
Spamiugtrees
These are several deep connections btw random walks

and spawning trees.

let S
,
D - be hearher chin with finite state grace

S
.

We describe it as a directed graph with weights Pee qfq
Spanning rooted tree is an oriented subtree with

all arrows pointing to roots
.
Weight of a tree =, + Pee
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The (Maker chain tree) Ihveriant probability measure

is proportional to turn of weights of trees rooted at k
,
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Root let fT→ k} be the set of trees rooted at k;

{Z 3 - the set of rooted cycles ; EEZ - the ached

# cycle . WCG) - TT Pae .
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Matrix - free theorem
-

As we saw
,
the rooted spanning trees give the f←

invariant measure →
T

TM-Iwwft) . If the
chair is revering

A

pre - CIII , and htt'D¥f¥Y=
TI Ciel

= eat . a-fo) = C. WIT) - Nv)
TITCH 9
KET function of free only

So
,

the key problem becomes

finding normalization constant E wCT) , WITHTI Cee)
spawns e ET
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let S be a finite network with weights care)

attached to its edges (everything 's symmetric ) .

We call the matrix

me
= f- 444 if

Kate

*¥944 if k=e
the Laplacian.

-(we encountered it earlier as the

energy ,
and called it Dirichlet kernel ).

Easy to see that

(Lu , a) = -2 Lye - nine = file.es/uu-uef.

In particular, £30 , and din Kes L = # of connected

components of the network
.



So
,
here's the remarkable

Thug (leahix free them
,
Kirchhoff '1847) .

- If S is irreducible
,

the sum of weights of (unroofed) spawning
trees

-2 wet) = det(Lamy, where Lam) is Cary )
T-spawning principal tenner of L.
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The proof , remarkably , involves some topology & some linear algebra .

Fix some orientations of the edges and
off

consider a version of the
co boundary operator d-o

D : V
,
→ No : D :& k, e) ↳ fue

' ( Sia-Se) pice
-

-@k¥12
Then D*: No→N

,
is D
't

8k = I pice ( k ,l)
e

(a weighted analog of star operation) and , west Ripertonfly ,

DD
't
=L

.

Take subset A- of edges and subset
B of vertices, IAHBk 1st - l .

Decide by DAB corresponding wirer of D

Leung If grgrh defined by A is a tree
,
its det is .ae?e,tIapuei

If it's hot a tree , det o .



Leung If grgrh defined by A is a tree
,
its det is .ae?e,tIapuei

If it's hot a tree , det o .

Joof If on 1st vertices a graph with ISI - l edges then It isn'ta free
,

there, should be a cycle
on,

Ku- ko- ki - . . . - ku -T ku

Then I p
"

( Keke
.) is

e --o
ke Kee,

in the kernel of Ditz .

If the grgrh is a tree
,

choose the vertex in 1st -B as a

roof
,
and number edges of A (and vertices of B)

away from it . In this ordering , DAB is

upper triangular, with fue fleet EA
• a flee diagonal .



Last remarkable identity we need
,
is Cauchy - Binet formula

Proposition If It is nxue
,
B is man

,
then

detAB = I def AI. def Be , At= nine ofAmn

Ichi . .- in} calms from I, BI --miner
III -- h of B with rows from I.
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