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DETERMINANTS

The notion of a determinant appeared at the end of 17th century in works of
Leibniz (1646-1716) and a Japanese mathematician, Seki Kova, also known as
Takakazu (1642-1708). Leibniz did not publish the results of his studies related
with determinants. The best known is his letter to I’Hospital (1693) in which
Leibniz writes down the determinant condition of compatibility for a system of three
linear equations in two unknowns. Leibniz particularly emphasized the usefulness
of two indices when expressing the coefficients of the equations. In modern terms
he actually wrote about the indices i, j in the expression x; = Zj ai5Y;-

Seki arrived at the notion of a determinant while solving the problem of finding
common roots of algebraic equations.

In Europe, the search for common roots of algebraic equations soon also became
the main trend associated with determinants. Newton, Bezout, and Euler studied
this problem.

Seki did not have the general notion of the derivative at his disposal, but he
actually got an algebraic expression equivalent to the derivative of a polynomial.
He searched for multiple roots of a polynomial f(x) as common roots of f(x) and
f'(z). To find common roots of polynomials f(z) and g(x) (for f and g of small
degrees) Seki got determinant expressions. The main treatise by Seki was published
in 1674; there applications of the method are published, rather than the method
itself. He kept the main method in secret confiding only in his closest pupils.

In Europe, the first publication related to determinants, due to Cramer, ap-
peared in 1750. In this work Cramer gave a determinant expression for a solution
of the problem of finding the conic through 5 fixed points (this problem reduces to
a system of linear equations).

The general theorems on determinants were proved only ad hoc when needed to
solve some other problem. Therefore, the theory of determinants had been develop-
ing slowly, left behind out of proportion as compared with the general development
of mathematics. A systematic presentation of the theory of determinants is mainly
associated with the names of Cauchy (1789-1857) and Jacobi (1804-1851).

1. Basic properties of determinants

The determinant of a square matrix A = HaUH? is the alternated sum

Z(_l)oalo(l)a20(2) e lno(n)

o

where the summation is over all permutations o € S,,. The determinant of the
matrix A = Hain? is denoted by det A or |a;;|7. If det A # 0, then A is called
invertible or nonsingular.

The following properties are often used to compute determinants. The reader
can easily verify (or recall) them.

1. Under the permutation of two rows of a matrix A its determinant changes
the sign. In particular, if two rows of the matrix are identical, det A = 0.
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1. BASIC PROPERTIES OF DETERMINANTS 13

2. If A and B are square matrices, det (61 g) =det A - det B.

3. |aylt = Z?Zl(—l)”jaiij where M;; is the determinant of the matrix
obtained from A by crossing out the ith row and the jth column of A (the row
(echelon) expansion of the determinant or, more precisely, the expansion with respect
to the ith row).

(To prove this formula one has to group the factors of a;;, where j =1,...,n,
for a fixed i.)
4.
Aay+pB aiz ... ai Q1 a2 ... Qin B1 a2 ... an
: : AR N R '
/\an + lflﬁn an2 e QAnn Qp an2 ... Ann ﬂn An2 e QAnn

5. det(AB) = det Adet B.
6. det(AT) = det A.

1.1. Before we start computing determinants, let us prove Cramer’s rule. It
appeared already in the first published paper on determinants.

THEOREM (Cramer’s rule). Consider a system of linear equations

T1an - F Tl = by (P=1,...,n),
i.e.,
$1A1 ++ann 237
where A; is the jth column of the matriz A = Ha”HT Then

$idet(A1,...,An) :det(Al,...,B,...,An),

where the column B is inserted instead of A;.
PROOF. Since for j # i the determinant of the matrix det(A41,...,4;,..., Ay),
a matrix with two identical columns, vanishes,
det(Al, .. .,B, . .,An) = det (Al, . ‘,ijAj, . .,An)
= Zl’j det(Al, .. .,Aj, ‘e ,An) =x; det(Al, .. ,An) O

If det(Ay,..., A,) # 0 the formula obtained can be used to find solutions of a
system of linear equations.

1.2. One of the most often encountered determinants is the Vandermonde de-
terminant, i.e., the determinant of the Vandermonde matrixz

1 = x% 1{“1
Vizy,...,xn) =1 ¢ :H(xl_‘T?)
1 x, 22 ... a7t >

To compute this determinant, let us subtract the (k — 1)-st column multiplied
by z1 from the kth one for ¥ = n,n — 1,...,2. The first row takes the form
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(1,0,0,...,0), i.e., the computation of the Vandermonde determinant of order n
reduces to a determinant of order n—1. Factorizing each row of the new determinant
by bringing out x; — 1 we get

1 zo a2 zp 2
V(zl,...,zn):H(xifxl) :
i>1 1 oz, 22 n=2

For n = 2 the identity V(z1,22) = 22 — 21 is obvious, hence,

V(zi,...,z,) = 1_[(acZ —xj).
i>j
Many of the applications of the Vandermonde determinant are occasioned by
the fact that V(zy,...,2,) = 0 if and only if there are two equal numbers among
T1y--eyLp.

1.3. The Cauchy determinant |a;;|7, where a;; = (z; +y;)~"

difficult to compute than the Vandermonde determinant.
Let us prove by induction that

, is slightly more

[ (zi —2;)(yi — v5)

[1(zs +vy)

]

laij |7 =

For a base of induction take |a;;|{ = (z1 +v1) 7"
The step of induction will be performed in two stages.
First, let us subtract the last column from each of the preceding ones. We get

ag; = (@i +y) " = @i+ yn) " = (Yo — yp) (@i +yn) (@i +yy) " for G #

Let us take out of each row the factors (z; + 1,,)~! and take out of each column,
except the last one, the factors y, — y;. As a result we get the determinant |b;;|7,
where b;; = a;; for j # n and b;, = 1.

To compute this determinant, let us subtract the last row from each of the
preceding ones. Taking out of each row, except the last one, the factors z, — x;
and out of each column, except the last one, the factors (z, + yj)*1 we make it
possible to pass to a Cauchy determinant of lesser size.

1.4. A matrix A of the form

o 1 0 ... 0 0
0 0 1 0 0
0 0o 0 . 1 0
0o 0 o0 ... 0 1
apg ax as cee Qp—2 Qp-—1

is called Frobenius’ matriz or the companion matriz of the polynomial
p(A) = An - a71—1An_1 — an_2An_2 — s —ap.

With the help of the expansion with respect to the first row it is easy to verify by
induction that

det( AT — A) = A" — ap A" —ap_ oA 2 — o —ag = p(N).
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1.5. Let b;,7 € Z, such that by = b, if K =1 (mod n) be given; the matrix
”(lij HY, where a;; = b;_j, is called a circulant matriz.
Let €1,...,e, be distinct nth roots of unity; let
f(l') = bg + bliL’ + e+ bn_llfn_l.
Let us prove that the determinant of the circulant matrix |a;;|{ is equal to

flen)f(ea) .. flen)-

It is easy to verify that for n = 3 we have

11 1 bo by by f £ f(1)

1 g &2 by by b2 fler) eifler) eif(er)
1 ey &3 by b1 bo flea) eaf(e2) €3f(e2)
1 1 1
=f()f(e)fle2) [ 1 &1 &7
1 &y &3

Therefore,
V(1en,e2)laili = f(1)f(e1)f(e2)V (1, €1, 2).

Taking into account that the Vandermonde determinant V(1,e1,e3) does not
vanish, we have:

laij|} = F(1) f(1) f(e2).

The proof of the general case is similar.

1.6. A tridiagonal matrix is a square matrix J = ||az-jH7ll7 where a;; = 0 for
li —j| > 1.
Let a; = a;; fori=1,...,n, let b; = a; ;41 and ¢; = a;41; fori =1,...,n— 1.

Then the tridiagonal matrix takes the form

ay bl 0 e 0 0 0
¢ ag by ... 0 0 0
0 ¢ az - 0 0 0
0 0 0 . Ap—2 bn,Q 0
0 0 0 ... Cp—2 Qp—1 bn,1
o o0 o0 ... 0 Crn—1 an

To compute the determinant of this matrix we can make use of the following
recurrent relation. Let Ag =1 and Ay, = |a;;|¥ for k > 1.

Expanding Hain]l€ with respect to the kth row it is easy to verify that
Ap = apAg—1 — bp_1cp—1Ak—2 for k > 2.

The recurrence relation obtained indicates, in particular, that A,, (the determinant
of J) depends not on the numbers b;, ¢; themselves but on their products of the
form b;c;.
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The quantity

ap 1 0 0 0

-1 a 1 ... 0 0 0

0 -1 a3 0 0 0
(a1...a,) = -

0 0 0 Gp—2 1 0

0 0o 0 . -1 a,1 1

0 O 0 0 _1 2%

is associated with continued fractions, namely:

1 (araz...an)

+ .
“ 1 (CLQLLg ce an)

az +
2 ast

’ 1
+
ap—1+
Qn

Let us prove this equality by induction. Clearly,

1 aia
a4 L= (@)
a9 (ag)
It remains to demonstrate that
1 (alag e an)

ay + =
! (azaz...an) (azaz...an)’

(agay .. .an)

ie,ai(ay...an)+ (as...a,) = (a1as...a,). But this identity is a corollary of the
above recurrence relation, since (ajasz...a,) = (an ... aza1).

1.7. Under multiplication of a row of a square matrix by a number A the de-
terminant of the matrix is multiplied by A\. The determinant of the matrix does
not vary when we replace one of the rows of the given matrix with its sum with
any other row of the matrix. These statements allow a natural generalization to
simultaneous transformations of several rows.

A A
Az Aso
order m and n, respectively.

Let D be a square matrix of order m and B a matrix of size n x m.

DAH DA12 All A12
Aoy Az Az + BAy1 Az + BAjp.

DA11 DA12 _ D 0 All A12 and
Aoy Az 0 I Ag1 Ago

Ap Agp _(1T 0 A A O
Ao+ BAy1 Axp+ BAj B I Ay Ay )’

Consider the matrix , where Ay, and Asy are square matrices of

THEOREM. = |A\

= |D| - |A| and ‘

PRrROOF.
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Problems

1.1. Let A = Hain;l be skew-symmetric, i.e., a;; = —aj;, and let n be odd.
Prove that |[A| = 0.

1.2. Prove that the determinant of a skew-symmetric matrix of even order does
not change if to all its elements we add the same number.

1.3. Compute the determinant of a skew-symmetric matrix A,, of order 2n with
each element above the main diagonal being equal to 1.

1.4. Prove that for n > 3 the terms in the expansion of a determinant of order
n cannot be all positive.

1.5. Let a;; = al"~Il. Compute |a;;[}.

1 -1 0 0

1.6. Let Az = ;CQ h}; _hl _01 and define A,, accordingly. Prove that
22 ha® hx h
A, = (z+h)™
1.7. Compute |c;;|7, where ¢;; = a;b; for i # j and ¢;; = ;.
1.8. Let a; 441 = ¢; for i = 1,...,n, the other matrix elements being zero. Prove

that the determinant of the matrix I + A+ A%+ .-+ A"~ ! is equal to (1 —c)" 71,
where c=c¢...c,.

1.9. Compute |a;;|7, where a;; = (1 — z;y;) 7 .

1.10. Let a;; = ("j’) Prove that |a;;]g" = 1.

1.11. Prove that for any real numbers a, b, ¢, d, e and f

(a+b)de—(d+e)ab ab—de a+b—d—e
(b+cef —(e+ fbc be—ef b+c—e—f|=0.
(c+d)fa—(f+a)ed cd—fa c+d—f—a

Vandermonde’s determinant.
1.12. Compute

1 =z ... 1'71172 (1’2+.’L‘3+"'+$n)n_1

1 2y oo 22 (z14a0+ - +a, )"t

1.13. Compute

-2
1 = ... af ToT3 ... Ty
n—2
1 z, ... a 1T ... Tp_1

1.14. Compute |a;p|if, where a;, = AP 7F (1 + A2)k.

1.15. Let V = HainZ, where a;; = x?il, be a Vandermonde matrix; let V be
the matrix obtained from V' by deleting its (k + 1)st column (which consists of the
kth powers) and adding instead the nth column consisting of the nth powers. Prove
that

det Vi, = op—(21,...,2,) det V.

1.16. Let a;; = (an) Prove that |a;;|] = n"("t1/2 for r < n.
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1.17. Given ki, ..., k, € Z, compute |a;;|7, where
_ for ki +j—12>0
— or k; —-i>0,
ai; =14 (ki+j—1i)! i

a;; =0 for k;+j5—1i<0.

1.18. Let s, = p1o¥ + --- + pp2¥, and a; ; = s;.;. Prove that
1 n 2] +Jj

laijlg ™ =p1 .. ~an(xi —a;)°.

>]
1.19. Let s, = 2% + - + 2%, Compute
S0 S1 e Sp—1 1
S1 S92 N Sn Yy
n
Sn Sn+41 cee Sop—1 Y

1.20. Let a;; = (x; + y;)". Prove that

el = (7) - () Tees - oo -

i>k

1.21. Find all solutions of the system

in C.
1.22. Let ok (o, ..., zy,) be the kth elementary symmetric function. Set: oo = 1,
0k(Z;) = ok(®o, ..., Ti—1,Tit1,...,Ty). Prove that if a;; = 0;(Z;) then |a;lg =

ILic;(zi — ;).
Relations among determinants.
1.23. Let bi]‘ = (*1)i+jaij. Prove that |ai]“? = ‘b”Hl
1.24. Prove that

aiCy agdl aica a2d2
a3Cy a4d1 azCa a4d2
b103 b2d3 b164 b2d4
bg C3 b4 dg b3 Cy b4 d4

b1 b2
bs by

di do
ds dy

a; ag
az a4

c1 C2
C3 C4

1.25. Prove that

al 0 0 bl 0 0
0 ag 0 0 b2 0
0 0 as 0 0 b3

bir b2 b1z air aiz a3

bat bao bz a1 @22 as3
b31 b3z b3z asz a3z ass

ajai; —bibir  asaiz — babiz  aszaiz — b3biz
= |araz1 — bibay  agagy — bobay  azagz — b3bas
ajazy — bibzr  azasy — babsa  aszazz — b3bsz
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1.26. Let s = Z?Zl ag;. Prove that

S1 —aq1 e S1 — Q1n a1 cen A1n
: : = ()" (n-1)

Sp — An1 “ee Sp — Apn QAn1 e Ann

1.27. Prove that
(n’?l) (mlnfl) e (mlnfk) ('rr?:l) (T::zrll) U (7:;1]@)
(o) o) o G TG Gl ()
1.28. Let Ay, (k) = |ai;|3, where a;; = (k:;;z) Prove that

An(k) = k(klf ?. ((jntq; DA, (k- 1),

1.29. Let D,, = |ai;|y, where a;; = (27;1'11) Prove that D,, = 2"("+1)/2,

1.30. Given numbers ag, a1, ..., oy, let by = Zfzo(—l)i(’j)ai (k=0,...,2n);
let aij = Qj4j, and bij = bi+j4 Prove that |aij|8 = |b1]|6L
Ay A By B12)

1.31. Let A = d B = , where A1 and By, and

¢ (A21 I By B " 1
also Aoy and Bao, are square matrices of the same size such that rank A;; = rank A
and rank B1; = rank B. Prove that

A11 Bio

=|A+ B|-|A11| - | Ba22] -

|4 oo A+ Bl |An - B

A Ar
By B

1.32. Let A and B be square matrices of order n. Prove that |A| - |B| =
> r—11Ak| - |Bk|, where the matrices Ay and By, are obtained from A and B, re-
spectively, by interchanging the respective first and kth columns, i.e., the first
column of A is replaced with the kth column of B and the kth column of B is
replaced with the first column of A.

2. Minors and cofactors

2.1. There are many instances when it is convenient to consider the determinant

of the matrix whose elements stand at the intersection of certain p rows and p

columns of a given matrix A. Such a determinant is called a pth order minor of A.
For convenience we introduce the following notation:

. . Qjqkq Qi1 ko e a,;lkp
A 11 - 1p _
ki ... kp
Qipky  Qigks -+ Gk,
If iy = k41, ..., ip = kp, the minor is called a principal one.

2.2. A nonzero minor of the maximal order is called a basic minor and its order
is called the rank of the matrix.
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THEOREM. If A(;i;”) is a basic minor of a matriz A, then the rows of A
ik

are linear combinations of rows numbered i1,...,i, and these rows are linearly
independent.

Proor. The linear independence of the rows numbered i1, . .., %, is obvious since
the determinant of a matrix with linearly dependent rows vanishes.

The cases when the size of A is m X p or p X m are also clear.

It suffices to carry out the proof for the minor A(} :::Z). The determinant

ail e alp alj
apl . app apj
[e75]) e Qip Ay

vanishes for j < p as well as for j > p. Its expansion with respect to the last column
is a relation of the form

a1;C1 + a25C2 + -+ QAp;Cp + aj;C = 0,
where the numbers ¢4, ..., ¢, ¢ do not depend on j (but depend on i) and ¢ =
AG :::g) # 0. Hence, the ith row is equal to the linear combination of the first p
—c —c
rows with the coefficients —1, ..., —2 respectively. [
c c

2.2.1. COROLLARY. IfA(]zi 2’;) is a basic minor then all rows of A belong to

the linear space spanned by the rows numbered i1,...,%p; therefore, the rank of A is
equal to the maximal number of its linearly independent rows.

2.2.2. COROLLARY. The rank of a matrix is also equal to the mazximal number
of its linearly independent columns.

2.3. THEOREM (The Binet-Cauchy formula). Let A and B be matrices of size

n X m and m x n, respectively, and n < m. Then

det AB = > Ay,
1<k <kz<--<kp<m

BF--fin

1..-kn

where Ay, .k, i the minor obtained from the columns of A whose numbers are
ki, ...k, and B* % is the minor obtained from the rows of B whose numbers
are ki, ..., kp.

PROOF. Let C = AB, ¢;j = > jo, airbri. Then

Z(—l)“ Z A1k, bpy (1) - Z b o (n)
T Fom

o

det C

I
g

A1k -« - Ank, Z(fl)abkla(l) e bkno(n)

= Alfy - -+ ank’nB LoeeBn
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The minor B¥*» is nonzero only if the numbers ki, ..., k, are distinct; there-
fore, the summation can be performed over distinct numbers ki,...,k,. Since
Bk mkn) = (_1)7B*1kn for any permutation 7 of the numbers ki, ..., ky,
then

m
Z A1k - - .ankan’ b — Z (—I)Tah(l) ... anT(n)Bkl"'k"
1y k=1 k1 <kz<--<kn
— Akl...kanlmkn- 0O

1<ki <ko<--<kn<m

REMARK. Another proof is given in the solution of Problem 28.7

2.4. Recall the formula for expansion of the determinant of a matrix with respect
to its ith row:

n

(1) |ai; [T = Z(*l)iﬂaijMi]‘,
j=1
where M;; is the determinant of the matrix obtained from the matrix A = Hain?

by deleting its ith row and jth column. The number A;; = (—1)/M,; is called
the cofactor of the element a;; in A.

It is possible to expand a determinant not only with respect to one row, but also
with respect to several rows simultaneously.

Fix rows numbered 41,...,%,, where i1 < ia < -+ < %p. In the expansion of
the determinant of A there occur products of terms of the expansion of the minor
A(]f ;") by terms of the expansion of the minor A(;"+1 “'i."), where j; < -+ <

~Jp p+1 -dn
Jps dpr1 <0 <ipj Jp+1 < -+ < Jn and there are no other terms in the expansion
of the determinant of A.

To compute the signs of these products let us shuffle the rows and the columns

so as to place the minor A(;i ::;?; ) in the upper left corner. To this end we have to

perform

(1 =D+ +p-—p+0Gr -+ +Gp—p)=i+j (mod?2)

permutations, where i =iy + -+ 4+, j = j1 + - + Jp.
The number (—1)"A(‘7+1 ") is called the cofactor of the minor A(% ) .
Jp+1 --JIn J1 ---Jp

We have proved the following statement:

2.4.1. THEOREM (Laplace). Fiz p rows of the matrix A. Then the sum of
products of the minors of order p that belong to these rows by their cofactors is
equal to the determinant of A.

The matrix adj A = (A;)T is called the (classical) adjoint! of A. Let us prove
that A - (adj A) = |A|-I. To this end let us verify that Z?Zl a;jAr; = Oki) Al

For k = i this formula coincides with (1). If k # 4, replace the kth row of A with
the ith one. The determinant of the resulting matrix vanishes; its expansion with
respect to the kth row results in the desired identity:

n n
— E / J— E .. .
0= aijkJ = awAkj.
j=1 j=1

IWe will briefly write adjoint instead of the classical adjoint.
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adj A
1Al
2.4.2. THEOREM. The operation adj has the following properties:
a) adj AB = adj B - adj A;
b) adj XAX ! = X(adj A) X ;
¢) if AB = BA then (adj A)B = B(adj A).
PROOF. If A and B are invertible matrices, then (AB)~! = B~1A~1. Since for
an invertible matrix A we have adj A = A7!|A|, headings a) and b) are obvious.

Let us consider heading c).
If AB = BA and A is invertible, then

AT1B=A"Y(BA)A™' = A"} (AB)A™! = BA™ L.

If A is invertible then A~ =

Therefore, for invertible matrices the theorem is obvious.

In each of the equations a) — ¢) both sides continuously depend on the elements of
A and B. Any matrix A can be approximated by matrices of the form A, = A+¢l
which are invertible for sufficiently small nonzero . (Actually, if a1, ...,a, is the
whole set of eigenvalues of A, then A, is invertible for all € # —a;.) Besides, if
AB = BA, then A.B=BA.. O

2.5. The relations between the minors of a matrix A and the complementary to
them minors of the matrix (adj A)T are rather simple.

2.5.1. THEOREM. Let A = [jag|}, (adj A)" = |Aj|7, 1 <p <n. Then
A11 N Alp Ap+1,p+1 e Ap+1,n
= P!

Apl e App Ap, p+1 e Apyn

PROOF. For p = 1 the statement coincides with the definition of the cofactor
Ajq1. Let p > 1. Then the identity

A11 PN Alp A1’p+1 .o Aln
Lo L ain ... am
Apl e App Ap,p+1 Cen Apn . . .
O I A1n . Qpn
|A] 0 0
0 4]
ai,p+1 e N An,p+1
A1p . BN Qpyn
implies that

A11 - Alp ap+1,p+1 e Cl,p+1’n
4] = AP - :

Apl e App Gp, p4+-1 e Apn,
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If |A] # 0, then dividing by |A| we get the desired conclusion. For |A| = 0 the
statement follows from the continuity of the both parts of the desired identity with
respect to a;;. [

COROLLARY. If A is not invertible then rank(adj A) < 1.
PROOF. For p =2 we get

ass Ce asn
—jal-| =0

[07%%:3 e Apn

All A12
A21 A22

Besides, the transposition of any two rows of the matrix A induces the same trans-
position of the columns of the adjoint matrix and all elements of the adjoint matrix
change sign (look what happens with the determinant of A and with the matrix
A~ for an invertible A under such a transposition). O

Application of transpositions of rows and columns makes it possible for us to
formulate Theorem 2.5.1 in the following more general form.

2.5.2. THEOREM (Jacobi). Let A = HaiJ‘H;li (adj A)T = HAinT, 1<p<mn,

o= ("1 | an arbitrary permutation. Then
Jir oo Un
Aijr - Ay, Qipirgpsr o0 Qipyrn
: L T T
Aigjr -+ A, Qingprr o @igjn
PROOF. Let us consider matrix B = kulul, where by = a5, It is clear that

|B| = (—1)9|A|. Since a transposition of any two rows (resp. columns) of A induces
the same transposition of the columns (resp. rows) of the adjoint matrix and all
elements of the adjoint matrix change their sings, By = (—1)74;, ;.

Applying Theorem 2.5.1 to matrix B we get

(=D%Aig - (F1)7A,, Qiprrprr o Fipyrin
: : = ((-1)7)*! : :
(71)0‘41.1)]'1 te (71)0‘4"';0.7.1) ainyjp+l ce ain,jn

By dividing the both parts of this equality by ((—1)?)P we obtain the desired. O

2.6. In addition to the adjoint matrix of A it is sometimes convenient to consider
the compound matriz HMWHT consisting of the (n — 1)st order minors of A. The
determinant of the adjoint matrix is equal to the determinant of the compound one
(see, e.g., Problem 1.23).

For a matrix A of size m X n we can also consider a matrix whose elements are
1 v g

rth order minors A Z‘ j
T

, where 7 < min(m,n). The resulting matrix
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Cr(A) is called the rth compound matriz of A. For example, if m = n = 3 and

r = 2, then
12 12 12
i) (1) ()
13 13 13
Co(4) = [ 4 <12> A <13> 4 (23)
23 23 23
() () +(3)
Making use of Binet—Cauchy’s formula we can show that C,.(AB) = C,.(A)C,(B).
For a square matrix A of order n we have the Sylvester identity

de i = = (1)

The simplest proof of this statement makes use of the notion of exterior power
(see Theorem 28.5.3).

2.7. Let 1<m<r<n, A= Haz]H;1 Set A, = |ai;|T, Am = |a;;|7*. Consider
the matrix Sy, ,, whose elements are the rth order minors of A containing the left
upper corner principal minor A4,,. The determinant of S . is a minor of order

m,n
(=) of Cr(A). The determinant of Sp.n can be expressed in terms of A, and
n-

THEOREM (Generalized Sylvester’s identity, [Mohr,1953]).

. —m—1 —m—1
W ST ] = AP, AT, wherep:(” m ),q:(” m )

r—m r—m-—1

PROOF. Let us prove identity (1) by induction on n. For n = 2 it is obvious.

The matrix S§ ,, coincides with C.(A) and since |C,.(A)| = A%, where ¢ = (’::11)
(see Theorem 28.5.3), then (1) holds for m = 0 (we assume that Ay = 1). Both
sides of (1) are continuous with respect to a;; and, therefore, it suffices to prove
the inductive step when aq; # 0.

All minors considered contain the first row and, therefore, from the rows whose
numbers are 2, ...,n we can subtract the first row multiplied by an arbitrary factor;
this operation does not affect det(S7, ,,). With the help of this operation all elements
of the first column of A except a1 can be made equal to zero. Let A be the matrix
obtained from the new one by strikinging out the first column and the first row, and
let 3:,:17",1 be the matrix composed of the minors of order r — 1 of A containing
its left upper corner principal minor of order m — 1.

Obviously, S
hypothesis (the case m — 1 = 0 was considered separately). Besides, if A,,_; and
A, _q are the left upper corner principal minors of orders m — 1 and n — 1 of A,
respectively, then A,, = a114—1 and A, = a11A,_1. Therefore,

r _t P2 491 _ l=p1—q1 gp1 g1
|Sm,n‘ - CLll"qul‘Anfl = Qg AmAn ’

—r—1 —r—1 . .
o = 0115, 1,1 and we can apply to S, ,_; the inductive

where t = ("=7), p1 = (", ") =pand ¢ = (?"") = ¢q. Taking into account

that ¢ = p + ¢, we get the desired conclusion. [J
REMARK. Sometimes the term “Sylvester’s identity” is applied to identity (1)

not only for m = 0 but also for r =m +1, ie., [SpH = A ™A,
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2.8 THEOREM (Chebotarev). Let p be a prime and € = exp(2mi/p). Then all

. . p—1 .
minors of the Vandermonde matriz HainO , where a;; = €%, are nonzero.

PRrROOF (Following [Reshetnyak, 1955]). Suppose that

chily o gkl
ghai L el
=0.

gk;ll Ek:,-zj
Then there exist complex numbers ¢y, ..., c; not all equal to 0 such that the linear
combination of the corresponding columns with coefficients cy, ..., c; vanishes, i.e.,
the numbers ¥, ..., & are roots of the polynomial ¢zt + --- + cja:lﬂ'. Let
(1) (x—e")y. (z—eM)=al — b2+ b
Then
(2) arht + el = (bord — by T 4 £ b)) (asxt + -+ ap),

where by = 1 and as # 0. For convenience let us assume that b, = 0 for t > j
and t < 0. The coefficient of 2775~* in the right-hand side of (2) is equal to
+(asby — as—1bi—1 + -+ £ apbi—s). The degree of the polynomial (2) is equal to
s+ j and it is only the coefficients of the monomials of degrees I4,...,l; that may
be nonzero and, therefore, there are s 4+ 1 zero coefficients:
asby — ag_1by_1+ -t agbi_s =0 for t =tg,t1,...,1ts

The numbers ag, . .., as_1, as are not all zero and therefore, |ci|§ = 0 for cx = by,
where t =t — .

Formula (1) shows that b; can be represented in the form f;(g), where f; is a
polynomial with integer coefficients and this polynomial is the sum of (i) powers
of &; hence, f;(1) = (J). Since cjy = by = fi(e), then |cp| = g(e) and g(1) = |c},[3,
where ¢, = (tkj_l). The polynomial g(r) = #P~14 - -+z+1 is irreducible over Z (see
Appendix 2) and ¢(¢) = 0. Therefore, g(z) = g(x)¢(z), where ¢ is a polynomial
with integer coefficients (see Appendix 1). Therefore, g(1) = ¢(1)¢(1) = pp(1), i.e.,
g(1) is divisible by p.

To get a contradiction it suffices to show that the number g(1) = |¢,|§, where
Chy = (t,il)v 0<ty<j+sand 0<j+s<p-—1,is not divisible by p. It is easy
to verify that A = |c},|§ = |aki|§, where ap = (j;l:l) (see Problem 1.27). It is also
clear that

(7= 0 sr) - O 55) () =e0(7)

Hence,
%Etoﬁ eos_lgt0§ 1
. i+ 8\ [ es(t) @s—1(t) ... 1 B s its )
A_Al—[()( tx ) : : e _ipo(( ty )AA)H[[V(W ty),
ws(ts) ps—1(ts) ... 1

where Ag, Ay, ..., A, are the coefficients of the highest powers of ¢ in the polynomi-
als @o(t), o1(t), ..., ps(t), respectively, where g (t) = 1; the degree of p;(t) is equal
to i. Clearly, the product obtained has no irreducible fractions with numerators
divisible by p, because j +s <p. O
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Problems

2.1. Let A, be a matrix of size n x n. Prove that |[A+ M| = A"+ > SpA™F,

where Sy, is the sum of all (Z) principal kth order minors of A.

2.2. Prove that

a1 ‘e ain T1

= inyinja
QAp1 cee Qpp Ty i
Y1 cee Yn 0

where A;; is the cofactor of a;; in ||a”||71l

2.3. Prove that the sum of principal k-minors of ATA is equal to the sum of
squares of all k-minors of A.

2.4. Prove that

ural1 cee UpQin a1 e A1n
a1 e a2p, a1 e A2y, ( n " )‘A'
4+ -4 . . = (U1 e Uy, .
apn1 oo Ann U1Gn1 cee UnGpp

Inverse and adjoint matrices
2.5. Let A and B be square matrices of order n. Compute
-1

I A
0 I
0 0

~ I Q

2.6. Prove that the matrix inverse to an invertible upper triangular matrix is
also an upper triangular one.

2.7. Give an example of a matrix of order n whose adjoint has only one nonzero
element and this element is situated in the ith row and jth column for given i and
j-

2.8. Let x and y be columns of length n. Prove that
adj(I —zyT) = ayT + (1 —yT2)I.

2.9. Let A be a skew-symmetric matrix of order n. Prove that adj A is a sym-
metric matrix for odd n and a skew-symmetric one for even n.

2.10. Let A, be a skew-symmetric matrix of order n with elements +1 above
the main diagonal. Calculate adj A,,.

2.11. The matrix adj(A — AI) can be expressed in the form ZZ;S \F Ay, where
n is the order of A. Prove that:

a) for any k (1 <k <n —1) the matrix AxA — Ag_1 is a scalar matrix;

b) the matrix 4,,_4 can be expressed as a polynomial of degree s — 1 in A.

2.12. Find all matrices A with nonnegative elements such that all elements of
A~! are also nonnegative.

2.13. Let € = exp(2mi/n); A = Hain;", where a;; = €. Calculate the matrix
AL

2.14. Calculate the matrix inverse to the Vandermonde matrix V.



