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Summary

Envelopes have been proposed in recent years as a nascent methodology for sufficient dimen-
sion reduction and efficient parameter estimation in multivariate linear models. We extend the
classical definition of envelopes in Cook et al. (2010) to incorporate a nonlinear conditional mean
function and a heteroscedastic error. Given any two random vectors X ∈ R

p and Y ∈ R
r , we

propose two new model-free envelopes, called the martingale difference divergence envelope and
the central mean envelope, and study their relationships to the standard envelope in the context of
response reduction in multivariate linear models. The martingale difference divergence envelope
effectively captures the nonlinearity in the conditional mean without imposing any parametric
structure or requiring any tuning in estimation. Heteroscedasticity, or nonconstant conditional
covariance of Y | X , is further detected by the central mean envelope based on a slicing scheme
for the data. We reveal the nested structure of different envelopes: (i) the central mean envelope
contains the martingale difference divergence envelope, with equality when Y | X has a con-
stant conditional covariance; and (ii) the martingale difference divergence envelope contains the
standard envelope, with equality when Y | X has a linear conditional mean. We develop an
estimation procedure that first obtains the martingale difference divergence envelope and then
estimates the additional envelope components in the central mean envelope. We establish consis-
tency in envelope estimation of the martingale difference divergence envelope and central mean
envelope without stringent model assumptions. Simulations and real-data analysis demonstrate
the advantages of the martingale difference divergence envelope and the central mean envelope
over the standard envelope in dimension reduction.

Some key words: Envelope model; Heteroscedasticity; Multivariate linear model; Nonlinear dependence; Sufficient
dimension reduction.
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2 X. Zhang, C. E. Lee and X. Shao

1. Introduction

The first envelope model was proposed by Cook et al. (2010) in the context of a multivariate
linear model of a multivariate response Y ∈ R

r on a predictor X ∈ R
p,

Yi = α + βXi + εi (i = 1, . . . , n), (1)

where α ∈ R
r , β ∈ R

r×p, and εi ∼ N (0, �) with � > 0 independent of Xi. Here, (Xi, Yi), i =
1, . . . , n, are independent and identically distributed. The goal of envelope methodology is to
increase efficiency in estimating the regression coefficient β. An envelope is essentially a targeted
dimension reduction subspace that contains the material variation in the data for the purpose
of estimating β. Envelope models and methods have recently been developed for a series of
regression problems, see Cook (2018) for an overview, and in general multivariate analysis
(Cook & Zhang, 2015a).

The multivariate linear model (1) has restrictive assumptions on the conditional mean and
covariance: (i) E(Y | X = x) = α+βx is linear in x, and (ii) cov(Y | X = x) = � does not depend
on x. Most existing envelope methods for multivariate linear models rely on these two assumptions
(e.g., Cook et al., 2010, 2013; Cook & Zhang, 2015b; Khare et al., 2017). As a result, the
performance of these methods may suffer severely from any violation of the assumptions. While
most existing envelope methods concentrate on parametric settings, particularly for multivariate
linear models, we aim to address nonlinearity and heteroscedasticity by revisiting model-free
envelopes in a more flexible dimension reduction setting similar to that of Cook et al. (2007).

The response envelope of Cook et al. (2010) is constructed as the smallest subspace S ⊆ R
r

such that

QSY | X ∼ QSY , PSY ⊥⊥ QSY | X , (2)

where PS is the projection onto S and QS = Ir − PS is the projection onto S⊥, the orthogonal
complement of S. The two statements in (2) imply that the distribution of QSY is not affected
by X and that QSY is conditionally independent of PSY given X . Therefore, QSY is immaterial
because it does not contain useful information about β, but only brings extraneous variation into
the estimation. Under the multivariate linear model (1), the conditions in (2) are equivalent to the
parametric conditions

span(β) ⊆ S, � = PS�PS + QS�QS , (3)

where span(β) ⊆ R
r is the subspace spanned by the column vectors of β ∈ R

r×p. The first
statement in (3) implies that upon varying x, changes in the conditional mean function E(Y |
X = x) = α + βx lie within the subspace S; the second statement in (3) implies that, given X ,
we obtain conditionally uncorrelated components by projecting the response onto S and onto its
orthogonal complement S⊥. The smallest such subspace is called the �-envelope of span(β) and
is formally defined as follows.

Definition 1. (Cook et al., 2010). A subspace S ⊆ R
r is said to be a reducing subspace of

� ∈ R
r×r if S decomposes � as � = PS�PS + QS�QS . The �-envelope of B ≡ span(β),

denoted by E�(B) or E�(β), is the intersection of all reducing subspaces of � that contain B.

By definition, the existence, uniqueness and minimal dimensionality of E�(β) are guaran-
teed (Cook et al., 2010, Proposition 2.1). The idea behind envelope methodology is to employ
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Envelopes in multivariate regression models 3

this dimension reduction subspace E�(β) to improve estimation and prediction. Moreover, the
envelope establishes a parametric link between the parameter of interest, β, and the nuisance
parameter, �.

From the basic properties of conditional independence (Dawid, 1979), (2) is equivalent to
QSY ⊥⊥ (PSY , X ). A natural way to estimate such S without assuming model (1) is to optimize
over all subspaces S ⊆ R

r such that the distance covariance (Székely et al., 2007; Székely &
Rizzo, 2009) between QSY and (PSY , X ) is minimized. This idea is in the same spirit as some
recent advances in sufficient dimension reduction with distance covariance (e.g., Sheng & Yin,
2016; Chen et al., 2019; Sheng & Yuan, 2019). However, we consider an alternative approach to
achieve a less ambitious goal that is more relevant to regression analysis.

Our proposal is inspired by the notion of central mean subspace in dimension reduction (Cook
& Li, 2002), which focuses on the conditional mean function E(Y | X ) instead of the whole
conditional distribution Y | X when considering reduction of X . Analogous to the central mean
subspace, we consider reduction of Y under the envelope model framework, so that our focus
is on prediction and inference for the conditional mean function. In particular, in the following
we replace the parametric envelope model assumptions in (3) with a more general mean depen-
dence and conditional covariance reduction. We define the central mean envelope as the smallest
subspace S ⊆ R

r such that

E(QSY | X ) = E(QSY ), cov(QSY , PSY | X ) = 0. (4)

This notion of the central mean envelope nicely bridges the gap between the response reduction
in (2) and the parametric response envelope in (3): (2) implies (4), (4) implies (3), and the three
are equivalent under the multivariate linear model. Moreover, because the definition of the central
mean envelope is model-free, we can employ a nonparametric measure, called the martingale
difference divergence matrix (Lee & Shao, 2018), to capture the general dependence in mean. We
also allow the conditional covariance cov(Y | X = x) = �(x) to depend on x, and we redefine
� = E{cov(Y | X )} = E{�(X )}, which reduces to the same � as in the multivariate linear
model (1). While the central mean envelope reduces all �(x), a weaker condition than (4) leads
to the martingale difference divergence envelope, which is the reducing subspace of �.

While most existing envelope methods concentrate on parametric models, our work differs
in tackling a more challenging problem of model-free envelope estimation without linearity
and constant-covariance assumptions in linear models. Such an extension is far from trivial,
and new techniques are required throughout the development. As such, our development of the
central mean envelope enriches the set of dimension reduction techniques for the conditional
mean in regression (e.g., Cook & Li, 2002) and dimension reduction techniques in general. It
complements the distance covariance-type solutions (e.g., Sheng &Yin, 2016; Matteson & Tsay,
2017; Vepakomma et al., 2018). Moreover, our new definitions of the central mean envelope and
the martingale difference divergence envelope are consistent with the standard envelope, and
bridge the gap between standard envelopes in multivariate linear models and general conditional
independence in sufficient dimension reduction: the central mean envelope implies conditional
independence of QSY ⊥⊥ (PSY , X ) if Y | X is normally distributed; the central mean envelope
contains the martingale difference divergence envelope, with equality when Y | X has a constant
conditional covariance; and the martingale difference divergence envelope contains the standard
envelope, with equality when Y | X has a linear conditional mean. The notion of the central
mean envelope is completely generic for any two random vectors X and Y . Parallel to the recent
developments of standard envelopes, our central mean envelope framework is not restricted to
response reduction in regression; it can be extended straightforwardly to predictor reduction
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4 X. Zhang, C. E. Lee and X. Shao

(Cook et al., 2013), simultaneous reduction (Cook & Zhang, 2015b) and even tensor envelopes
(Li & Zhang, 2017; Zhang & Li, 2017).

2. Brief review of the martingale difference divergence matrix

Lee & Shao (2018) introduced the martingale difference divergence matrix, which can be
viewed as an extension of the martingale difference divergence (Shao & Zhang, 2014; Park
et al., 2015) from a scalar to a matrix, and applied it to the dimension reduction of a stationary
multivariate time series. For two real-valued random vectors Y ∈ R

r and X ∈ R
p, if E(‖Y‖2 +

‖X ‖) < ∞, then

MY |X ≡ mddm(Y | X ) = −E
[{Y − E(Y )}{Y ′ − E(Y ′)}T‖X − X ′‖], (5)

where (Y ′, X ′) is an independent copy of (Y , X ). The notation MY |X abbreviates the mddm(Y | X )

used in Lee & Shao (2018). From (5), MY |X ∈ R
r×r is a real, symmetric and positive-semidefinite

matrix. We assume E(‖Y‖2 + ‖X ‖) < ∞ unless otherwise specified.
The span of MY |X is closely related to the mean dependence: for two random vectors X and

Y , we say that X is independent of Y in mean if E(X | Y ) = E(X ). Clearly, independence in
mean is not a symmetric property; X being independent of Y in mean does not imply that Y is
independent of X in mean.

As a direct consequence of Theorem 1 in Lee & Shao (2018), we have the following result.

Lemma 1. For all values of x ∈ R
p in the support of X , we have E(Y | X = x) − E(Y ) ∈

span(MY |X ). Moreover, span[cov{E(Y | X )}] = span(MY |X ).

The above lemma suggests that we can simply eigendecompose the matrix MY |X and use
the nontrivial eigenvectors to span the subspace S so that QSY is independent of X in mean,
i.e., E(QSY | X ) = E(QSY ) in (4). Given a random sample (Xi, Yi)

n
i=1 from the joint

distribution of (X , Y ), the sample version of MY |X can be straightforwardly calculated as
M̂Y |X = −n−2 ∑n

k ,l=1(Yk − Ȳn)(Yl − Ȳn)
T‖Xk − Xl‖ where Ȳn = n−1 ∑n

i=1 Yi.

3. The central mean envelope

3.1. Formal definition and properties

In multivariate regression of Y on X , we are primarily interested in the conditional mean
function E(Y | X ), so we naturally want to know the subspace S ⊆ R

r such that E(Y | X ) =
E(PSY | X ) + E(QSY | X ) = E(PSY | X ) + E(QSY ) and restrict our attention to E(PSY | X ).
The immaterial part QSY is independent of X in mean, and hence the variability in QSY cannot
be reduced by regressing on X . As stated in (4), we also want cov(QSY , PSY | X ) = 0 so that
the variation in QSY does not affect the regression analysis of PSY | X through correlation.

The next lemma guarantees the existence of the smallest subspace S that satisfies (4).

Lemma 2. If S1 ⊆ R
r and S2 ⊆ R

r both satisfy (4), then their intersection S1 ∩ S2 also
satisfies (4).

The formal definition of central mean envelope is the following.
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Envelopes in multivariate regression models 5

Definition 2. The central mean envelope of Y ∈ R
r on X ∈ R

p, denoted by EE(Y |X ) ⊆ R
r, is

the intersection of all subspaces S ⊆ R
r that satisfy (4).

By construction, the central mean envelope EE(Y |X ) always exists and is unique. Definition 2
also generalizes the classical definition of envelopes in multivariate linear models: it is a generic
definition involving two random vectors and is thus model-free; the mean function may no longer
have a linear form, and the conditional covariance may depend on x.

Moreover, the central mean envelope also connects to the parametric form of envelopes in
Definition 1.

Proposition 1. The central mean envelope of Y on X reduces �(x). Moreover, EE(Y |X ) =∑
x E�(x)(MY |X ).

From the above proposition, the central mean envelope can be viewed as a subspace that
contains span(MY |X ) and also jointly reduces all �(x) for different values of x. Unlike the
standard envelopes in multivariate linear models, the central mean envelope does not have to
be associated with a parameter subspace such as span(β) in response reduction or span(βT)

in predictor reduction. However, directly estimating the central mean envelope as the sum of
subspaces

∑
x E�(x)(MY |X ) is difficult without any additional structural assumptions or simpli-

fication. Therefore, we introduce the martingale difference divergence envelope to facilitate the
estimation of the central mean envelope.

3.2. Martingale difference divergence envelope: a portion of the central mean envelope

Even when the covariance cov(Y | X = x) = �(x) is nonconstant, it is helpful to first
model the mean function E(Y | X ) without fully considering �(x) for all x. We introduce the
following definition of martingale difference divergence envelope based on the expectation of
the conditional covariance � = E{cov(Y | X )}.

Definition 3. The martingale difference divergence envelope of Y ∈ R
r on X ∈ R

p, denoted
by E�(MY |X ), is the intersection of all reducing subspaces of � = E{cov(Y | X )} that contain
span(MY |X ) = span[cov{E(Y | X )}].

Because �Y ≡ cov(Y ) = cov{E(Y | X )} + E{cov(Y | X )} = cov{E(Y | X )} + �, we have
the following important property of the martingale difference divergence envelope.

Proposition 2. The martingale difference divergence envelope E�(MY |X ) is equal to
E�Y (MY |X ) and is the intersection of all S ⊆ R

r such that E(QSY | X ) = E(QSY ) and
cov(QSY , PSY ) = 0.

The notion of martingale difference divergence envelope is more intuitive from this propo-
sition. Comparing it with the central mean envelope defined by (4), the only difference is in
the second statement: while the central mean envelope requires QSY and PSY to be condi-
tionally uncorrelated given X , the martingale difference divergence envelope requires them to
be marginally uncorrelated. The following proposition establishes a more explicit connection
between the martingale difference divergence envelope and the central mean envelope.

Proposition 3. The martingale difference divergence envelope is contained in the central
mean envelope, E�(MY |X ) ⊆ EE(Y |X ), and equality holds if cov(Y | X ) does not depend on X .

This proposition implies that the martingale difference divergence envelope and the cen-
tral mean envelope are identical in the multivariate linear regression setting (1): E�(β) =
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6 X. Zhang, C. E. Lee and X. Shao

E�(MY |X ) = EE(Y |X ). Also, one can improve the estimation of the central mean envelope by
focusing on the martingale difference divergence envelope first. The martingale difference diver-
gence envelope is itself of substantial interest since it fully captures the potentially nonlinear
dependence in mean, and also retains the marginal uncorrelated material and immaterial infor-
mation. More importantly, unlike estimation of the central mean envelope in general, estimation
of the martingale difference divergence envelope is rather straightforward and does not require
slicing or clustering.

3.3. Coordinate representation and visualization

To gain more intuition, we use a simulated regression example to visualize the central mean
envelope and the martingale difference divergence envelope. Consider the following regression
of a multivariate response Yi ∈ R

r on a univariate predictor Xi ∈ R
1:

Yi = m(Xi) + �(Xi)εi (i = 1, . . . , n), (6)

where m(X ) = E(Y | X ), �(X ) = cov(Y | X ), and ε ∼ N (0, Ir) is independent of X .
Then the central mean envelope, which satisfies (4), is the smallest subspace S ⊆ R

r that
contains m(X ) ∈ R

r and reduces �(X ) ∈ R
r×r . Let � ≡ (γ1, γ2, . . . , γu) ∈ R

r×u be a semi-
orthogonal basis matrix for the central mean envelope and let (�, �0) ∈ R

r×r be an orthogonal
matrix; then we have the coordinate representation

m(X ) = �f (X ), �(X ) = ��(X )�T + �0�0(X )�T
0, (7)

where f (X ) ∈ R
u is the lower-dimensional latent function that reflects the nonlinear mean change

of Y captured within the central mean envelope, and �(X ) ∈ R
u×u and �0(X ) ∈ R

(r−u)×(r−u)

are symmetric matrices that reflect the heteroscedastic errors in the central mean envelope and
those orthogonal to the central mean envelope.

We consider n = 1000 samples simulated from the above regression model where the response
dimension is r = 20 and the central mean envelope dimension is u = 2. The predictor X follows
a Un(−1, 1) distribution and Y is generated as in (6) and (7). We set f (X ) = (exp(|X |/4), 0)T ∈
R

2, take �(X ) ∈ R
2×2 to be 0.2|X | on the diagonal and 0.15X off the diagonal, and let �0

be a constant matrix with eigenvalues {exp(−1)/10, . . . , exp(−18)/10}. Because E(Y | X ) =
exp(|X |/4)γ1 is symmetric about the origin, the linear regression coefficient β is zero and the
standard envelope E�(β) = span(β) = ∅ fails to capture anything useful. In this example, the
martingale difference divergence envelope is E�(MY |X ) = span(MY |X ) = span(γ1), because
E{�(X )} is a diagonal matrix and span(γ1) is a reducing subspace of �.

In Fig. 1 we plot the estimated central mean envelope components �̂TY = (γ̂ T
1 Y , γ̂ T

2 Y )T ∈ R
2

versus the univariate predictor X , where γ̂1 is also the estimated basis matrix for the martingale
difference divergence envelope. Because of the nonlinearity, the standard envelope component
β̂TY fails to detect any meaningful information. In contrast, the first central mean envelope
component captures the nonlinearity clearly, while the second central mean envelope component
reveals the heteroscedasticity.

4. Estimation procedures

4.1. Estimating the martingale difference divergence envelope

Recall from Proposition 2 that the martingale difference divergence envelope E�(MY |X )

equals E�Y (MY |X ). Since the marginal covariance �Y = cov(Y ) is much easier to estimate than
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Envelopes in multivariate regression models 7

X

(a)

bÓ T
 Y

gÓ 1T
 Y

gÓ 2T
 Y

(b) (c)

X X

Fig. 1. Estimated envelope components of a multivariate response Y versus a univariate predictor X from simulated
data: (a) standard envelope; (b) first component (γ̂ T

1 Y ) of the central mean envelope; (c) second component (γ̂ T
2 Y ) of

the central mean envelope.

� = E{cov(Y | X )} in nonlinear regression, the form E�Y (MY |X ) is more useful in estima-
tion. Given the dimension u1 = dim{E�Y (MY |X )}, we propose the following optimization for
estimating the martingale difference divergence envelope as span(Ĝ):

Ĝ = arg min
GTG=Iu1

log
∣∣GT(�̂Y + M̂Y |X )−1G

∣∣ + log |GT�̂Y G|, (8)

where M̂Y |X is the sample martingale difference divergence matrix and �̂Y is the sample
covariance of Y .

The objective function in (8) can be viewed as the partially optimized pseudolikelihood of
model-free envelope estimation (Zhang & Mai, 2018, § 3.1). Since M̂Y |X and MY |X are both
symmetric positive-semidefinite matrices, we can write MY |X = VV T and M̂Y |X = V̂ V̂ T for
some V , V̂ ∈ R

r×r . Then span(V ) = span(MY |X ). The parameter of interest (�Y , MY |X ) is now
reparameterized as (�Y , V ). As such, the pseudo-loglikelihood function for jointly estimating
�Y and V can be written as

	n(�Y , V ) = −n

2

[
log |�Y | + trace(�−1

Y �̂Y ) + trace{(V − V̂ )T�−1
Y (V − V̂ )}

]
, (9)

which is to be optimized over the constrained parameter space: �Y = G
GT + G0
0GT
0 and

V = Gη for some G ∈ R
r×u1 with span(G) = E�Y (MY |X ) = E�Y (V ). By Lemma 3.1 of Zhang

& Mai (2018), the unconstrained maximization of (9) yields the sample covariance �̂Y and the
sample martingale difference divergence matrix M̂Y |X , while the maximum of (9) under envelope
constraints is attained at the solution of (8).

An intuitive explanation of (9) is as follows. The first two terms are the negative loglikelihood
for �Y under normality, and the last term characterizes the mean function m(x) = E(Y | X =
x) − E(Y ). Analogous to the squared Mahalanobis distance {m(x) − m̂(x)}T�−1

Y {m(x) − m̂(x)},
we have replaced m(x) and m̂(x) for all values of x with matrices V and V̂ . Therefore, the last
term in (9) is an overall discrepancy between the constrained V = Gη and the unconstrained
sample estimator V̂ .

The proposed objective function in (8) for the martingale difference divergence envelope and
the corresponding pseudolikelihood in (9) are closely related to the normal likelihood-based esti-
mation in the standard envelope. In Cook et al. (2010), the estimation of E�(β) is derived from
the conditional normal assumption Y | X ∼ N (βX , �). Comparing E�(β) = E�(β�X βT) and
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8 X. Zhang, C. E. Lee and X. Shao

E�Y (MY |X ), one can see the analogy between the fitted value covariance β�X βT = cov{E(Y |
X )} = �YX �−1

X �XY ≡ �fit and the martingale difference divergence matrix MY |X , where
�YX = cov(Y , X ). Moreover, as we replaced �̂Y and M̂Y |X in (8) with the sample least-squares
estimates (�̂, �̂fit), the maximum likelihood estimator of E�(β) is reproduced by the same opti-
mization. Our optimization (8) and pseudolikelihood argument (9) fit into the envelope estimation
framework of Cook & Zhang (2016) and the envelope dimension inferential framework of Zhang
& Mai (2018), respectively. Therefore, we adopt the 1D algorithm of Cook & Zhang (2016) and
the 1D dimension selection procedure of Zhang & Mai (2018).

4.2. Estimating the central mean envelope: some intuition

From Proposition 1, EE(Y |X ) = ∑
x E�(x)(MY |X ). In estimation, we approximate �(x) for all

values of x by a finite number of covariance matrices, �h for h = 1, . . . , H where H � 2. Each
�h represents the conditional covariance of cov{Y | X ∈ Rh}, where R1, . . . , RH is a partition
of the support of X . For univariate X , we partition the range of X into H fixed non-overlapping
slices, similar to the sliced inverse regression procedure (Li, 1991). For multivariate X , as in
K-means inverse regression (Setodji & Cook, 2004), which extends the sliced inverse regression
from univariate to multivariate responses, we construct H clusters of X by the K-means clustering
algorithm. In this way we can obtain sample covariance matrices �̂h based on the nh samples in
the hth slice/cluster, where

∑H
h=1 nh = n.

If we assume normality and a constant mean function within each slice or cluster Rh, then
the conditional distribution of Y | X is characterized by Y | (X ∈ Rh) ∼ N (μh, �h) (h =
1, . . . , H ). The central mean envelope EE(Y |X ) becomes the smallest subspace that reduces all
the �h and contains the mean subspace span{μ1 − E(X ), . . . , μH − E(X )}. A similar envelope
structure has been studied in groupwise regression (Su & Cook, 2013; Park et al., 2017) and in
quadratic discriminant analysis (Zhang & Mai, 2019). It can be estimated from the likelihood-
based optimization

�̂ = arg min
�T�=Iu

log |�T�̂−1
Y �| +

H∑
h=1

nh

n
log |�T�̂h�|, (10)

which is used in Park et al. (2017) and Zhang & Mai (2019). However, since we can estimate
the martingale difference divergence envelope straightforwardly and accurately, there is no need
to approximate E(Y | X ) by μ1, . . . , μH . We propose a more accurate and practical estimation
procedure for the central mean envelope in the next subsection.

As in Su & Cook (2013) and Park et al. (2017), to derive the likelihood-based estimation (10)
we have implicitly assumed that the central mean envelope satisfies

�h = ��h�
T + �0�0�

T
0, (11)

where the immaterial variation �0�0�
T
0 is static over h. This is because we want to fully capture

the heteroscedasticity with the central mean envelope. By Proposition 3 of Zhang & Mai (2019),
we know that (11) and (10) are in fact targeting an upper bound of the central mean envelope. This
targeting subspace, called the envelope discriminant subspace, reduces all the �h and contains
the mean subspace span{μ1 −E(X ), . . . , μH −E(X )} as well as the inverse covariance subspace∑H

h=2 span(�−1
h − �−1

1 ), which is of interest in quadratic discriminant analysis. Without loss of
generality, we henceforth assume that the central mean envelope satisfies (11) or, more generally,
�(X ) = ��(X )�T +�0�0�

T
0. When this assumption fails, we are effectively targeting a bigger
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Envelopes in multivariate regression models 9

subspace without loss of information on heteroscedasticity. To model the heterogeneity among
covariance matrices, Cook & Forzani (2008a) and Wang et al. (2019) proposed related subspace
models, and Cook & Forzani (2009, Proposition 1) derived properties of sufficient dimension
reduction subspaces.

4.3. Estimating the central mean envelope: a novel two-part estimation

From Proposition 3 we know that the martingale difference divergence envelope is always a
portion of the central mean envelope: E�(MY |X ) ⊆ EE(Y |X ). Suppose we know the dimensions
u = dim{EE(Y |X )} and u1 = dim{E�(MY |X )}, where u1 � u.

When E�(MY |X ) = EE(Y |X ), or equivalently u1 = u, the estimation procedures in § 4.1 and
§ 4.2 are different, and generally produce different estimators for the same subspace. Even when
�(x) is not constant, the two subspaces may be the same even though they come from different
definitions. To address this issue, we propose a two-part estimation approach that involves first
obtaining the martingale difference divergence envelope and then extracting the unique part of the
central mean envelope that is not in the martingale difference divergence envelope. The two-part
estimator of the central mean envelope reduces to the same estimator of the martingale difference
divergence envelope in § 4.1 if E�(MY |X ) = EE(Y |X ). For u1 < u, we develop the two-part
estimation procedure of the central mean envelope as follows.

First, we estimate E�(MY |X ) as span(Ĝ) from (8). Next, we estimate the difference D ≡
span{v : v ∈ EE(Y |X ), v /∈ E�(MY |X )}. Let (Ĝ, Ĝ0) ∈ R

r×r be an orthogonal matrix; then D is
estimated as span(Ĝ0Ĥ ) where Ĥ ∈ R

(r−u1)×u2 with u2 = dim(D) = u − u1. Specifically, Ĥ is
estimated as

Ĥ = arg min
H TH=Iu2

log
∣∣H T(ĜT

0�̂
−1Ĝ0)H

∣∣ +
H∑

h=1

nh

n
log

∣∣H T(ĜT
0�̂hĜ0)H

∣∣, (12)

which is inspired by the following lemma. Finally, the two-part estimation of EE(Y |X ) is
span(Ĝ, Ĝ0Ĥ ).

Lemma 3. Let �h ∈ R
r×r, for h = 1, . . . , H with H � 2, be a series of symmetric positive-

definite matrices, and let � = ∑H
h=1 πh�h, where πh > 0 and

∑H
h=1 πh = 1. Assume that

E ≡ span(�) ⊆ R
r is the smallest subspace such that �h = ��h�

T + �0�0�
T
0 holds for all h

for some �h and �0, and that dim(E) = u. Then E = span(Ĝ), where Ĝ is defined as

Ĝ = arg min
G∈Rr×u, GTG=Iu

{
log |GT�−1G| +

H∑
h=1

πh log |GT�hG|
}

. (13)

The above lemma suggests a more effective objective function than the one in (10). Specifically,
we have made a simple but important change in (10) to get (13): we replaced the marginal
covariance �Y by the conditional covariance �. Lemma 3 implies that both objective functions
estimate the central mean envelope consistently; however, their motivations are different. As
mentioned earlier, (10) is motivated by the likelihood for estimating the central mean envelope,
while the new objective function (13) focuses more on the heterogeneity of the covariance matrices
�h, since � is the weighted average of all the �h. This is indeed much more desirable in the
two-part estimation because the first part, the martingale difference divergence envelope, already
contains the conditional mean function. In practice we have observed that the two-part estimation
based on (13) is more accurate than that based on (10).
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10 X. Zhang, C. E. Lee and X. Shao

In our experience, the two-part estimation procedure of the central mean envelope is almost
always better than direct estimation from (10) or (13). This is due to the fact that the martingale
difference divergence envelope part is easier to estimate, as the sample matrix M̂Y |X in (8) is more
accurately estimated than �̂h in (10) and (13), especially when the sample size nh is small for
some slices or clusters. Moreover, the optimization in (8) is more feasible than the optimization
in (10) and (13). As mentioned earlier, the objective function in (8) can be solved using more
specialized envelope algorithms (e.g., Cook & Zhang, 2016, 2018) that are much faster and more
accurate than standard optimization methods with orthogonality constraints (e.g., Absil et al.,
2009; Wen & Yin, 2013). For this reason, we use the two-part estimation of the central mean
envelope in all our numerical studies.

4.4. Consistency

We establish the
√

n-consistency of the estimator span(Ĝ) from (8) for the martingale differ-
ence divergence envelope, and of the two-part estimator span(Ĝ, Ĝ0Ĥ ) from (8) and (12) for the
central mean envelope. Since the subspaces are uniquely defined by the projection matrices onto
them, the asymptotic results are stated in terms of projection matrices.

For all the asymptotic results, we require no model or distributional assumptions. Instead, we
assume that �̂Y , �̂h (h = 1, . . . , H ) and M̂Y |X are

√
n-consistent estimators for their population

counterparts �Y > 0, �h > 0 and MY |X � 0. This is a mild assumption that can be satisfied
easily: the sample covariance matrices �̂Y and �̂h are

√
n-consistent when Y and Y | X have finite

fourth moments, while
√

n-consistency of the sample martingale difference divergence matrix
M̂Y |X was established by Lee & Shao (2018). The consistency of the martingale difference
divergence envelope estimation is obtained by applying Proposition 3 of Cook & Zhang (2016).

Proposition 4. Let Ĝ ∈ R
r×u1 be any minimizer of (8). Then PĜ is

√
n-consistent for the

projection onto E�(MY |X ).

We can speed up the computation by employing the 1D algorithm of Cook & Zhang (2016),
which sequentially estimates one direction at a time for the martingale difference divergence
envelope. The resulting estimator, Ĝ1D ∈ R

r×u1 , is no longer a minimizer of (8), but the
√

n-
consistency in Proposition 4 still holds if we replace Ĝ with Ĝ1D and apply Proposition 6 from
Cook & Zhang (2016). Moreover, the 1D algorithm is also coupled with a model-free envelope
selection criterion (Zhang & Mai, 2018) that estimates the envelope dimension consistently; that
is, pr(û1 = u1) → 1 as n → ∞. We will demonstrate this dimension selection procedure in our
numerical studies.

For the second part of the estimation of the central mean envelope, we need the following
coverage condition on the slicing scheme. Specifically, the central mean envelope is covered as

∑
x

E�(x)(MY |X ) =
H∑

h=1

E�h(MY |X ). (14)

Let G ∈ R
r×u1 be a basis matrix for E�(MY |X ), and let G0 ∈ R

r×(r−u1) be its orthogonal
completion. We show the consistency of the first part E�(MY |X ) from (8) and the second part D
from (12).

Proposition 5. Let Ĝ ∈ R
r×u1 be any minimizer of (8) and Ĥ ∈ R

(r−u1)×u2 any minimizer
of (12). If (14) is true, then PĜ0Ĥ is

√
n-consistent for the projection onto D. Moreover, the

projection onto span(Ĝ, Ĝ0Ĥ ) is
√

n-consistent for the projection onto EE(Y |X ).
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Envelopes in multivariate regression models 11

The assumption in (14) is a very mild condition and is easily satisfied when �(x) is a smooth
function of x. For example, this condition holds for any slicing scheme with h � 2 in the example
of § 3.3. In practice, one can combine different slicing/clustering schemes to achieve a more
robust and accurate estimator; see Cook & Zhang (2014) for more background on the effect of
slicing and constructing fused estimators from different slicing schemes. The fused estimator in
Cook & Zhang (2014) can be directly applied to our optimization in (12), and in a way it also
circumvents the issue of choosing an optimal slicing scheme and weakens the assumption (14).

5. Simulations

5.1. Comparison

In this section, we study the finite-sample performance of our two-part estimation of the
central mean envelope. We compare our method with two closely related methods: the standard
envelope estimator of Cook et al. (2010) and the dimension reduction method which decomposes
the martingale difference divergence matrix directly (Lee & Shao, 2018). In the presence of a
nonlinear mean function, the standard envelope model based on (1) and E�(β) is misspecified.
However, since E�(β) = E�(�YX ), the standard envelope remains a well-defined subspace
in all of our simulation examples, but is ineffective at detecting nonlinear and heteroscedastic
envelope components. The martingale difference divergence matrix method performs eigen-
decomposition of M̂Y |X and targets directly the mean subspace span(MY |X ) = span{E(Y | X =
x)−E(Y ) for all x}. In comparison, the proposed two-part estimator, in particular the martingale
difference divergence envelope part from (8), has a bigger advantage when the responses Y are
highly correlated.

In addition, by interchanging the roles of X and Y we can compare our method with three pop-
ular sufficient dimension reduction methods: sliced inverse regression (Li, 1991), sliced average
variance estimation (Cook & Weisberg, 1991), and principal fitted components (Cook & Forzani,
2008b). When studying the regression of a univariate response Y ∈ R

1 on a multivariate predictor
X ∈ R

p, these sufficient dimension reduction methods aim at the central subspace SY |X ⊆ R
p.

Let β ∈ R
p×d be some basis matrix of the central subspace SY |X ; then Y | X ∼ Y | βTX . The

central subspace is then estimated as �−1
X span(M SIR

X |Y ), �−1
X span(M SAVE

X |Y ) and �−1
X span(M PFC

X |Y )

for some p × p symmetric positive-semidefinite matrices M SIR
X |Y , M SAVE

X |Y and M PFC
X |Y . By removing

the �−1
X term in these dimension reduction methods, for example by omitting the standardiza-

tion step in estimation, and interchanging the roles of X and Y , the targeting subspace of these
methods becomes a subset of the central mean envelope. Therefore, for a fair comparison with
envelope methods, we estimate span(M SIR

X |Y ), span(M SAVE
X |Y ) and span(M PFC

X |Y ) from these sufficient
dimension reduction methods.

In the simulation studies, we set the dimension r to 15 and take the sample size to be n = 200 or
600. For each example, we replicate the simulation 100 times and compute the Frobenius norm
of the difference between the projection matrices onto the true and estimated subspaces, i.e.,
‖P� − P

�̂
‖F. We also compute the principal angle between each of the central mean envelope

directions and the estimated subspace, i.e., θj = cos−1{(γ T
j P

�̂
γj)

1/2} (j = 1, . . . , u), where
� = (γ1, . . . , γu). The values of θj are bounded between 0 and 90, where θj = 0 indicates that γj

is contained in span(�̂) and θj = 90 indicates that γj is orthogonal to span(�̂). For sliced inverse
regression, sliced average variance estimation and the second-part estimation of the central mean
envelope, the number of slices H is 5; for principal fitted components, the function basis is the
cubic polynomial (x, x2, x3)T.
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12 X. Zhang, C. E. Lee and X. Shao

Table 1. Estimation errors ‖P� − P
�̂
‖F averaged over 100 replicates, with standard errors

(×100) in parentheses
Model n SIR SAVE PFC MDDM Standard MDDE

I
200 0.07 (0.02) 0.07 (0.3) 0.07 (0.2) 0.07 (0.2) 0.04 (0.2) 0.05 (0.2)
600 0.04 (0.2) 0.04 (0.1) 0.04 (0.1) 0.04 (0.1) 0.03 (0.1) 0.03 (0.1)

II
200 0.07 (0.3) 0.25 (1.7) 0.07 (0.3) 0.07 (0.3) 0.58 (6.7) 0.05 (0.2)
600 0.04 (0.1) 0.15 (0.7) 0.04 (0.2) 0.04 (0.2) 0.53 (6.7) 0.03 (0.1)

III
200 0.57 (2.6) 0.21 (0.6) 0.75 (3.6) 0.41 (1.8) 0.15 (2.6) 0.11 (1.4)
600 0.56 (2.7) 0.13 (0.4) 0.73 (3.4) 0.41 (2.3) 0.06 (0.2) 0.06 (0.2)

IV
200 0.12 (0.4) 0.14 (0.5) 0.12 (0.4) 0.12 (0.4) 1.08 (5.9) 0.06 (0.2)
600 0.07 (0.2) 0.09 (0.3) 0.07 (0.2) 0.07 (0.2) 0.88 (6.8) 0.04 (0.1)

SIR, sliced inverse regression (Li, 1991); SAVE, sliced average variance estimation (Cook & Weisberg, 1991); PFC,
principal fitted components (Cook & Forzani, 2008b); MDDM, martingale difference divergence matrix (Lee & Shao,
2018); Standard, the standard envelope of Cook et al. (2010); MDDE, martingale difference divergence envelope, the
proposed estimator from (8).

5.2. The standard envelope coincides with the central mean envelope

We first consider four models where the standard envelope, the martingale difference diver-
gence envelope and the central mean envelope are all the same in population. Therefore, the
two-part central mean envelope estimator is identical to the martingale difference divergence
envelope estimator based on (8). Similar to the data-generating process in § 3.3, the central mean
envelope basis is randomly generated and orthogonalized, � = (γ1, . . . , γu) ∈ R

r×u, and the pre-
dictor X follows the Un(−1, 1) distribution unless otherwise specified. Here, we use Un(a, b) to
denote the uniform distribution on (a, b). The errors are generated as Ei = 0.1 �1/2(Xi) εi, where
the εi are independent and identically distributed as N (0, Ir) and �(x) = ��(x)�T + �0�0�

T
0

is specified as follows. We use Ok ∈ R
k×k to denote an arbitrarily generated orthogonal matrix.

Model I. Linear mean and constant covariance: Y = γ1X + Ei, � = γ1 ∈ R
r×1, �0 =

Or−1 diag{exp(3.0), exp(2.5), . . . , exp(−3.5)}OT
r−1 and � = exp(5).

Model II. Nonlinear mean and constant covariance: Y = γ1X + γ2 exp(2|X |) + Ei,
� = (γ1, γ2) ∈ R

r×2, �0 = Or−2 diag{exp(3.0), exp(2.5), . . . , exp(−3.0)}OT
r−2 and [�]ij =

0.5|i−j| exp(5).

Model III. Linear mean and nonconstant covariance: Y = γ1X +0.1 �1/2(Xi) εi, where � and
� = E{�(X )} are the same as in Model II, but the off-diagonal of �(x) is �12(x) = |x| exp(5).

Model IV. Nonlinear mean and nonconstant covariance. The nonlinear mean function is the
same as in Model II and the nonconstant covariance is the same as in Model III.

In all the simulations, the standard envelope becomes E�(�YX ) = E�(γ1) because the second
direction γ2 either appears only in the covariance or appears with a nonlinear mean function
γ2 exp(2|X |) that is uncorrelated with X ∼ Un(−1, 1).

The results are summarized in Table 1, where all methods are compared in terms of the overall
estimation error ‖P� − P

�̂
‖F. The martingale difference divergence envelope estimator based

on (8) is always the best except in Model I, for which the standard envelope is the maximum
likelihood estimator and has a slight advantage. In constant-covariance scenarios, i.e., Models
I and II, the martingale difference divergence envelope has similar performance to the better
of the standard envelope and the martingale difference divergence matrix estimators. This is
because the martingale difference divergence envelope estimator is essentially a hybrid of the
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Table 2. Estimation errors of the second direction, θ2 = cos−1{(γ T
2 P

�̂
γ2)

1/2}, with standard
errors in parentheses

Model n SIR SAVE PFC MDDM Standard MDDE

II
200 0.21 (0.01) 0.11 (0.01) 0.10 (0.01) 0.12 (0.01) 35.10 (4.40) 0.09 (0.01)
600 0.11 (0.01) 0.05 (0.01) 0.05 (0.01) 0.06 (0.01) 32.39 (4.34) 0.04 (0.01)

III
200 23.38 (1.27) 6.82 (0.26) 33.89 (2.13) 15.81 (0.84) 4.69 (0.86) 3.43 (0.44)
600 23.87 (1.30) 4.35 (0.15) 33.26 (1.91) 16.77 (1.11) 1.69 (0.06) 1.69 (0.06)

IV
200 1.65 (0.06) 1.59 (0.05) 1.49 (0.05) 1.52 (0.05) 59.02 (3.36) 1.35 (0.05)
600 1.04 (0.04) 0.99 (0.03) 0.92 (0.03) 0.95 (0.04) 47.61 (3.76) 0.79 (0.03)

SIR, sliced inverse regression (Li, 1991); SAVE, sliced average variance estimation (Cook & Weisberg, 1991); PFC,
principal fitted components (Cook & Forzani, 2008b); MDDM, martingale difference divergence matrix (Lee & Shao,
2018); Standard, the standard envelope of Cook et al. (2010); MDDE, martingale difference divergence envelope, the
proposed estimator from (8).

envelope estimator, which incorporates covariance structural information of �, and the martingale
difference divergence matrix, which is effective at capturing nonlinear means. In nonconstant-
covariance scenarios, i.e., Models III and IV, the martingale difference divergence envelope has
better performance than both the standard envelope and the martingale difference divergence
matrix.

For models with two-dimensional subspaces, we further compute the principal angles
between the second central mean envelope direction γ2 and the estimated subspace, i.e.,
θ2 = cos−1{(γ T

2 P
�̂
γ2)

1/2}. For Model III, the second direction is only estimable from the noncon-
stant covariance, but does not appear in the mean function. Therefore sliced inverse regression,
principal fitted components and the martingale difference divergence matrix fail to estimate γ2
accurately, while sliced average variance estimation, the standard envelope and the proposed
estimator perform well. For Models II and IV, the second direction appears in both the nonlinear
mean and the covariance. Therefore the nonlinear methods all work well, while the standard
envelope method becomes ineffective; see Table 2 for details. Overall, the martingale difference
divergence envelope estimator is the most reliable method.

5.3. The standard envelope and the martingale difference divergence envelope are proper
subsets of the central mean envelope

In this subsection we consider three models where E�(�YX ) = E�(γ1) ⊆ E�(MY |X ) ⊂
EE(Y |X ) = span(�). The central mean envelope estimator is now based on the two-part estimation
in § 4.2.

Model V. Linear mean and nonconstant covariance: same as Model III except that we change
the off-diagonal of �(X ) from |X | exp(5) to X , so E�(γ1) = E�(MY |X ) = span(γ1) ⊂ EE(Y |X ).

Model VI. Nonlinear mean and nonconstant covariance: same as Model V except that the mean
function is γ2 exp(2|X |) and is linearly independent of X , so E�(γ1) ⊂ E�(MY |X ) ⊂ EE(Y |X ).

Model VII. Nonlinear mean, nonconstant covariance and multivariate predictor: like Model IV,
we have a nonlinear mean function γ2{exp(2|X1|)+exp(|X2|+|X3|)+exp(|X4|+|X5|)}, where the
multivariate predictor is five-dimensional, X = (X1, . . . , X5)

T, and each coordinate is uniformly
distributed from −1 to 1; the covariance structure is the same as in the previous two models
except that �12(X ) = X4 + X5. We have E�(γ1) ⊂ E�(MY |X ) ⊂ EE(Y |X ).
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Table 3. Estimation errors ‖P� − P
�̂
‖F averaged over 100 replicates, with standard errors

(×100) in parentheses
Model n SIR SAVE PFC MDDM Standard CME

V
200 57.46 (2.7) 27.41 (1.0) 74.17 (3.5) 39.66 (1.7) 141.50 (0.1) 8.44 (0.3)
600 55.74 (2.8) 24.72 (1.1) 73.56 (3.4) 39.68 (2.0) 141.45 (0.1) 4.79 (0.1)

VI
200 58.26 (2.9) 25.33 (1.1) 71.15 (3.5) 65.67 (3.5) 182.27 (3.2) 7.27 (0.2)
600 54.77 (2.9) 23.81 (0.9) 67.26 (3.3) 60.92 (3.1) 175.19 (3.4) 4.13 (0.1)

VII
200 65.29 (2.9) 34.66 (1.3) 61.05 (3.2) 21.04 (0.9) 181.66 (3.2) 9.26 (1.9)
600 61.05 (2.87) 34.39 (1.5) 62.32 (3.0) 20.05 (0.8) 183.01 (2.7) 3.98 (0.1)

SIR, sliced inverse regression (Li, 1991); SAVE, sliced average variance estimation (Cook & Weisberg, 1991); PFC,
principal fitted components (Cook & Forzani, 2008b); MDDM, martingale difference divergence matrix (Lee & Shao,
2018); Standard, the standard envelope of Cook et al. (2010); CME, the proposed two-part estimator.

Table 4. Estimation errors of the second direction, θ2 = cos−1{(γ T
2 P

�̂
γ2)

1/2}, with standard
errors in parentheses

Model n SIR SAVE PFC MDDM Standard CME

V
200 23.93 (1.39) 9.52 (0.43) 33.33 (2.05) 15.34 (0.77) 82.91 (0.58) 2.58 (0.10)
600 23.83 (1.42) 9.38 (0.48) 33.79 (2.04) 16.25 (0.92) 86.33 (0.31) 1.44 (0.05)

VI
200 25.32 (1.50) 10.17 (0.46) 32.50 (1.98) 29.74 (1.95) 76.35 (3.07) 2.59 (0.10)
600 23.88 (1.52) 9.66 (0.39) 30.57 (1.90) 27.15 (1.74) 79.58 (2.74) 1.44 (0.05)

VII
200 25.72 (1.50) 13.01 (0.60) 23.80 (1.59) 8.38 (0.36) 75.31 (3.16) 4.06 (1.16)
600 24.17 (1.31) 12.92 (0.65) 25.39 (1.56) 8.11 (0.32) 80.64 (2.65) 1.46 (0.05)

SIR, sliced inverse regression (Li, 1991); SAVE, sliced average variance estimation (Cook & Weisberg, 1991); PFC,
principal fitted components (Cook & Forzani, 2008b); MDDM, martingale difference divergence matrix (Lee & Shao,
2018); Standard, the standard envelope of Cook et al. (2010); CME, the proposed two-part estimator.

The overall estimation error ‖P� − P
�̂
‖F is summarized in Table 3, and the estimation error

θ2 = cos−1{(γ T
2 P

�̂
γ2)

1/2} of the second central mean envelope direction γ2 is reported in Table 4.
For these more challenging models, the proposed central mean envelope estimator is much more
accurate than the competitors, especially in estimating the second direction, which comes from
the nonlinearity and heteroscedastic error.

We also tried different numbers of slices/clusters, H = 2, 5, 10 and 15, for Models V–VII. The
results are indistinguishable from those in Tables 3 and 4, where H = 5 was used. The overall
performance of the two-part estimation is very encouraging.

5.4. Selecting the envelope dimensions

We applied the model-free information criteria of envelope dimension selection proposed by
Zhang & Mai (2018) to select the envelope dimensions for the standard envelope, the martingale
difference divergence envelope, and the central mean envelope. Implementation details are given
in the Supplementary Material. Table 5 summarizes the dimension selection results for the central
mean envelope under the previous simulation models. For Models II–IV, because the standard
envelope coincides with the central mean envelope, both methods should be able to determine
the true dimension consistently as n → ∞. Clearly, the central mean envelope method has much
better finite-sample performance. For Models V and VI, the standard envelope failed to detect the
second central mean envelope components and, not surprisingly, underselected the dimension.
The central mean envelope dimension selection yielded reasonable results for these two very
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Table 5. Percentages of correctly selected dimension, underselection and overselection over
100 replicates for each model setting based on the dimension selection procedure in

Zhang & Mai (2018)
Model Standard envelope CME

û < u û = u û > u û < u û = u û > u

n 200 600 200 600 200 600 200 600 200 600 200 600
II 54 55 44 45 2 0 0 0 100 100 0 0
III 8 0 84 98 8 2 35 0 65 100 0 0
IV 75 77 23 22 2 1 0 0 100 100 0 0
V 86 98 13 2 1 0 0 0 56 50 44 20
VI 94 99 6 1 0 0 0 0 53 82 47 18

CME, the proposed two-part estimator.

challenging models. There is also a significant improvement in accuracy when the sample size is
increased from 200 to 600.

6. Real-data illustration

In an application to real data, we demonstrate the advantages of the central mean envelope
over the standard envelope in prediction and subspace estimation. The riboflavin dataset from
Bühlmann et al. (2014) contains 71 samples of the riboflavin production rate and expression level
of 4088 genes. We use the logarithm of the riboflavin production rate as the predictor and the
logarithm of the gene expression level as the response. As in Bühlmann et al. (2014), and because
of the high dimensionality, we focus on the top 50 genes that are selected by the martingale
difference correlation (Shao & Zhang, 2014). We use the same dimension selection procedures
as in § 5.4 for the standard envelope and the central mean envelope. For the standard envelope, the
selected dimension is u = 1. For the central mean envelope, the selected dimensions are u1 = 1
for the first part, the nonlinear mean, and u2 = 0 for the second part, the heteroscedastic error. In
the Supplementary Material, the nonlinearity in E(γ̂ TY | X ) is clearly demonstrated, where γ̂ is
the estimated central mean envelope, which has dimension one and is the same as the martingale
difference divergence envelope.

For numerical comparison, we divide the data into training and testing sets by randomly
choosing 56 samples as training data and the remaining 15 as testing data. Then we compute the
prediction mean squared error based on either linear or kernel regression of the material part of
the response on the predictor, Ê(γ̂ TY | X ), while the immaterial part of the response is predicted
by its unconditional mean Ê(�̂T

0Y ). Specifically, for kernel regression, we use a Gaussian kernel
with the optimal bandwidth from theksr function in Matlab. We repeat this procedure 100 times,
and report the average and standard deviation of the prediction mean squared error in Table 6.
The improvement is significant. To evaluate the subspace estimation accuracy, we consider the
bootstrap variability of subspaces, B−1 ∑B

b=1 ‖PŜ − PŜb‖F, where Ŝ is the estimated subspace
on the original data and Ŝb (b = 1, . . . , B) is the estimated subspace on m bootstrap samples
from B = 200 bootstrap replicates. This is a commonly used criterion in the sufficient dimension
reduction literature (see, e.g.,Ye & Weiss, 2003; Luo & Li, 2016). We consider m = 71 bootstrap
samples; then the covariance can occasionally become ill-conditioned and so we add 0.01Ir to
the sample covariance �̂Y . Alternatively, we consider m = 150. From Table 6 it can be seen that
the proposed method improves the subspace estimation significantly.
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Table 6. Comparison of envelope methods in prediction and in estimation, as measured by
the prediction mean squared error and the subspace bootstrap variability, respectively; the
standard envelope and proposed envelope refer to the estimators from Cook et al. (2010) and

from optimization (8), respectively
Prediction Estimation

Linear Kernel m = 71 m = 150

Standard envelope 37.57 (0.50) 37.22 (0.50) 0.37 (0.014) 0.34 (0.021)
Proposed envelope 35.83 (0.38) 35.30 (0.33) 0.25 (0.007) 0.17 (0.004)

7. Discussion

Although the focus of this paper has been on multivariate response reduction in regression,
the two new envelope structures, namely the martingale difference divergence envelope and the
central mean envelope, are model-free and can be used in situations beyond regression models.
For example, in the Supplementary Material we apply the proposed method to handwritten
digit recognition data, and demonstrate the usefulness of the central mean envelope as a data
visualization tool in discriminant analysis and classification. Moreover, by interchanging the
roles of X and Y , the martingale difference divergence envelope E�X (MX |Y ) or the central mean
envelope EE(X |Y ) can serve as an upper bound for the central subspace SY |X in sufficient dimension
reduction (Cook, 1998; Li, 2018), and potentially improve standard sufficient dimension reduction
methods.Two future research directions are to extend the framework to simultaneous predictor and
response reduction and to stationary multivariate time series. The former would be an extension
of the simultaneous envelope in a multivariate linear model (Cook & Zhang, 2015b), while the
latter can be achieved by using the cumulative version of M̂Y |X (Lee & Shao, 2018). Properties
of such extensions are yet to be studied.
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