1D Sound Wave
The Original Problem

The simplest example of a non-linear wave is 1D sound wave. It obeys mass
conservation and equation of motion

Op + 0. (pv) =0 (1)
p(Oyv + v0,v) + 0, P =0

along with the equation of state P(p).

Simplification

With a priori knowledge of the equation of state P(p), we can unify all
spatial and temporal dependent terms involving p and P under a new thermal
dynamic variable. To achieve this, first play with partial derivatives and

rewrite mass conservation using d,P to eliminate d,p (0,00,P = 0, P)
1

——(0p0, P + v0,p0,P) + pO,v =0 =

d,P

%((%P +v0,P) + 0,P0,v =0 (2)

we can further eliminate p and 0,P by defining a new thermal dynamic
variable 7(P) such that dpm = %

oy +v0,m+ 0,P0,v =0 (3)
O + v, v+ 0, =0

Riemann’s Solution

Historically, Riemann was the first to solve (1). Using his notations
¢ =9,P
P 4
{ 7(P) EfPO idP (4)

the simplified equations are slightly different

Oy +v0,m + cO,v =0 (5)
Ov + v0,U + cOpm = 0

adding and subtracting the two equations in (5)

0+ (v+¢)0 ] (v+m)=0 (6)
[0+ (v—=2¢)0y] (v—7) =0
we may interpret the operators geometrically following Euler’s characteris-

tics. That is v £ 7 is constant along the characteristic defined by ‘fl—f =v+tec.



