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Completeness

Definition

A complete basis for a given space can expand any element of that space.
For L2, it turns out as long as a basis can expand the delta function, it can
expand any function in L2. Thus the completeness relation states:
For a set of basis functions {φλ}, if ∃ coefficients f̃(λ) such that

δ(x− x′) =

∫
dλf̃(λ)φλ(x) (1)

then {φλ} is complete.

Orthogonality and Completeness

If the set of basis functions are orthogonal, then we can derive an alternative
statement of completeness. Suppose φλ ⊥ φµ (not necessarily normalized)∫

φλ(x)φµ(x)dx = Aλ,µδ(λ− µ) (2)

Then we can calculate f̃ using Fourier’s trick∫
φµ(x)δ(x− x′)dx =

∫
φµ(x)

∫
dλf̃(λ)φλ(x)dx⇒

φµ(x′) = Aµ,µf̃(µ)⇒
f̃(µ) = φµ(x′)/Aµ,µ (3)

Therefore, the completeness relation (1) can be rewritten as

δ(x− x′) =

∫
dλ

Aλ,λ
φλ(x

′)φλ(x) (4)


