
0003-889X/01/060522-07 $ 2.90/0
Arch. Math. 77 (2001) 522–528 Sonderdruck aus

 Birkhäuser Verlag, Basel, 2001

Vietoris-Rips complexes of metric spaces near a closed
Riemannian manifold
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Abstract. We show that for every closed Riemannian manifold X there exists a pos-
itive number ε0 > 0 such that for all 0 < ε � ε0 there exists some δ > 0 such that for
every metric space Y with Gromov-Hausdorff distance to X less than δ the geometric
ε-complex |Yε| is homotopy equivalent to X. In particular, this gives a positive answer
to a question of Hausmann [4].

1. Introduction. This note grew out of an attempt to understand which properties of a given
Riemannian manifold X are reflected in metric spaces Y Gromov-Hausdorff close to it. Even
though the topology of Y may be arbitrarily complicated, we will prove that by a very simple
procedure one can recover the homotopy type of X from Y , provided they are close enough
in a sense made explicit below.

Given a pseudometric space (X, d) and a positive number ε > 0, one can define an abstract
simplicial complex Xε whose vertices are the points of X and whose k-simplices consist of all
k + 1-tuples of points in X with pairwise distances less than ε. Apparently this complex was
first introduced in the twenties by Vietoris [7]; it was used in an attempt to define a homology
theory for general metric spaces (cf. [5], pp. 240 and 271). A version different from ours was
studied by Dowker [1]. More recently the complex has found applications in the theory of
hyperbolic groups, where it is known as the Rips complex.

Hausmann [4] proved that for a closed Riemannian manifold X and ε sufficiently small
the geometric realization |Xε| of this complex is homotopy equivalent to X. In fact, for
ε > 0 sufficiently small he constructed an explicit homotopy equivalence T : |Xε| −→ X as
follows. One chooses a total order on the points of X and defines the map T by induction on the
dimension of the simplices, starting with the identity on the 0-skeleton. Assuming T is already
defined on all k − 1-simplices, we define it on a k-simplex {x0, ..., xk} with x0 < x1 < ... < xk

by mapping the straight line between xk and a point p ∈ {x0, ..., xk−1} in the front face to the
geodesic between the (already known) image points T(xk) and T(p). This works for example
when ε is smaller than the convexity radius of X. Because of the total order, these maps are
compatible with each other and so T is continuous.

Hausmann then raised the question whether there would always be a finite subset F ⊂ X
and an ε > 0 such that the geometric realization |Fε| of the finite simplicial complex Fε is
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homotopy equivalent to X under the restriction of the map T . In this note, we give a positive
answer to that question by proving the stronger

Theorem 1.1. Let X be a closed Riemannian manifold. Then there exists ε0 > 0 such
that for every 0 < ε � ε0 there exists a δ > 0 such that the geometric realization |Yε| of the
ε-complex of any metric space Y which has Gromov-Hausdorff distance less than δ to X is
homotopy equivalent to X.

When Y ⊂ X is a subset, a homotopy equivalence is given by the map T as described above,
and in general it is similar in spirit.

It was already observed by Hausmann that one can easily find Y ⊂ X and ε > 0 such that
the map T : |Yε| −→ X is a domination, i.e. it admits a right homotopy inverse. The main
difficulty in showing that this map can be chosen to be a genuine homotopy inverse is to show
that |Yε| is sufficiently locally contractible. The concept of ε-crushing as defined in the next
section turns out to be central to our argument regarding this point. The final step is then based
on the observation that the nerve of any locally-finite good cover of a manifold is homotopy
equivalent to the manifold itself, a well-known fact first proved in a paper by de Rham [2].

We should mention that, while the proof we present here is qualitative, it will be clear that
it is possible to extract reasonable estimates for ε0 and δ = δ(ε0) which depend only on the
geometry of X. This observation should be useful in extending the result to apply to more
general length spaces. We hope to return to this question elsewhere.

2. The flat case. In this section, we will prove the assertion in the very special case when
X is a closed flat manifold and F ⊂ X is a finite subset. In the next section we will repeat the
argument along the same lines, but dealing with various technical issues arising in the more
general context.

ε-crushing. ε-crushing may be viewed as a generalization of crushing as introduced by
Hausmann [4]. Let Z be a metric space and let ε > 0 be fixed. Suppose we are given a subset
A ⊂ Z and a point b ∈ Z \ A satisfying

B(a, ε) ⊂ B(b, ε) for all a ∈ A.(C)

Then the map c : Z −→ Z \ A mapping A to the point b ∈ Z (and leaving all other points fixed)
is called an ε-crushing. The condition exactly guarantees that such a map induces a simplicial
map on ε-complexes for Z and Z \ A which is contiguous to the identity of Zε. Recall that
two maps f, g : K1 −→ K2 between simplicial complexes are called contiguous if for every
simplex σ ∈ K1 the images f(σ) and g(σ) together span a simplex in K2.

In particular |(Z \ A)ε| is a strong deformation retract of |Zε| (cf. [6], p. 130). A metric
space Z will be called ε-crushable if it can be mapped to a space of diameter less than ε

through a sequence of ε-crushings. Clearly in this case |Zε| is contractible in the usual sense.
In this section we will only deal with elementary ε-crushings, where A consists of only one

point. The first key observation can now be stated as follows:

Lemma 2.1. Let B(0, r) ⊂ Rn be the standard open ball of radius r, and let 0 < ε < r be
given. Then there exists δ1 > 0 such that every finite δ1-dense subset F ⊂ B(0,r) is ε-crushable.
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P r o o f. Let any finite subset F ⊂ B(0, r) be given. Let p ∈ F have maximal distance
r ′ = d(p, 0) to the origin, and consider the set

Ip = ∩
x∈B(p,ε)∩B(0,r′)

B(x, ε).

If we want to move p within F by an elementary ε-crushing, than the points of Ip ∩ F are
allowed image points. We claim that Ip contains an open ball of definite radius, which we are
trying to compute. It is easy to see that the only constraints on Ip come from points x in the
intersection S(p, ε) ∩ S(0, r ′) of the ε-sphere around p with the r ′-sphere around 0.

So let x ∈ S(p, ε) ∩ S(0, r ′) be given. Then the distance of x to the line 0p is given by

h = ε ·
√

1 − ε2

4r ′2 .

The point p′ ∈ 0p closest to x has distance

η = η(ε, r ′) = ε2

2r ′(1)

from p and distance

δ1 = δ1(ε, r ′) = ε ·
(

1 −
√

1 − ε2

4r ′2

)
(2)

from the boundary of B(x, ε). Notice that for ε � 2r ′ we have

δ1 � ε

(
1 −

(
1 − ε2

4r ′2

))
� η.(3)

Combining these results, we see that the ball B(p′, δ1) is completely contained in Ip and does
not contain p.

Notice that both η and δ1 decrease with increasing r ′. Hence if F is δ1-dense in B(0, r) for
δ1 = δ1(ε, r) < δ1(ε, r ′), and p′ ∈ B(0, r) is constructed from some point p ∈ F of maximal
distance to 0 as above, then there exists a point q ∈ F ∩ B(p′, δ1). Now by the definition of Ip

the map cpq : F −→ F mapping p to q and fixing the rest of F is an elementary ε-crushing. We
can apply this same argument to F ′ = F \ {p}, and, continuing inductively, we will eventually
move through a sequence of elementary ε-crushings to a subset F̃ ⊂ F of diameter less than ε.
Thus F is ε-crushable as claimed. ��

R e m a r k 2.2. Note that the same argument applies more generally to every finite set F
δ1-dense in some convex subset D ⊂ B(0, r) containing 0.

To be able to apply this remark, the following technical lemma is useful.

Lemma 2.3. Let B1, ..., BN be a finite cover of some closed Riemannian manifold X by open
balls, and let δ1 be given. Then there exists a number δ2 such that every subset F ⊂ X which
is δ2-dense in X has the property that F ∩ (Bi1 ∩ ... ∩ Bik ) is δ1-dense in every non-empty
intersection Bi1 ∩ ... ∩ Bik .

P r o o f. We will argue by contradiction. So suppose such a δ2 does not exist. Then for
every δ2 > 0 there exists a set Fδ2 which is δ2-dense in X and there exists some non-empty
intersection Bi1 ∩ ... ∩ Bik such that F ∩ (Bi1 ∩ ... ∩ Bik ) is not δ1-dense in Bi1 ∩ ... ∩ Bik .
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In particular, we can find a sequence δ2,l
l→∞−→ 0 such that the “offending” intersection

Bi1 ∩ ... ∩ Bik is fixed. Thus we get a sequence of points xl ∈ Bi1 ∩ ... ∩ Bik such that no
point of Fl ∩ (Bi1 ∩ ... ∩ Bik ) is closer than δ1 to xl. Since X is compact, the xl have some
subsequence converging to a point x ∈ X.

Now B(x, δ1
2 ) ∩ (Bi1 ∩ ... ∩ Bik ) is clearly open and also non-empty, since it in fact contains

infinitely many points of the sequence {xl}. Therefore it contains a ball of definite size B(y, ρ).
For δ2,l < ρ there has to be some point pl ∈ Fl in this ball. But then

d(pl, xl) � d(pl, x) + d(x, xl) <
δ1

2
+ d(x, xl)

thus contradicting the assumption on xl as soon as d(x, xl) <
δ1
2 . ��

We are now ready to answer Hausmann’s question in the flat case.

Proposition 2.4. Let X be a flat closed manifold. Then there exists ε0 > 0 such that for
every 0 < ε � ε0 there is some δ > 0 such that the ε-complex of any finite δ-dense subset
F ⊂ X is homotopy equivalent to X under the map T.

P r o o f. Consider a finite cover B(a1, r) ∪ B(a2, r) ∪ ... ∪ B(aK , r) of X by balls of radius
r < conv(X), and define ε0 to be the Lebesgue number of this cover. Here conv(X) denotes the
convexity radius of X. By making r (and hence ε0) smaller if necessary, we may assume that
the distance of any two disjoint balls is strictly positive. For any ε � ε0, let δ1 = δ1(ε, r) and δ2

be constructed as in the previous two lemmas. By making them smaller if necessary, we may
assume that δ2 � δ1 < ε

2 . We claim that δ = δ2 satisfies the conclusion of the proposition.
Namely, consider any finite δ2-dense set F ⊂ X and choose a total order on its points. As

described in the introduction, the map T : |Fε| −→ X is given by mapping each simplex to the
geodesic cone over its front face. Notice also that since the balls B(ai, r) are strictly convex,
T maps simplices of |(F ∩ B(ai, r))ε| into B(ai, r).

To define a map S : X −→ |Fε|, we essentially follow [2]. Namely, we consider a contin-
uous partition of unity {ρp}p∈F subordinate to the cover of X by δ1-balls centered at points
of F, where we require that x ∈ B(ai, r) and ρp(x) > 0 implies p ∈ B(ai, r). For example, if
B(a1, r), ..., B(ak, r) are the balls in the cover containing p ∈ F, we can define

ρ′
p(x) := d(x, ∪

a j /∈{a1,...,ak }
B(a j, r)) · d(x, X \ B(p, δ1)).

By Lemma 2.3, our choice of δ2 guarantees that for every x ∈ X there is some p ∈ F with
ρ′

p(x) > 0. As usual, ρp is now obtained by normalizing.
Next, we use the total order on F to define a bijective map from F to the vertices of the

standard (N − 1)-simplex ∆ = {t ∈ RN | 0 � ti,
∑

ti = 1} ∈ RN , where N is the number of
points in F. We can identify |Fε| with the appropriate subcomplex of this simplex. Now define
S : X −→ |Fε| ⊂ RN by

S(x) = (ρp1(x), ρp2(x), ..., ρpN (x)).

The condition δ1 < ε

2 guarantees that the image of this map is indeed contained in |Fε|. Notice
also that by construction S(B(ai, r)) ⊂ |(F ∩ B(ai, r))ε|.

Now, again by construction, T ◦ S : X −→ X maps each of the balls B(ai, r) into itself,
so that this map is homotopic to the identity of X by a straight line homotopy. In the same
way, S ◦ T : |Fε| −→ |Fε| maps each of the sets |(F ∩ B(ai, r))ε| into itself. It remains to show
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that this map is homotopic to the identity. This is done by an induction on the dimension of
simplices as follows.

For each simplex σ , let Uσ denote the intersection of all the balls B(ai, r) which contain σ .
As already stated, the set |(F ∩ Uσ)ε| is mapped into itself under S ◦ T , and by Remark 2.2
it is contractible. Hence we can start building a homotopy H between S ◦ T and the identity
of |Fε| by connecting the image S ◦ T(σ0) to σ0 by a path contained in |(F ∩ Uσ0)ε| for
each 0-dimensional simplex σ0 ∈ |Fε|. Now assume the homotopy H has been extended to the
k-skeleton in such a way that for each k-simplex σ k ∈ Fε we have H(σ k × [0,1]) ⊂ |(F ∩ Uσk )ε|.
If σ k+1 is a k + 1-simplex of Fε, then H as defined on σ k+1 × {0} ∪ ∂σ k+1 × [0, 1] is a map from
the k + 1-disk to |(F ∩ Uσk+1 )ε| which agrees with the identity map of σ k+1 on the boundary
∂σ k+1 × {1}. By the contractibility of |(F ∩ Uσk+1 )ε|, these two maps are homotopic within this
set, thus giving an extension of H to σ k+1 with H(σ k+1 × [0, 1]) ⊂ |(F ∩ Uσk+1 )ε|. Induction
now finishes the construction of the homotopy and hence the proof. ��

3. The general case. We will start the treatment of the general case by presenting a stronger
version of Lemma 2.1.

Lemma 3.1. Let 0 < ε � r be given. Then there exists a number δ̃1 > 0 such that every
metric space (Y,d) whose Gromov-Hausdorff distance to some convex subset D ⊂ B(0,r) ⊂ Rn

of the standard flat ball of radius r is less than δ̃1 is ε-crushable.
Here δ̃1 = δ̃1(ε, r) can be chosen as δ1(ε, r)/5 with δ1(ε, r) given by equation (2).

P r o o f. Let δ̃1 be defined as stated, and let (Y, d) be a given metric space δ̃1-close to the
convex subset D of the standard ball B(0, r) ⊂ Rn . Without loss of generality D contains 0.

Let d̃ be some pseudometric on Y � D extending d on Y and deucl on D such that Y is
contained in the δ̃1-neighborhood of D and vice versa. The existence of this pseudometric is
equivalent to our assumption that D and Y are δ̃1-close ([3], Chapter 3).

Fix a finite subset F ⊂ D which is δ̃1-dense in D. Then the d̃-balls B̃ of radius 2δ̃1 around
points of F will cover all of Y � D.

Now pick a point y ∈ F of maximal distance to 0, and construct y′ ∈ D as in the proof of
Lemma 2.1. Then there is a point ỹ′ ∈ Y with d̃(ỹ′, y′) < δ̃1.

We want to show that mapping Y ′ = B̃(y, 2δ̃1) ∩ Y to ỹ′ ∈ Y is an ε-crushing. So fix any
point ỹ ∈ Y ′.

To verify condition (C), suppose that x̃ ∈ Y is a point with d(ỹ, x̃) < ε. Then there exists
x ∈ D with d̃(x̃, x) < δ̃1 and therefore

deucl(y, x) � d̃(y, ỹ) + d(ỹ, x̃) + d̃(x̃, x) < ε + 3δ̃1.

So there has to be some point z ∈ yx ⊂ D such that deucl(y, z) < ε and deucl(x, z) < 3δ̃1. From
the proof of Lemma 2.1 we also know that

deucl(z, y′) � ε − δ1(ε, r),

where δ1(ε, r) is given by equation (2). Therefore

d(x̃, ỹ′) � d̃(x̃, x) + deucl(x, z) + deucl(z, y′) + d̃(y′, ỹ′)

< ε − δ1(ε, r) + 5δ̃1.
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Hence if δ̃1 � δ1/5, then condition (C) holds. Note also that

d(ỹ′, 0) � d̃(ỹ′, y′) + deucl(y′, 0)

< δ̃1 + (deucl(y, 0) − η(ε, r))

< d(ỹ, 0) − η(ε, r) + 3δ̃1

< d(ỹ, 0),

which shows that ỹ′ /∈ Y ′ = B̃(y, 2δ̃1) ∩ Y as required. The procedure can now be iterated just
as in the proof of Lemma 2.1, and since everything is controlled by the finite set F we are
assured that it will terminate after a finite number of steps. ��

Now let some closed Riemannian manifold X be given. Since the assertion of Theorem 1.1
is invariant under scaling, it is sufficient to prove it for some rescaled X̂. By multiplying
the metric on X by a large constant, we can achieve that any subset D ⊂ B(p, 1) of any ball
B(p, 1) of radius 1 in the rescaled space X̂ has distance less than δ̃1(

1
2 , 1)/2 to the subset

D′ ⊂ Tp X̂ in the flat ball of radius 1 corresponding to it under the exponential map at p.
We can cover X̂ by finitely many balls B(a1, 1), ..., B(aK, 1) of radius 1 such that the centers

are 1
2 -dense in X̂. It follows that the Lebesgue number ε0 of this cover is at least 1

2 .
For a metric space Y which is δ-close to X̂ for some δ > 0, again consider some pseudometric

d̃ on the disjoint union Y � X̂ as in the proof of Lemma 3.1 such that Y is contained in the
δ-neighborhood of X̂ and vice versa. It follows from our choice for the cover ∪ B(ai, 1) of X̂
that if δ < 1

2 , then the balls B̃(ai, 1) of radius 1 in the pseudometric d̃ on Y � X̂ will cover all
of Y � X̂.

The analogue of Lemma 2.3 in the present setting is

Lemma 3.2. Given X̂ = ∪ B(ai, 1) as above and 0 < δ < 1
2 , there exists δ̃2 > 0 such that

every metric space Y which is δ2-close to X̂ has the property that Y ∩ (B̃(ai1,1) ∩ ... ∩ B̃(aik ,1))

is δ-close to B(ai1, 1) ∩ ... ∩ B(aik , 1) whenever the later is non-empty.

The proof is essentially the same as for Lemma 2.3 and will be ommitted.

To prove Theorem 1.1 for X̂ with ε0 = 1
2 , we proceed just as in the proof of Proposition 2.4.

Given any ε < ε0, we first find δ̃1 = δ̃1(ε, 1) as in Lemma 3.1 and then δ̃2 = δ̃2(
δ̃1
2 ) as in

Lemma 3.2.
Given a metric space Y which is δ̃2

4 -close to X̂, we can find a finite subset F ⊂ Y which is
δ̃2
2 -close to X̂ by covering X̂ with finitely many balls of radius δ̃2

4 and then picking one point
from each of the corresponding balls in the pseudometric d̃ on Y � X̂.

Notice also that the sets Y ∩ (B̃(ai1, 1) ∩ ... ∩ B̃(aik , 1)) are ε-crushable by Lemma 3.1 and
the construction of X̂ and δ̃2. We now define the map T : |Yε| −→ X̂ as follows. Each point
y ∈ Y is contained in a certain maximal intersection ∩ B̃(ai, 1) of balls of Y � X̂. Now simply
map y to a closest point x ∈ ∩ B(ai, 1) ⊂ X, then proceed by induction on cells as before. To
define the inverse map S : X̂ −→ |Yε|, use a partition of unity on X̂ subordinate to the cover
by balls B̃(y, δ̃1) around the points of F ⊂ Y as in the proof of Proposition 2.4. Now the rest
of the argument goes through just as in that case, using the Lemmas 3.1 and 3.2 in place of
Lemmas 2.1 and 2.3.
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