generalized linear mixed-model approach is capable of incorpo-
rating serial correlation using numerical integration to maximize
the likelihood or pseudo-likelihood, it is infeasible in practice
when the dimension of random effects is high and the random
effects are also correlated.

The major drawback to subject-specific approaches is that the
random effects are assumed to follow an explicit distribution,
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and typically a normal random-effect distribution is assumed.
Neuhaus, Hauck, and Kalbfleisch (1992) showed that when the
distributions of the random effects are misspecified, the estima-
tors of the fixed effects could be inconsistent for binary data.
Even in cases where the estimation of the fixed effects appears
robust with a misspecified distribution assumption for random
effects, the predicted distribution of the random effects may be
invalid (Zhang et al. 2008). This could be critical if the predic-
tion of the random effects is one of the main interests.

When the likelihood function has an explicit form and is
tractable, the maximum likelihood approach is applicable. How-
ever, for non-Gaussian outcomes, the likelihood function of
the generalized linear mixed model (GLMM) (Breslow and
Clayton 1993; McCulloch 1997; McCulloch and Searle 2001)
often involves high-dimensional integrations and may be in-
tractable. Numerical integration, such as the Gaussian-Hermite
quadrature (Liu and Pierce 1994) and the Monte Carlo EM al-
gorithm (McCulloch 1997), could be computationally intensive
and infeasible in practice when the number of random effects is
large (Zhang et al. 2008).

The penalized quasi-likelihood (PQL) (Breslow and
Clayton 1993) and conditional second-order generalized esti-
mating equations (CGEE2) (Vonesh et al. 2002) are alternative
approaches when the likelihood does not have a specific form.
The PQL requires the estimation of the unknown variance com-
ponents and typically ignores serial correlation from repeated
measurements. In addition, the PQL is known to produce in-
consistent estimators of the generalized linear mixed-model pa-
rameters (Booth and Hobert 1999). The CGEE2 extends the
second-order GEE (Prentice and Zhao 1991) to generalized lin-
ear mixed models. It obtains estimators of fixed and random
effects by solving estimating equations associated with the con-
ditional mean and covariance matrix.
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However, the CGEE2 requires estimation of the nuisance
parameters associated with the working correlations and the
variance components associated with the random effects. Jiang
and Zhang (2001) proposed a two-step estimation procedure
that only requires the base statistics associated with the random
effects, instead of the full distribution of the response. However,
the covariance matrix of the base statistics must be known to
improve the efficiency of the estimators in the second step.
Furthermore, a normal distribution for the random effects is
assumed for all of the above methods. This could be restrictive
if the normality assumptions fails.

Jiang (1999) proposed a conditional inference approach that
relaxes the normality assumptions for the random effects. How-
ever, conditional on the random effects, the serial correlation of
the responses is not taken into consideration. Molenberghs and
Verbeke (2005, Chap. 22) indicated that it is important to model
serial correlation for the random effects model. In general, for
nonnormal random effects models, incorporating correlation in-
formation is still quite challenging as existing approaches do
not provide a feasible solution to handle serial correlation theo-
retically or computationally.

In this article, we develop a mixed-effect estimating equation
approach that incorporates both random-effect variation and se-
rial correlations simultaneously from repeated measurements.
We do this through constructing conditional extended scores
associated with the fixed and random effects that incorporate
correlation structures. The proposed approach can be applied to
both Gaussian and categorical data. We estimate the fixed and
random effects using conditional extended scores that only in-
volve the first and second conditional moments. Therefore, the
specification of the likelihood is not required. Furthermore, our
approach does not involve intractable integrations and compu-
tationally it is feasible to implement for the GLMM. In addi-
tion, there are no distribution assumptions such as normality for
random effects; instead, we allow the dimension of the random-
effect parameters to increase as the sample size increases. The
proposed approach enables us to incorporate multiple sources
of variation from random effects and serial correlations. More-
over, it does not require the estimation of unknown variance
components as in the PQL and CGEE2, and it does not require
the estimation of the nuisance parameters associated with the
working correlations as in the CGEE2.

We also establish root-N consistency and asymptotic nor-
mality for the fixed-effect parameter estimators. Existing ap-
proaches such as the CGEE2 and PQL require that the random-
effect estimator be consistent with the true random effect;
however, in practice, this assumption is difficult to verify.
Our asymptotic results for fixed-effect estimators do not re-
quire such assumptions. We only require that the expecta-
tion of the estimating function conditional on the estimated
random effects converges to 0 in probability. This assump-
tion is more general than the consistency of the random-
effect estimator. On the other hand, if the consistency of the
random-effect estimator holds, then the asymptotic variance of
the fixed-effect estimator has a closed form. To establish the
consistency of the random-effect estimator, we only require
mild conditions of mixingale (Andrews 1988) on correlated
observations.

This article is organized as follows: Section 2 proposes the
conditional mixed-effects model using the quadratic inference
function (QIF). Section 3 provides asymptotic properties for the
proposed estimators. Section 4 illustrates simulation results for
binary responses. Section 5 demonstrates real data examples
by comparing the conditional mixed-effects approach to the
PQL, the generalized linear mixed model using SAS GLIMMIX,
and the maximum likelihood approach using SAS NLMIXED.
Discussion and concluding remarks are provided in Section 6.

2. QIFS FOR MIXED-EFFECTS MODELS

In this section, we will first give a brief description of the
QIF for fixed-effects models. Then, we will demonstrate how to
incorporate both random and fixed effects for longitudinal data
where there are multiple sources of variation.

2.1 Quadratic Inference Functions for Fixed Models

Consider the marginal model

E(yi) = g(Xiβ), i = 1, . . . , N,

where yi = (yi1, . . . , yiT )′, g is a known function, and Xi is a
known T×p matrix associated with a p-dimensional vector of
fixed effects β.

Liang and Zeger (1986) proposed the GEE that extends the
quasi-likelihood equation

N∑
i=1

μ̇′iV
−1
i (yi − μi) = 0

by assuming Vi = A1/2
i RA1/2

i , where Ai is a diagonal marginal
variance matrix and R is a working correlation matrix that in-
volves correlation parameters. Note that R could also be an
identity matrix if the working correlation is independent. We
define μi = E(yi), Vi = var(yi), and μ̇i is the first derivative
of μi with respect to β. The GEE estimators are consistent and
asymptotically normal even if the working correlation matrix is
misspecified. However, the estimator of the regression param-
eters is not efficient under the misspecification of the working
correlation.

Qu, Lindsay, and Li (2000) proposed the QIF to improve ef-
ficiency for longitudinal data. Their approach only requires the
first two moments of the distribution. In addition, it takes corre-
lation into account without estimating the nuisance parameters
associated with the correlation structure. The main idea of their
approach is to assume that the inverse of the working correlation
R−1 is approximated by a class of linear combinations of known
matrices M1, . . . , Mm, that is R−1 ≈∑m

j=1 aj Mj , where M1 is
usually an identity matrix. The specification of the basis matri-
ces, whose components are usually 0’s and 1’s, depends on the
correlation matrix R. See examples for linear representations of
R−1 provided in Qu, Lindsay, and Li (2000). The GEE can be
approximated by

N∑
i=1

μ̇′iA
−1/2
i

⎛
⎝ m∑

j=1

aj Mj

⎞
⎠ A−1/2

i (yi − μi) = 0.
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Qu, Lindsay, and Li (2000) defined the extended scores to be

GN (β) = 1

N

N∑
i=1

gi(β)

= 1

N

⎛
⎜⎜⎝

∑N
i=1 μ̇′iA

−1/2
i M1A−1/2

i (yi − μi)
...∑N

i=1 μ̇′iA
−1/2
i MmA−1/2

i (yi − μi)

⎞
⎟⎟⎠ , (1)

where GN is a mp-dimensional vector. Note that the GEE is a
linear combination of extended scores GN .

The extended scores in (1) contain more estimating equations
than unknown parameters if m > 1, where the working corre-
lation matrix R is not an identity matrix. Qu, Lindsay, and Li
(2000) adopted the idea of the generalized method of moments
(Hansen 1982) and proposed the QIF to optimally combine the
estimating equations in (1), and estimate the parameters β de-
fined in (1). The QIF is defined as

QN (β) = NG′
NC−1

N GN,

where CN is a mp×mp matrix and can be estimated consistently
by CN = 1

N

∑N
i=1 gi(β)gi(β)′. Here, N must be greater than

mp to ensure the invertibility of the variance matrix CN .
If the longitudinal data are unbalanced, we apply the transfor-

mation matrix to each cluster as follows. We create the largest
cluster with a size T that contains time points for all possible
measurements, and assume that fully observed clusters contain
T observations. Let Ti be the ith cluster size. We define the
T × Ti transformation matrix �i for the ith cluster by removing
the columns of the identity matrix corresponding to the missing
observations. Further, we define y∗i = �iyi , μ∗i (β̃) = �iμi(β̃),
and μ̇∗i (β̃) = �iμ̇i(β̃), where components in y∗i , μ∗i , and μ̇∗i are
the same as in those for the nonmissing observations but are
0 for the missing components. We also let A∗i = �iAi�

T
i and

(A∗i )−1 = �iA−1
i �T

i , such that the marginal variance A∗i is 0
for the missing observations. We assume that R is the working
correlation matrix for the hypothetical fully observed responses,
and the basis matrices representing R−1 for all the hypothetical
fully observed clusters are the same. However, after transfor-
mation, the correlation structures for the observed responses
are different for different clusters, as the utilization of basis
matrices is rather different for different clusters through trans-
formation. Once we make the above transformation, the cluster
size becomes equal. Therefore, in the following methodology
development, we assume that the cluster size is the same as T .

2.2 Conditional Inference Functions for Mixed-effects
Models

Generalized linear mixed models (GLMM) extend the linear
mixed model (Laird and Ware 1982) for nonnormal longitudi-
nal data via a specific link function. For a link function g, the
conditional mean E(y|b) = μb is a function of the linear predic-
tor Xβ + Zb with g(μb) = Xβ + Zb, where Z is the covariate
associated with random effect b.

In the GLMM, if the conditional likelihood of y given b is
unknown, we can apply the quasi-likelihood (Wedderburn 1974)
that only requires the first two moments. The integrated quasi-

likelihood is defined by

L = 1√
(2π )q |D|

×
∫

Rq

exp

{
− 1

2φ

N∑
i=1

di(yi ,μ
b
i )− 1

2
b′D−1b

}
db, (2)

where μb
i = E(yi |b), D is the variance component matrix for

random effect b, the weighted deviance function

di(y, u) = −2
∫ u

y

y− u
aiv(u)

du

with ai as a known weight, φ is a dispersion parameter, and
v(u) is a variance function. However, the quasi-likelihood (2)
does not have a closed form and it is not tractable if y is not
normal. Breslow and Clayton (1993) proposed the PQL that
applies a Laplace approximation to solve the integrated quasi-
likelihood for GLMM.

The PQL can be written as

PQL = − 1

2φ

N∑
i=1

T∑
j=1

dij

(
yij , μ

b
ij

)− 1

2
b′D−1b, (3)

where − 1
2 b′D−1b can also be treated as a penalty to the log-

quasi-likelihood (McCulloch and Searle 2001). The correspond-
ing two sets of quasi-score equations are derived by taking the
derivatives of PQL with respect to fixed effects β and random
effects b as follows:

N∑
i=1

(
∂μb

i

∂β

)′ (
Wb

i

)−1 (
yi − μb

i

) = 0 (4)

and
N∑

i=1

(
∂μb

i

∂b

)′ (
Wb

i

)−1 (
yi − μb

i

)− D−1b = 0, (5)

where Wb
i = var(yi |b), the covariance matrix D = D(θ), and

θ is an unknown vector of the variance components. Breslow and
Clayton (1993) applied Green’s (1987) Fisher scoring algorithm
iteratively to solve (4) and (5).

The PQL requires the normality assumption for the random
effects and the estimation of the variance components. It also
ignores serial correlation from repeated measurements. In the
following, we propose a conditional inference function for the
GLMM that does not require variance component estimation or
a normality assumption for the random effects, and yet is still
able to incorporate serial correlation.

In the GLMM, the conditional quasi-log-likelihood of y with
conditional mean μb

i is

lq = − 1

2φ

N∑
i=1

di

(
yi ,μ

b
i

)
. (6)

Note that (6) is the first term of PQL in (3) regardless of
the distribution of random effects. If we impose constraint
PAb = 0 associated with the random effects, then, we can
ensure that the fixed effect β and random effect b are identifi-
able without requiring the distribution assumption of random
effects. Here, PA is a known projection matrix, and can be con-
structed as follows. For any vector space V and matrix M, B(V)
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= {B : B is a matrix whose columns constitute bases for V} and
N (M) is the null space of M, that is, N (M) = {v : Mv = 0}.
Then, the matrix of PA = A(A′A)−1A′ is a projection matrix
where A ∈ B(N {(I− PX)Z}) and PX is defined similarly as PA.
For example, for a linear mixed-effects model with a random
intercept and covariate xij , E(μb

ij ) = α0 + α1xij + bi . It can

be shown that PA = 1
N

1N1′N , where 1N is a N × 1 vector with
entries 1, therefore, the constraint associated with the random
effects is 1

N

∑
bi = 0 (Jiang 1999).

The estimators of the fixed and random effects can be obtained
by maximizing (6) subject to PAb = 0. To achieve this, the
penalized generalized weighted least square (PGWLS) (Jiang
1999) can be utilized to build a Lagrange function

lq = − 1

2φ

N∑
i=1

di

(
yi ,μ

b
i

)− 1

2
λ|PAb|2, (7)

where λ is a Lagrange multiplier. The last term of (7) can be
viewed as a penalizer and (7) can be viewed as a penalized
quasi-log-likelihood (Jiang 1999).

The quasi-score equations corresponding to β and bi can be
derived from (6) and (7) as

N∑
i=1

(
∂μb

i

∂β

)′ (
Wb

i

)−1 (
yi − μb

i

) = 0, (8)

and⎛
⎜⎜⎜⎜⎜⎝

h1 =
(

∂μ
b1
1

∂b1

)′ (
Wb

1

)−1 (
y1 − μ

b1
1

)− λ
∂PAb
∂b1

PAb = 0

...

hN =
(

∂μ
bN

N

∂bN

)′ (
Wb

N

)−1 (
yN − μ

bN

N

)− λ
∂PAb
∂bN

PAb = 0

⎞
⎟⎟⎟⎟⎟⎠ .

(9)

In the PQL approach, the correlation structure conditional on
the random effects is assumed to have an independent structure,
therefore, Wb

i is diagonal. In contrast to the PQL, we assume
that conditional on bi , the measurements within the ith cluster
can be correlated. Thus, Wb

i = var(yi |bi) is not necessarily a
diagonal matrix.

Suppose the working correlation R in Wb
i = A

1
2
i RA

1
2
i has a

linear approximation of several basis matrices, that is, R−1 ≈∑m
j=1 aj Mj , where Ai = diag{var(yi1|b), . . . , var(yiT |b)}.

Based on (8), we define the conditional extended scores
associated with the fixed effects, namely fixed-effects extended
scores, as

Gf

N =
1

N

N∑
i=1

gf

i (β)

= 1

N

⎛
⎜⎜⎜⎜⎜⎜⎝

∑N
i=1

(
∂μb

i

∂β

)′
A−1/2

i M1A−1/2
i

(
yi − μb

i

)
...∑N

i=1

(
∂μb

i

∂β

)′
A−1/2

i MmA−1/2
i

(
yi − μb

i

)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(10)

In addition, the quasi-score equations hi in (9) can be repre-
sented as a linear combination of the elements in

gr
i =

⎛
⎜⎜⎜⎜⎜⎜⎝

(
∂μbi

i

∂bi

)′
A−1/2

i M1A−1/2
i

(
yi − μb

i

)
...(

∂μbi
i

∂bi

)′
A−1/2

i MmA−1/2
i

(
yi − μb

i

)

⎞
⎟⎟⎟⎟⎟⎟⎠

, (11)

and the penalty term λ∂PAb
∂bi

PAb. For example, in a simple ran-

dom intercept model PAb = (
∑N

i=1 bi/N, . . . ,
∑N

i=1 bi/N )′ and
∂PAb
∂bi

PAb =∑N
i=1 bi/N .

In the PGWLS approach (Jiang 1999), the only constraint
imposed on the random effect is PAb = 0 for the purpose of
identifiability. However, this constraint is not sufficient to en-
sure algorithm convergence on estimating the fixed and random
effects. The convergence problem becomes more serious when
there are more random effects involved in the model, and this is
also confirmed by our numerical studies where PGWLS fails to
converge and is extremely sensitive to the initial values of the
estimators. To solve the convergence problem, we propose an
alternative approach by including a penalty term λbi in addition
to the extended score gr

i for the random effects. This allows one
to control the variance of fixed and random effects estimators
effectively and ensures that the algorithm converges.

In most cases, correlation for the random-effects model in (11)
is not as critical as the correlation for the fixed-effects modeling
in (10). Therefore, we just include the first term of (11). That

is, gr
i can be modified as gr∗

i = ( ∂μbi
i

∂bi
)′A−1/2

i M1A−1/2
i (yi − μb

i ).
We define the combined random-effects extended scores for
b = (b′1, . . . , b′N )′ as

Gr
N =

{ (
gr∗

1

)′
, λb′1, . . . ,

(
gr∗

N

)′
, λb′N, λ (PAb)′

}′
. (12)

Note that we only need one λPAb for the combined extended
scores since λ∂PAb

∂bi
PAb, i = 1 . . . , N are linear combinations of

λPAb.
In addition to the penalty difference, the proposed approach

also differs from the PGWLS by incorporating within-cluster
serial correlation without involving estimation of the correla-
tion parameters. Incorporating correlation can improve estima-
tion efficiency significantly for the fixed-effect parameters when
there is strong serial correlation present in longitudinal data.

The estimators of the fixed and random effects can be ob-
tained by solving (10) and (12) iteratively. However, both (10)
and (12) are over-identified in the sense that there are more
equations than the dimension of the fixed-effect and random-
effect parameters. We apply the QIF to achieve the estimation of
the fixed-effect and random-effect parameters iteratively. That
is, for given random-effects b, the fixed-effect estimators are
obtained by minimizing

N
(
Gf

N

)′(
Cf

N

)−1(
Gf

N

)
, (13)

where Cf

N = 1
N

∑N
i=1(gf

i )(gf

i )′. In addition, for given fixed-
effects β, the random-effect estimators are obtained by mini-
mizing (

Gr
N

)′ (
Gr

N

)
. (14)
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Note that in (14) the identity matrix is used as the weighting
matrix for gr∗

i , since the random-effect parameter is subject-
specific and there are no replicates across different clusters.

2.3 Implementation

For a fixed λ, the iterative estimating procedure is summarized
as follows.

1. Start with an initial vector β̂ obtained from the generalized
linear model assuming independent correlation structure
and set the initial b = 0.

2. Replace β in (12) with β̂ and obtain the random-effects
estimator b̂ by minimizing (14).

3. Replace b with b̂ in (10). Then, update β̂ by minimizing
(13).

Iterate Steps 2 and 3 until the convergence criterion

|β̂ − β| + |b̂− b| < ε

is reached, where ε is a small positive number and is typically
chosen as 10−6.

In the above algorithm, it is important to select a Lagrange
multiplier λ. Once λ is obtained, both fixed and random-effects
parameters can be estimated through minimizing (13) and (14),
and they are functions of λ. Notice that λ also plays a role similar
to the tuning parameter in the penalty term for model selection.
We can choose a λ = log(N ) that works quite effectively in
our numerical studies. Alternatively, we can use the consistent
BIC-type model selection criterion to search for λ, where the
objective function

N
(
Gf

N

)′(
Cf

N

)−1(
Gf

N

)+ (log N )(PAb)′�−1
b (PAb) (15)

reaches minimum. Here, �b is the covariance matrix of PAb.
The first part of (15) is analog to minus twice the log-likelihood
and the second part is analog to the BIC-type of penalty term for
the number of regression parameters. This selection criterion can
be interpreted so as to balance the minimum QIF for the fixed-
effects, with the variability of the constrained random-effects.

Note that our approach differs from Jiang (1999) in that the
objective function in (13) is different, and is able to incorporate
serial correlation of the repeated measurements. In addition, the
penalty term for the proposed conditional inference approach
is very different from the PGWLS, since the PGWLS only pe-
nalizes constraints of the random effects parameter to ensure
identifiability, while our approach also penalizes the random ef-
fects with large variances. Computationally, the new algorithm
is much faster and more stable since the variance of the random
effects can be regularized.

3. ASYMPTOTIC PROPERTIES

In this section, we investigate the asymptotic properties of
the mixed-effect QIF estimators. Let b̂ be the estimator of the
random effects. We denote β0 as the true parameter of the fixed
effects, β̂1 as the estimator of the fixed-effects obtained by
minimizing the QIF conditional on the random effects estimator
b̂, and β̂0 as the fixed-effect estimator obtained by minimizing
the QIF conditional on the true random-effects b0. The proofs

of the following Lemmas and Theorem 1 are provided in the
online Supplementary Material Appendix A.3.

Lemma 1. Under the regularity conditions provided in A.2,
there exists a minimizer β̂1 of Q(β|b̂) for some fixed λ, such
that β̂1 − β0 = Op(N−1/2).

Consistency of β̂1 follows immediately from Lemma 1. Here,
we do not assume the consistency of the random effects esti-
mator b̂ to ensure the consistency of the fixed-effect estima-
tor β̂1. Instead we only require Condition 6 in A.2, that is,
E[E{g(β0|b̂)})] converges in probability to E{g(β0|b0)}, which
is equivalent to 0 by Condition 3 in A.2. This is a rather weaker
condition than the consistency of b̂, since the consistency of
b̂ implies Condition 6; however, Condition 6 does not necessar-
ily guarantee the consistency of b̂.

Lemma 2 and Lemma 3 provide the consistency and asymp-
totic distribution of β̂0.

Lemma 2. The estimator of fixed-effect β̂0 is consistent, and
has a rate of root-N convergence as N →∞, that is, β̂0 − β0 =
Op(N−1/2).

Lemma 3. Under the regularity conditions provided in

A.2,
√

N (β̂0 − β0)
d→ N (0,�0) as N →∞, where �0 =

limN→∞ Q̈−1
ββ(β̂0|b0) and Q̈−1

ββ(β̂0|b0) is the inverse of the sec-
ond derivative of the conditional QIF with respect to β at
β = β̂0 and b = b0.

Theorem 1. Under the regularity conditions provided in A.2,
for a fixed λ, β̂1 has the following asymptotic properties as
N →∞.

I. (Consistency) β̂1 →p β0.

II. (Asymptotic Normality)
√

N (β̂1 − β0)
d→ N (0,�1),

where �1 is provided in (A-7). If b̂ is a consistent es-
timator of b0, then �1 = limn,N→∞ Q̈−1

ββ(β̂1|b̂) = �0.

Note that �1 does not have a closed form if b̂ is not a consistent
estimator of b0, although the variance estimator of �1 can be
obtained through bootstrap sampling.

Theorem 1 also indicates that if a consistent estimator of
the random effects b̂ is obtained, the covariance matrix �1 can
be approximated by Q̈−1

ββ(β̂1|b̂), since it converges to �0 as the
sample size of clusters N and the cluster size n both go to infinity.
In addition, the weighting matrix Cf

N defined in (13) is optimal in
the estimation of β0 due to the asymptotic efficiency property of
the generalized method of moments (Hansen 1982). Therefore,
β̂0 is efficient as the covariance matrix of

√
N (β̂0 − β0) reaches

the minimum in the sense of Loewner ordering. Since β̂1 is
asymptotically equivalent to β̂0, as the asymptotic variance of
β̂1 converges to the asymptotic variance of β̂0 if the random
effect is consistently estimated, therefore, the estimator β̂1 also
achieves the same asymptotic efficiency as β̂0.

In A.4, we provide regularity conditions and a proof to
achieve a consistent estimator of random-effect b0 for corre-
lated data when the cluster size n goes to infinity. This type of
condition is satisfied for correlated response such as autoregres-
sive, stationary Gaussian, M-dependent, and other sequences
with a decaying correlation structure satisfying the mixingale
condition.
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Table 1. MSE and the standard errors of MSE (provided in the lower right corner) for the estimator of the intercept β0 = −0.3 for binary
responses when ρ = 0.4 from 200 simulations

N = 50 N = 100
True correlation True correlation

Method Independent Exchangeable AR-1 Independent Exchangeable AR-1

QIF (ind) 0.21800.0220 0.25680.0260 0.24960.0208 0.12110.0115 0.11730.0106 0.13890.0144

QIF (exch) 0.23450.0243 0.24920.0287 0.27420.0224 0.12360.0118 0.10580.0095 0.13610.0141

QIF (AR-1) 0.23590.0251 0.26570.0271 0.24430.0226 0.12440.0118 0.11180.0101 0.12690.0135

PQL 0.22420.0226 0.52110.0537 0.49330.0459 0.12580.0118 0.27620.0277 0.22150.0237

GLIMMIX (Ind) 0.15801
0.0145 0.38702

0.0423 0.40923
0.0357 0.14769

0.0167 0.204010
0.0187 0.161611

0.0182

GLIMMIX (AR-1) 0.19794
0.0188 0.39595

0.0429 0.26286
0.0202 0.118912

0.0167 0.202013
0.0193 0.122414

0.0133

NLMIXED 0.21937
0.0222 0.44520.0490 0.44588

0.0383 0.121215
0.0115 0.26310.0255 0.190416

0.0200

NOTE: Number of nonconvergence outcomes from GLIMMIX procedures are tabulated as follows: 1. 188; 2. 60; 3. 86; 4. 183; 5. 69; 6. 166; 7. 16; 8. 1; 9. 180; 10. 35; 11. 92; 12. 180;
13. 45; 14. 176; 15. 7; 16. 2.

However, if the estimator of the random effects b̂ is not con-
sistent with b0, we show in A.3 that the asymptotic efficiency
of β̂1 will be affected since �∗ in (A.6) cannot be guaranteed to
simplify as � = var(

√
NGN ), and consequently the asymptotic

variance �1 for the fixed-effect estimator might not necessarily
reach the minimum asymptotic variance �0.

4. SIMULATIONS

To evaluate the performance of the QIF method for GLMMs,
we fit the model with the mixed-effects QIF method in Sec-
tion 2.2 with three types of working correlations: independent,
exchangeable, and AR-1. We compare our approach to the
PQL method using the R package lme4, the SAS GLIMMIX
(Schabenberger 2005), and SAS NLMIXED. The GLIMMIX
procedure fits the generalized linear mixed model based
on linear approximation for the nonlinear function, and the
NLMIXED procedure approximates the likelihood function us-
ing Laplace approximation. Note that the PQL, GLIMMIX, and
NLMIXED all assume that the random effects follow the nor-
mal assumption. We cannot compare the PGWLS numerically
because of its nonconvergence problem.

We conduct simulation studies for binary responses here,
since the random effects model for binary data is the most chal-
lenging when the random effects do not follow a normal distribu-
tion. We consider the random effects model with both a random
intercept and a random slope. The conditional correlated binary
responses are generated using the logistic regression model

logit
(
μb

i

) = β0 + b0i + xi(β1 + b1i),

corr(yi |xi , b0i , b1i) = R, i = 1, . . . , N,

where β0 = −0.3, β1 = 0.3, the covariate xi’s are generated
from uniform (0.5, 1.5), and the sample size N is chosen to be
either 50 or 100. The correlated data is generated with unequal
cluster sizes, that is, the half of samples have cluster sizes either 4
or 5. The true correlation structures are independent, exchange-
able or AR-1 with the correlation coefficient ρ = 0.4 or 0.7.
Both the random intercept b0i and the random slope b1i are gen-
erated from a bimodal distribution with the probability density
function f (b/0.3+ 0.5) from a rescaled Beta(0.5, 0.5) distribu-
tion. We use R package mtvBinaryEP to generate the multivari-
ate correlated binary data.

Tables 1–4 provide the MSEs of the estimators and their
standard errors for the fixed-effect β0 and β1 based on 200 sim-
ulations under two different correlations ρ = 0.4 and 0.7, with

Table 2. MSE and the standard errors of MSE (provided in the lower right corner) for the estimator of the slope β1 = 0.3 for binary responses
when ρ = 0.4 from 200 simulations

N = 50 N = 100
True correlation True correlation

Method Independent Exchangeable AR-1 Independent Exchangeable AR-1

QIF (ind) 0.18700.0184 0.21650.0192 0.22790.0195 0.10770.0106 0.09620.0082 0.11990.0110

QIF (exch) 0.19910.0201 0.20280.0210 0.24370.0203 0.10870.0107 0.08780.0077 0.11690.0102

QIF (AR-1) 0.20210.0210 0.21820.0204 0.21800.0195 0.11020.0108 0.09380.0078 0.10500.0089

PQL 0.19150.0191 0.41500.0383 0.44380.0394 0.11080.0109 0.23240.0193 0.18820.0167

GLIMMIX (Ind) 0.09151
0.0084 0.33282

0.0325 0.38723
0.0335 0.14539

0.0160 0.180510
0.0147 0.144411

0.0134

GLIMMIX (AR-1) 0.11954
0.0129 0.34565

0.0336 0.32816
0.0217 0.130712

0.0161 0.173713
0.0147 0.119414

0.0110

NLMIXED 0.18777
0.0186 0.38570.0368 0.42368

0.0374 0.107915
0.0107 0.24150.0209 0.172216

0.0159

NOTE: Number of nonconvergence outcomes from GLIMMIX procedures are tabulated as follows: 1. 188; 2. 60; 3. 86; 4. 183; 5. 69; 6. 166; 7. 16; 8. 1; 9. 180; 10. 35; 11. 92; 12. 180;
13. 45; 14. 176; 15. 7; 16. 2.
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Table 3. MSE and the standard errors of MSE (provided in the lower right corner) for the estimator of the intercept β0 = −0.3 for binary
responses when ρ = 0.7 from 200 simulations

N = 50 N = 100
True correlation True correlation

Method Independent Exchangeable AR-1 Independent Exchangeable AR-1

QIF (ind) 0.24360.0260 0.32530.0347 0.23580.0227 0.14640.0142 0.13730.0148 0.12980.0143

QIF (exch) 0.25410.0250 0.23910.0226 0.21890.0209 0.14940.0144 0.07620.0082 0.10800.0101

QIF (AR-1) 0.25790.0267 0.26640.0265 0.17060.0180 0.14990.0145 0.08420.0091 0.08020.0078

PQL 0.25910.0282 4.45780.6305 1.37580.2319 0.15170.0146 1.85560.2864 0.66280.0906

GLIMMIX (Ind) 0.04831
0.0062 2.74670.3529 0.78702

0.0945 0.16047
0.0138 1.01590.1059 0.39128

0.0366

GLIMMIX (AR-1) 0.19113
0.0302 2.97164

0.3709 0.35005
0.0431 0.17139

0.0179 1.061610
0.1151 0.122611

0.0108

NLMIXED 0.24946
0.0267 3.01780.4163 0.97790.1023 0.150512

0.0148 1.14740.1091 0.51260.0480

NOTE: Number of nonconvergence outcomes from GLIMMIX procedures are tabulated as follows: 1. 189; 2. 16; 3. 185; 4. 9; 5. 170; 6. 15; 7. 173; 8. 7; 9. 174; 10. 1; 11. 174; 12. 7.

two different sample sizes. Results from the GLIMMIX proce-
dure under exchangeable correlation structure are not presented
here since the GLIMMIX does not converge in most cases.
When the true correlation structure is independent, the perfor-
mances of the mixed-effect QIF, the PQL, and the NLMIXED
procedures are comparable, while there are serious convergence
problems for the SAS GLIMMIX under independent structure
with a rate of more than 90% nonconvergence. When the true
correlation structure is either AR-1 or exchangeable, the MSEs
of the mixed-effects QIF method are smaller than those ob-
tained from the PQL, GLIMMIX, and NLMIXED approaches,
even under the misspecified working correlation structure. In
general, the efficiency improvement becomes more significant
as the correlation ρ increases. For example, when the sample
size N = 100 and the true correlation structure is AR-1 with
ρ = 0.7, the mixed-effect QIF estimator for the slope parame-
ter β1 using the true correlation structure has the lowest MSE
of 0.0494, compared to the MSEs of 0.0979 and 0.0732 under
the misspecified independent and exchangeable working corre-
lation structures. The MSEs of the estimators from the PQL, the
GLIMMIX under independent and AR-1 working structures,
and the NLMIXED are 0.4354, 0.3509, 0.0755, and 0.3971, re-
spectively. Note that the nonconvergence rate is 174 out of 200
for the GLIMMIX under AR-1 working structure; therefore the
MSE of 0.0755 is also questionable.

We also observe that the MSEs of the mixed-effect QIF es-
timators with correctly specified working correlation structure
are smaller than those obtained with misspecified working cor-
relation structures. This is especially true when the correlation
parameter is as high as ρ = 0.7. On comparing the MSEs from
two different sample sizes, the ratios between the MSEs of the
mixed-effect QIF estimators under the true and misspecified
correlation structures increase as the sample size increases, in
general. This indicates that correctly specifying the correlation
structure is important for achieving high efficiency when the
sample size becomes larger. In addition, as the sample size in-
creases, the efficiency of the mixed-effect QIF estimator also
improves, as expected.

We also provide the means of the variance component esti-
mators for the random effects and their standard errors in Tables
5 and 6 for N = 100 and ρ = 0.7. Overall, the mixed-effect
QIF approach provides more accurate variance component es-
timators compared to the other approaches. Note that the PQL,
GLIMMIX, and NLMIXED approaches provide much larger
variance component estimators than the true variance and the
mixed-effect QIF estimators. The discrepancy becomes much
larger if the true structure is not independent. For example,
when the true structure is AR-1, the variance estimators of the
random intercept from the PQL, the GLIMMIX procedure with
independent structure and the NLMIXED procedures are 12.45,

Table 4. MSE and the standard errors of MSE (provided in the lower right corner) for the estimator of the slope β1 = 0.3 for binary responses
when ρ = 0.7 from 200 simulations

N = 50 N = 100
True correlation True correlation

Method Independent Exchangeable AR-1 Independent Exchangeable AR-1

QIF (ind) 0.22500.0236 0.22060.0227 0.16760.0145 0.14140.0141 0.10720.0110 0.09790.0098

QIF (exch) 0.23120.0221 0.14770.0150 0.14760.0122 0.14250.0142 0.05340.0056 0.07320.0069

QIF (AR-1) 0.23720.0239 0.16600.0160 0.11310.0105 0.14470.0143 0.05780.0067 0.04940.0044

PQL 0.23370.0248 2.54900.2675 0.82980.0995 0.14510.0145 1.19490.1148 0.43540.0459

GLIMMIX (Ind) 0.02791
0.0024 3.09330.4540 0.66352

0.0762 0.14457
0.0124 1.24680.1235 0.35098

0.0352

GLIMMIX (AR-1) 0.17703
0.0278 3.36274

0.4691 0.21645
0.0225 0.16569

0.0189 1.286010
0.1331 0.075511

0.0071

NLMIXED 0.22936
0.0241 2.10110.1954 0.68440.0668 0.144812

0.0148 0.96000.0857 0.39710.0398

NOTE: Number of nonconvergence outcomes from GLIMMIX procedures are tabulated as follows: 1. 189; 2. 16; 3. 185; 4. 9; 5. 170; 6. 15; 7. 173; 8. 7; 9. 174; 10. 1; 11. 174; 12. 7.
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Table 5. Mean and the standard errors of mean (provided in the lower
right corner) of the variance component estimator for random
intercepts out of 200 simulations for binary response, when

N = 100 and ρ = 0.7. The true variance of the random intercept
is 0.015

N = 100
True correlation

Method Independent Exchangeable AR-1

QIF (ind) 0.00510.0000 0.01530.0000 0.01330.0000

QIF (exch) 0.00510.0000 0.01540.0000 0.01330.0000

QIF (AR-1) 0.00510.0000 0.01540.0000 0.01340.0000

PQL 0.46020.0706 52.60745.8626 12.44551.0486

GLIMMIX (Ind) 0.08121
0.0043 11.26950.2750 4.85322

0.0979

GLIMMIX (AR-1) 0.16223
0.0084 11.43774

0.3306 0.56405
0.0313

NLMIXED 0.05156
0.0067 25.43580.6391 8.50880.2236

4.85, and 8.51 respectively, while the true variance of the ran-
dom slopes is 0.015 and the mixed-effect QIF variance estimator
is 0.013.

To visualize the estimated distribution of the random effects,
Figure 1 provides a probability histogram of a total of 20,000
random slope estimators from 200 simulated datasets when
the true correlation structure is AR-1 with ρ = 0.7 and the
sample size N = 100. The random-effect estimators are ob-
tained based on the mixed-effect QIF approach with correctly
specified correlation structure. The solid line in the graph pro-
vides the random-effects density function generated from the
true Beta distribution. Figure 1 indicates that the estimated ran-
dom effects resemble the rescaled Beta (0.5, 0.5) distribution
reasonably well for the nonboundary region. We also provide a
probability histogram of the random effects estimators using the
PQL approach in Figure 2. The histogram shows that the PQL
estimators of the random effects follow a normal-curve pattern,
most likely because the PQL imposes a normality assumption
on the random effects distribution.

Table 6. Mean and the standard errors of mean (provided in the lower
right corner) of the variance component estimator for random slopes

out of 200 simulations for binary response, when N = 100 and
ρ = 0.7. The true variance of the random intercept is 0.015

N = 100
True correlation

Method Independent Exchangeable AR-1

QIF (ind) 0.00730.0000 0.02620.0000 0.02120.0000

QIF (exch) 0.00730.0000 0.02630.0000 0.02130.0000

QIF (AR-1) 0.00730.0000 0.02630.0000 0.02130.0000

PQL 0.35730.0592 23.64982.0657 3.05420.3737

GLIMMIX (Ind) 0.07631
0.0049 8.97040.3339 2.60712

0.1082

GLIMMIX (AR-1) 0.09323
0.0063 9.12584

0.3857 0.21595
0.0136

NLMIXED 0.03356
0.0060 3.28560.1699 1.40550.1175

NOTE: Number of nonconvergence outcomes from GLIMMIX procedures are tabulated as
follows: 1. 173; 2. 7; 3. 174; 4. 1; 5. 174; 6. 7.

5. REAL-DATA EXAMPLES

5.1 Periodontal Example for Binary Data

In this section, we apply the mixed-effect QIF method to
an observational periodontal disease study to determine if non-
surgical periodontal treatment is effective for the prevention
of tooth loss (Stoner 2000). The data are from 722 subjects
with chronic periodontal diseases with seven-year follow up. To
take into account the lag time between periodontal treatment
and tooth loss, a history of nonsurgical periodontal treatments
is defined as an indicator for three years prior to a particular
time-point of interest (Nonsurg). The association between the
binary response of whether there is any tooth extraction, and the
history of nonsurgical periodontal treatment is modeled. Other
covariate factors include patients’ characteristics such as gender
(Gender), age (Age), number of teeth (Teeth), number of dis-
eased sites (Sites), mean pocket depth of diseased sites (Pddis),
and mean pocket depth of all sites (Pdall) at the initial visit. In ad-
dition, the number of nonperiodontal dental treatments (Dent),
the number of nonperiodontal preventive procedures (Prev) and
the number of surgical treatments (Surg) over the three-year
baseline period were considered in the model as well. We fit a
random intercept model to incorporate the heterogeneity varia-
tion among patients. Specifically, we have the following logistic
model:

logit
(
μb

ij

) = β0 + bi + β1Genderij + β2Ageij + β3Teethij

+ β4Sitesij + β5Pddisij + β6Pdallij + β7Surgij

+ β8Dentij + β9Previj + β10Nonsurgij .

Among the 722 patients, 558 (77%) of them had at least five
years of follow-up information. Since patients have different
numbers of years of follow-up information, the data has an
unbalanced cluster design. We fit the mixed-effect QIF methods
with three different types of working correlation structures, and
the PQL method using the logistic model above, for the 558
patients with balanced data only. The estimators, standard errors
and z-values are summarized in Table 7.

Table 7 indicates that the mixed-effect QIF with indepen-
dent and exchangeable working correlation structures and the
NLMIXED procedure produce very similar results, except for
Surg and Pddis. However, there are significant differences be-
tween the estimators from the mixed-effect QIF with AR-1
working correlation and the PQL and NLMIXED estimators.
For example, the PQL estimator and the NLMIXED estimator
for Pdall effect are 0.6425 and 0.4832, respectively, and neither
of these are significant. On the other hand, the mixed-effect QIF
estimator for Pdall with AR-1 working correlation structure is
0.7792, which is significant. The GLIMMIX procedure does not
converge under the exchangeable working correlation structure.
The GLIMMIX assuming independent or AR-1 structure pro-
duces results similar to the mixed-effect QIF approaches with
AR-1 working correlation, except for the effects of Age and
Teeth. In general, the standard errors of the mixed-effect QIF
estimators are smaller than the standard errors from the other
approaches, except for Surg, Dent, and Prev effects.
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Figure 1. Histogram of the estimates of the random slopes from the binary datasets with N = 100 and ρ = 0.7. The true correlation structure
of the dataset is AR(1), and the estimates are obtained by the mixed-QIF method with AR(1) working correlation. The solid line in the graph
provides the random-effects density function generated from the true Beta distribution. The online version of this figure is in color.

Figure 2. Histogram of the estimates of the random slopes from the binary datasets with N = 100 and ρ = 0.7. The true correlation structure
of the data set is AR(1), and the estimates are obtained by the PQL approach.
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Table 7. Comparison of mixed QIF and the other approaches for non-surgical periodontal treatment data

Covariates QIFind QIFCS QIFAR-1 PQL GLIMMIXind GLIMMIXAR-1 NLMIXED

Intercept −7.1549 −7.4769 −8.1300 −8.0824 −9.3476 −9.5602 −6.8281
s.e. 1.3630 1.3476 1.3637 1.6265 1.7433 1.7804 1.5600
z-value −5.2492 −5.5482 −5.9615 −4.9691 −5.3620 −5.3697 −4.3770

Gender 0.2257 0.2138 0.2409 0.2383 0.2317 0.2387 0.2526
s.e. 0.1522 0.1530 0.1589 0.1720 0.1766 0.1802 0.1588
z-value 1.4828 1.3974 1.5155 1.3865 1.3120 1.3246 1.5907

Age 0.0168 0.0175 0.0152 0.0202 0.0279 0.0291 0.0173
s.e. 0.0105 0.0104 0.0108 0.0123 0.0128 0.0131 0.0114
z-value 1.5948 1.6781 1.4072 1.6427 2.1772 2.2305 1.5109

Teeth −0.0334 −0.0325 −0.0177 −0.0353 −0.0388 −0.0406 −0.0440
s.e. 0.0246 0.0241 0.0242 0.0271 0.2767 0.0282 0.0254
z-value −1.3591 −1.3518 −0.7295 −1.3010 −1.4051 −1.4385 −1.7323

Sites 0.0024 0.0025 −0.0042 −0.0005 −0.0042 −0.0048 0.0032
s.e. 0.0097 0.0099 0.0090 0.0102 0.0105 0.0107 0.0098
z-value 0.2468 0.2555 −0.4684 −0.0524 −0.4029 −0.4440 0.3301

Pddis 0.2689 0.3469 0.1948 0.2719 0.2944 0.2899 0.2587
s.e. 0.1864 0.1790 0.1904 0.2293 0.2370 0.2418 0.2124
z-value 1.4428 1.9377 1.0232 1.1866 1.2422 1.1989 1.2180

Pdall 0.4644 0.3960 0.7792 0.6425 0.8465 0.8885 0.4832
s.e. 0.3880 0.3946 0.3626 0.4200 0.4329 0.4423 0.4020
z-value 1.1968 1.0035 2.1489 1.5292 1.9554 2.0088 1.2020

Surg −0.1377 0.0039 −0.1636 −0.0932 −0.1020 0.1304 −0.1087
s.e. 0.2741 0.2336 0.2863 0.2901 0.2019 0.2034 0.2790
z-value −0.5024 0.0168 −0.5716 −0.3213 −0.5052 0.6411 −0.3896

Dent 0.1074 0.1132 0.1158 0.1205 0.1353 0.1365 0.1172
s.e. 0.0083 0.0082 0.0086 0.0080 0.0061 0.0061 0.0084
z-value 12.9164 13.8498 13.4963 15.0844 22.3636 22.4433 13.9126

Prev 0.0404 0.0271 0.0169 0.0353 0.0381 0.0395 0.0363
s.e. 0.1349 0.1353 0.1398 0.1500 0.0988 0.0990 0.1378
z-value 0.2992 0.2004 0.1207 0.2420 0.3856 0.3988 0.2636

Nonsurg −0.2360 −0.2037 −0.2149 −0.2207 −0.1995 −0.2041 −0.2266
s.e. 0.1500 0.1504 0.1577 0.1767 0.1839 0.1876 0.1632
z-value −1.5732 −1.3548 −1.3624 −1.2500 −1.0848 −1.0880 −1.3885

NOTE: QIFind, QIFCS, and QIFAR-1 are the mixed-effect QIF methods with independent, exchangeable and AR-1 working correlation structures.
Pddis: pocket depth of disease sites; Pdall: pocket depth of all sites; Surg: number of surgical treatments; Dent: number of nonperiodontal dental treatments; Prev: number of nonperiodontal
preventive procedures; Nonsurg: indicator for nonsurgical periodontal treatments during the three years prior to the time-point of interest.
Neither GLIMMIX with AR-1 working correlation nor GLIMMIX with exchangeable working correlation can converge for this dataset.

5.2 Epileptic Seizure Data Example for Poisson Data

We also apply Thall and Vail’s (1990, p. 664) epileptic seizure
data to illustrate the conditional mixed-effect approach for Pois-
son response. The epileptic seizure data consist of 59 epilepsy
patients, 31 of whom received a new anti-epileptic drug, and
28 of whom received a placebo. For each patient, baseline
data are recorded including the patient’s age and the num-
ber of epileptic seizures during an eight-week interval prior
to receiving treatment. The responses are the number of epilep-
tic seizures occurring in the two-week period before each of
four clinic visits. Clearly, measurements within each patient are
correlated.

Let yij be the seizure count for patient i at the jth visit
(i = 1, . . . , 59, j = 1, . . . , 4). To incorporate random effects
among patients for the count data, the log link function is

specified as

log
(
μb

ij /Oi

) = β0 − log(Oi)+ bi + β1xi1 + β2Ti + β3xi2

+ β4Visitij /10,

where μb
ij = E(yij |bi), and Oi = √mis.e.(y) is used to adjust

for the cluster size mi and the variance of the count data, which
should have no effect on fixed-effects estimation for covari-
ates. Here, the cluster size mi = 4 is the same for all subjects.
The covariates in the model include xi1 = log(basei/4) that
is the logarithm of 1/4 of the number of baseline seizures,
xi2 = log(agei) that is the logarithm of the ith patient’s age,
Ti is a treatment indicator variable defined to be 1 for the new
drug and 0 for the placebo, and visitij is a time-dependent
covariate for four visits where visitij = −3,−1, 1, and 3 for
j = 1, 2, 3, and 4. In addition, for the count data, the
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Table 8. Comparison of mixed-effect QIF and the other approaches for epileptic data

Effects QIFind QIFCS QIFAR-1 PQL GLIMMIXind GLIMMIXAR-1 NLMIXED

Intercept −2.00 −1.69 −1.95 −1.14 −1.50 −1.50 −1.47
s.e. 0.78 0.77 0.79 1.20 1.19 1.21 1.18
z-value −2.57 −2.19 −2.48 −0.95 −1.24 −1.24 −1.23

Base 1.06 1.00 1.02 1.02 1.02 1.02 1.03
s.e. 0.06 0.05 0.05 0.10 0.10 0.10 0.10
z-value 17.16 20.21 19.37 10.15 9.86 9.87 10.14

Treatments −0.17 −0.16 −0.20 −0.31 −0.27 −0.27 −0.32
s.e. 0.12 0.10 0.11 0.15 0.15 0.15 0.15
z-value −1.45 −1.58 −1.84 −2.10 −1.78 −1.78 −2.09

Age 0.59 0.52 0.58 0.34 0.37 0.38 0.34
s.e. 0.21 0.22 0.22 0.34 0.35 0.35 0.34
z-value 2.74 2.41 2.65 0.98 1.07 1.07 0.98

Visit/10 −2.94 −3.46 −2.58 −2.94 −2.94 −2.94 −2.94
s.e. 1.75 1.19 1.29 1.02 1.42 1.43 1.01
z-value −1.68 −2.90 −2.00 −2.89 −2.06 −2.05 −2.90

NOTE: GlIMMIX procedure with CS working correlation does not converge for this dataset.

conditional variance is the same as the conditional mean, that
is, var(yij |bi) = μb

ij .
We compare the mixed-effect QIF approach with three differ-

ent working correlation structures as well as the PQL method,
the GLIMMIX approach and the NLMIXED procedure. The
results are summarized in Table 8. Table 8 shows that the treat-
ment effect obtained from the mixed-effect QIF approach is not
significant, but it is significant in the PQL and NLMIXED ap-
proaches. On the other hand, the mixed-effect QIF provides a
highly significant age effect, while the other approaches produce
nonsignificant results. The GLIMMIX with exchangeable work-
ing correlation does not converge here, so it is not presented.
The GLIMMIX estimators under other working structures are
similar to those obtained from the PQL and the NLMIXED pro-
cedure, except for treatment. For this data example, the mixed-
effect QIF under AR-1 and exchangeable structures provides
smaller standard errors of fixed effects compared to the other
approaches except for the Visit/10 effect.

6. DISCUSSION

We propose a new approach for generalized linear mixed
models, which allows one to estimate the fixed and random ef-
fects simultaneously. The main difference between our method
and existing generalized linear mixed-effects models is that we
do not have parametric model assumptions for the random ef-
fects. Our method is based on conditional extended scores that
only involve the first two moment conditions, and the random-
effect parameters are estimated through minimizing the penal-
ized QIF. Therefore, the specification of the likelihood function
is not required for estimation. The main advantage of the pro-
posed method is that it is able to incorporate both serial correla-
tion from repeated measurements and heterogeneous variation
from individuals. Most importantly, the normality assumption
for random effects is not required, although this makes the the-
oretical derivation rather challenging.

The proposed method is applicable for correlated data as
long as the correlated measurements have the same correla-

tion structure among clusters. This assumption is quite standard
for marginal approaches, where the diagonal marginal variance
matrix could be different for different clusters, but the working
correlation matrix R is common for different clusters. The com-
mon correlation structures include exchangeable, AR-1, block-
wise correlation structure with combinations of exchangeable
and AR-1, or a mixture of the above common structures. In
the cases where the prior information for correlation structure
is unknown, we can use a linear representation of simple basis
matrices that contains 1 for the (i, j ) and (j, i) entries and 0
elsewhere. Therefore, any correlation matrix can be represented
by a linear combination of the above complete set of basis
matrices.

In both our simulations and data examples, we are able to
handle unbalanced data when the observation time information
is available. We apply our transformation matrix approach using
common correlation structures such as independent, exchange-
able or AR-1. Our numerical studies indicate that the proposed
approach outperforms the existing PQL, SAS GLIMMIX, and
SAS NLMIXED even though the transformation matrix ap-
proach might not be the optimal one for handling unbalanced
data. In addition, our simulation studies show that when higher
serial correlation is introduced into the data, the efficiency im-
provement using any nonindependent working structure is quite
significant compared to the independent model. This is because
that as long as there are observations which are correlated, in-
corporating correlation information helps to improve the ef-
ficiency of estimation. Finally, in our simulation, even if the
dimension of the random-effects parameters increases as the
sample size increases, the computation is reasonably fast and
efficient.

SUPPLEMENTARY MATERIALS

WebAppendix.pdf: The Web Appendix provides notations,
regularity conditions, and proofs of the lemmas and Theorem 1.

[Received December 2011. Revised February 2012.]
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