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Let HHS be the space of Hilbert-Schmidt operator which is a separable Hilbert s-
pace with respect to the inner product < S1, S2 >HS=

∑∞
i=1

∑∞
j=1 < S1(gi), hj ><

S2(gi), hj > for S1, S2 ∈ HHS , where {gi} and {hi} are two arbitrary orthonormal basis
of H. Throughout the appendix, we let c be a generic constant which varies from line
to line. To maximize readability, we provide a list of notation that will be used in the
appendix. Recall the following:
(1) ĈX,m is the sample covariance operator based on {Xi(t)}mi=1, and φ̂j

X,m and λ̂j
X,m

are the jth eigenfunction and eigenvalue of ĈX,m; ĈXY is the empirical covariance

operator based on the pooled sample with {φ̂j
XY } and {λ̂j

XY } being the correspond-

ing eigenfunctions and eigenvalues; The population counterpart of ĈXY is given by
C̃XY = γ1CX + γ2CY whose eigenvalues and eigenfunctions are denoted by {λ̃j} and
{φ̃j} respectively. The notation with a subscript Y is used to denote the quantities asso-
ciated with the second sample.
(2) α̂k = vech(Ck) with Ck = (ci,jk )Ki,j=1; θ̂jk = λ̂j

X,⌊kN1/N⌋ − λ̂j
Y,⌊kN2/N⌋ and θ̂k =

(θ̂1k, . . . , θ̂
M
k )′ with ⌊Nǫ⌋ ≤ k ≤ N for some ǫ > 0; η̂jk = (< φ̂j

X,⌊kN1/N⌋−φ̂j
Y,⌊kN2/N⌋, φ̂

j+1
XY >

, . . . , < φ̂j
X,⌊kN1/N⌋ − φ̂j

Y,⌊kN2/N⌋, φ̂
p
XY >) with 1 ≤ j ≤ M and ⌊Nǫ⌋ ≤ k ≤ N ;

η̂k = (η̂1k, η̂
2
k, . . . , η̂

M
k )′ ∈ R

M0 with M0 = M(2p−M−1)
2 .

(3) βXi,j =
∫

I(Xi(t)−µX(t))φj
X(t)dt, ωjk

Xi
= βXi,jβXi,k, r

jk,j′k′

X (h) = E[(ωjk
Xi

−δjkλj)(ω
j′k′

Xi+h
−

δj′k′λj′ )] and vjkXi
= ωjk

Xi
− E[ωjk

Xi
] = ωjk

Xi
− δjkλj .

Lemma 0.1. Under Assumption 3.2, {Xi} and {Yi} are both L2-m-approximable se-
quences in HHS.

Proof. Let X (m)
1 = X

(m)
1 ⊗X

(m)
1 , where X

(m)
1 is the m-dependent approximation of X1.

1
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2 Zhang et al.

We have

||X1 −X (m)
1 ||HS =

(∫

I

∫

I

(X1(t)X1(s)−X
(m)
1 (t)X

(m)
1 (s))2dtds

)1/2

≤
√
2||X1 −X

(m)
1 ||(||X1||+ ||X(m)

1 ||),

which implies that (E||X1−X (m)
1 ||2HS)

1/2 ≤ c(E||X1−X
(m)
1 ||4)1/4. The same arguments

apply to {Yi}. The conclusion follows by noting the fact that {Xi(t)} and {Yi(t)} are
both L4-m-approximable.

Lemma 0.2. Suppose Assumptions 3.2-3.3 hold. Then we have supN NE||ĈXY −C̃||2HS <
c and

lim sup
N→+∞

NE|λ̂j
XY − λ̃j |2 < ∞, lim sup

N→+∞
NE||ĉjXY φ̂

j
XY − φ̃j ||2 < ∞,

for 1 ≤ j ≤ K, where c is a finite constant that does not depend on N , and ĉjXY =

sign(φ̂j
XY , φ̃

j).

Proof. Note that {Xi(t)} and {Yi(t)} are both L4-m-approximable. The conclusion
follows from Theorem 3.1 and Theorem 3.2 in Hörmann and Kokoszka (2010).

Let R̃X,k = (< (Xk −CX)φ̃i, φ̃j >)1≤i,j≤K and R̃Y,k = (< (Yk −CY )φ̃
i, φ̃j >)1≤i,j≤K

with 1 ≤ k ≤ N. Define the empirical estimates R̂X,k and R̂Y,k by replacing φ̃j with

ĉjXY φ̂
j
XY in the definition of R̃X,k and R̃Y,k. In Lemmas 0.3 and 0.4 below, we prove

an invariance principle for the partial sum process of {R̂X,k, R̂Y,k} and show that the

estimation effect caused by replacing φ̃j with ĉjXY φ̂
j
XY is asymptotically negligible.

Lemma 0.3. Under Assumption 3.1, we have

1√
N





1

γ1

⌊N1r⌋
∑

k=1

vech(R̃X,k)−
1

γ2

⌊N2r⌋
∑

k=1

vech(R̃Y,k)



⇒ Λ∗
dBd(r). (0.1)

When γ1 = γ2, (0.1) holds under Assumption 3.2.

Proof. Define R̃
(m)
X,k and R̃

(m)
Y,k by replacing Xi and Yi with the m−dependent approx-

imations X
(m)
i and Y

(m)
i in the definition of R̃X,k and R̃Y,k respectively. Consider the

joint process (vech(R̃X,k)
′, vech(R̃Y,k)

′)′ and observe that

E
∣

∣

∣(vech(R̃X,k)
′, vech(R̃Y,k)

′)′ − (vech(R̃
(m)
X,k)

′, vech(R̃
(m)
Y,k )

′)′
∣

∣

∣

2

≤c
∑

1≤i≤j≤K

{

E(< (X1 −X (m)
1 )φ̃i, φ̃j >)2 + E(< (Y1 − Y(m)

1 )φ̃i, φ̃j >)2
}

≤c(E||X1 −X (m)
1 ||2HS + E||Y1 − Y(m)

1 ||2HS),
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Two Sample Inference 3

which implies that the joint process is L2-m-approximable. By Theorem A.1 of Aue et
al. (2009), we can establish the functional central limit theorem for the joint processes,
i.e.,

1√
N0

⌊N0r⌋
∑

k=1

(

vech(R̃X,k)

vech(R̃Y,k)

)

⇒
(

Σ∗
11 0

Σ∗
21 Σ∗

22

)

(

B
(1)
d (r)

B
(2)
d (r)

)

, N0 → +∞,

where B
(1)
d (r) and B

(2)
d (r) are two independent d−dimensional Brownian motions. It is

easy to see the conclusion holds when {Xi(t)} and {Yi(t)} are independent. If γ1 = γ2,
the continuous mapping theorem from D2d[0, 1] to Dd[0, 1] yields that,

1√
N





1

γ1

⌊N1r⌋
∑

k=1

vech(R̃X,k)−
1

γ2

⌊N2r⌋
∑

k=1

vech(R̃Y,k)





⇒ 1

γ1
(Σ∗

11 − Σ∗
21)B

(1)
d (γ1r)−

1

γ1
Σ∗

22B
(2)
d (γ1r)

=dΛ∗
dBd(r),

where Λ∗
d is a lower triangular matrix such that Λ∗

d(Λ
∗
d)

′ = 1
γ1
{(Σ∗

11−Σ∗
21)(Σ

∗
11 −Σ∗

21)
′ +

Σ∗
22(Σ

∗
22)

′}.

Lemma 0.4. Suppose Assumptions 3.2-3.3 hold, we have

1√
N

sup
r∈[0,1]







∣

∣

∣

∣

∣

∣

⌊N1r⌋
∑

k=1

{vech(R̂X,k)− vech(R̃X,k)}

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

⌊N2r⌋
∑

k=1

{vech((R̂Y,k)− vech(R̃Y,k)}

∣

∣

∣

∣

∣

∣







= op(1).

(0.2)

Proof. Define ZX,k(t, s) = Xk(t)Xk(s) − CX(t, s) and Z
(m)
X,k (t, s) = X

(m)
k (t)X

(m)
k (s) −

CX(t, s). We aim to show that for each 1 ≤ i, j ≤ K,

1√
N

sup
r∈[0,1]

∣

∣

∣

∣

∣

∣

⌊N1r⌋
∑

k=1

∫

I

∫

I

ZX,k(t, s)
(

φ̃i(t)φ̃j(s)− ĉiXY ĉ
j
XY φ̂

i
XY (t)φ̂

j
XY (s)

)

dtds

∣

∣

∣

∣

∣

∣

= op(1).

From Lemma 0.2 and the proof of Theorem 3.4 in Zhang et al. (2011), the result follows
from the fact that

1

N2
max

1≤k≤N1





∫

I

∫

I

{

k
∑

i=1

ZX,i(t, s)

}2

dtds



 = op(1). (0.3)

Under Assumption 3.2, it is straightforward to show that {ZX,k(t, s)} is L2-m-approximable.

Let g(t, s) = E|ZX,1(t, s)|2+2(E|ZX,1(t, s)|2)1/2
∑+∞

r=1(E|ZX,r+1(t, s)−Z
(r)
X,r+1(t, s)|2)1/2.
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4 Zhang et al.

By the Cauchy-Schwartz inequality, we get
∫

I

∫

I

g(t, s)dtds

=E||ZX,1(t, s)||2 + 2

+∞
∑

r=1

∫

I

∫

I

(E|ZX,1(t, s)|2)1/2(E|ZX,r+1(t, s)− Z
(r)
X,r+1(t, s)|2)1/2dtds

≤E||ZX,1(t, s)||2 + 2(E||ZX,1(t, s)||2)1/2
+∞
∑

r=1

(E||ZX,r+1(t, s)− Z
(r)
X,r+1(t, s)||2)1/2 < ∞.

Since ZX,1 and Z
(r)
X,r+1 are independent, we have

E

(

N1
∑

i=1

ZX,i(t, s)

)2

=
∑

|r|<N1

(N1 − |r|)E[ZX,1(t, s)ZX,r+1(t, s)]

≤N1E[ZX,1(t, s)
2] + 2

∑

0<r<N1

(N1 − |r|)E[ZX,1(t, s)(ZX,r+1(t, s)− Z
(r)
X,r+1(t, s))]

≤N1E[ZX,1(t, s)
2] + 2N1

+∞
∑

r=1

(E|ZX,1(t, s)|2)1/2(E|ZX,r+1(t, s)− Z
(r)
X,r+1(t, s)|2)1/2 = N1g(t, s).

Hence by Menshov’s inequality [see Billingsley (1999)], we obtain that

E max
1≤k≤N1

{

k
∑

i=1

ZX,i(t, s)

}2

≤ (log log 4N1)
2N1g(t, s),

which implies (0.3). The proof is completed by applying the same argument to the second
sample.

Proof of Theorem 3.1. Define α∗
t by replacing ci,jk with 1

⌊kN1/N⌋

∑⌊kN1/N⌋
l=1 R̂i,j

X,l −
1

⌊kN2/N⌋

∑⌊kN2/N⌋
l=1 R̂i,j

Y,l in α̂t where R̂i,j
X,l and R̂i,j

Y,l are the (i, j)th elements of R̂X,l and

R̂Y,l. Notice that the SN-based test statistic can be written as,

G
(1)
SN,N(d) =Nα̂′

NV −1
SN,N(d)α̂N

=N(α∗
N + vech(∆̂))′

{

1

N2

N
∑

k=1

k2(α∗
k − α∗

N )(α∗
k − α∗

N )′

}−1

(α∗
N + vech(∆̂)),

where ∆̂ = (< (CX −CY )ĉ
i
XY φ̂

i
XY , ĉ

j
XY φ̂

j
XY >)Ki,j=1 which is a matrix of zeros under the

null. Using the fact that ||ĉiXY φ̂
i
XY − φ̃i|| = op(1), we have

√
N∆̂ = L∆+ op(L) under

the local alternative. By Lemma 0.3, Lemma 0.4 and the continuous mapping theorem,

we have G
(1)
SN,N(d) →d Wd under H1,0 and lim|L|→+∞ limN→+∞ G

(1)
SN,N (d) = +∞ under

H1,a. In view of Lemma 0.3, the conclusion also holds under Assumption 3.2 provided
that γ1 = γ2.
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Two Sample Inference 5

Define the m−dimensional linear operator ΠX,mx =
∑m

i=1 < φj
X , x > φj

X . Consider

the symmetric operator ΠX,mĈX,kΠX,m as well as its eigenvalues and eigenfunctions

denoted by τ̂m,1
X,k ≥ τ̂m,2

X,k ≥ · · · , and γ̂m,1
X,k (t), γ̂

m,2
X,k (t), . . . , respectively. By the arguments

in Benko et al. (2009), we have limm→∞ τ̂m,j
X,k = λ̂j

X,k and limm→∞ ||γ̂m,j
X,k − φ̂j

X,k|| = 0, if

λ̂j−1
X,k > λ̂j

X,k > λ̂j+1
X,k . Let Σ̂

m
X,k be the m×m matrix with (j, l)th entry being 1

k

∑k
i=1 w

jl
Xi

,

where ωjl
Xi

= βXi,jβXi,l. Suppose the eigenvalues and eigenvectors of Σ̂m
X,k are denoted

correspondingly by λa(Σ̂m
X,k) and ξa(Σ̂m

X,k) with 1 ≤ a ≤ m. It is not hard to see that

τ̂m,a
X,k = λa(Σ̂m

X,k), γ̂m,a
X,k (t) = ξa(Σ̂m

X,k)
′Φm

X(t),

where Φm
X(t) = (φ1

X(t), φ2
X(t), . . . , φm

X(t)). By Lemma A.1 of Kneip and Utikal (2001),
we obtain for every 1 ≤ a ≤ m,

τ̂m,a
X,k − λa

X =
1

k

k
∑

i=1

(β2
Xi,a − λa

X) +Rm,a
X,k ,

where

|Rm,a
X,k | ≤

6 sup||e||=1 e
′(Σ̂m

X,k − Σm
X)2e

mins6=a |λs
X − λa

X |
and Σm

X = diag(λ1
X , . . . , λm

X). The same arguments can be applied directly to the second

sample. Let τ̂mk = ((τ̂mX,k)
′, (τ̂mY,k)

′)′ = (τ̂m,1
X,k , . . . , τ̂

m,M
X,k , τ̂m,1

Y,k , . . . , τ̂m,M
Y,k )′, λ = (λ1:M

X , λ1:M
Y )′

and U i = ((U i
X)′, (U i

Y )
′)′ = (β2

Xi,1
− λ1

X , . . . , β2
Xi,M

− λM
X , β2

Yi,1
− λ1

Y , . . . , β
2
Yi,M

− λM
Y )′.

Then we have

τ̂mk − λ =
1

k

k
∑

i=1

(

U i
X

U i
Y

)

+Rm
k , (0.4)

with Rm
k = ((Rm

X,k)
′, (Rm

Y,k)
′)′ = (Rm,1

X,k, . . . , R
m,M
X,k , Rm,1

Y,k , . . . , R
m,M
Y,k )′.

Lemma 0.5. Under Assumption 3.1 or Assumption 3.2 with γ1 = γ2, we have

1√
N





1

γ1

⌊N1r⌋
∑

i=1

U i
X − 1

γ2

⌊N2r⌋
∑

i=1

U i
Y



⇒D Λ̃MBM (r). (0.5)

Proof. Suppose β
(v)
Xi,k

is the principle component associated with the v−dependent ap-
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6 Zhang et al.

proximation sequence {X(v)
i (t)}. For every 1 ≤ k ≤ M,

E

∣

∣

∣

∣

β2
Xi,k −

(

β
(v)
Xi,k

)2
∣

∣

∣

∣

2

=E

∣

∣

∣

∣

∣

(∫

Xi(t)φ
k
X(t)dt

)2

−
(∫

X
(v)
i (t)φk

X(t)dt

)2
∣

∣

∣

∣

∣

2

=E

∣

∣

∣

∣

(∫

(Xi(t)−X
(v)
i (t))φk

X (t)dt

)(∫

(Xi(t) +X
(v)
i (t))φk

X(t)dt

)∣

∣

∣

∣

2

≤E||X1 −X
(v)
1 ||2||X1 +X

(v)
1 ||2

≤(E||X1 −X
(v)
1 ||4)1/2(E||X1 +X

(v)
1 ||4)1/2

≤c(E||X1 −X
(v)
1 ||4)1/2.

The same argument can be applied to {β2
Yi,k

} which implies that the process {(U i
X , U i

Y )}
is L2-m-approximable and hence satisfies the functional central limit theorem. The rest
of the proof is analogous to the proof of Lemma 0.3.

Lemma 0.6. Under Assumptions 3.2-3.4, we have

N−1
N1
∑

l=1

sup
m∈N

|lRm
X,l|2 = Op(1), (0.6)

and N1/2 supm∈N |Rm
X,N1

| = op(1) as N → ∞. The same conclusion also holds for the
remainder term {Rm

Y,l}.

Proof. Recall that vjkXi
= ωjk

Xi
−E[ωjk

Xi
]. Note first that for any 1 ≤ a ≤ M with M fixed

and 1 ≤ k ≤ N, we have

E sup
m∈N

|lRm,a
X,l |2 ≤l2E sup

m∈N

{

6 sup||e||=1 e
′(Σ̂m

X,l − Σm
X)2e

mins6=a |λs
X − λa

X |

}2

≤cl2E sup
m∈N







m
∑

j,k=1

(

1

l

l
∑

i=1

βXi,jβXi,k − δjkλ
j
X

)2






2

≤cl2E







∞
∑

j,k=1

(

1

l

l
∑

i=1

βXi,jβXi,k − δjkλ
j
X

)2






2

=
c

l2

∑

j,k

∑

j′,k′

l
∑

i1,i2,i3,i4=1

E[vjkXi1
vjkXi2

vj
′k′

Xi3
vj

′k′

Xi4
],

where we have used the inequality that sup||e||=1 e
′B2e ≤ tr(BB′) =

∑m
j,k=1 b

2
jk for a

symmetric matrix B = (bjk)
m
j,k=1. Using the fact that

E[vjkXi1
vjkXi2

vj
′k′

Xi3
vj

′k′

Xi4
] = cum(vjkX0

, vjkXi2−i1
, vj

′k′

Xi3−i1
, vj

′k′

Xi4−i1
)

+ rjkX (i2 − i1)r
j′k′

X (i4 − i3) + rjk,j
′k′

X (i3 − i1)r
jk,j′k′

X (i4 − i2) + rjk,j
′k′

X (i3 − i2)r
jk,j′k′

X (i4 − i1),
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Two Sample Inference 7

with rjkX (h) = rjk,jkX (h), we obtain supm∈N
|lRm,a

X,l |2 ≤ c(I1 + I2 + I3 + I4). Under As-
sumption 3.4, we have

|I1| ≤
1

l2

∑

j,k

∑

j′,k′

l
∑

i1=1

∑

i2,i3,i4∈Z

|cum(vjkX0
, vjkXi2

, vj
′k′

Xi3
, vj

′k′

Xi4
)| < c

l
.

Further, it is not hard to see that

|I2| ≤ c





∑

j,k

+∞
∑

h=−∞

|rjkX (h)|





2

< +∞, |Is| ≤c
∑

j,k

∑

j′,k′

(

+∞
∑

h=−∞

|rjk,j
′k′

X (h)|
)2

< +∞,

for s = 3, 4. Therefore, we get N−1
∑N1

l=1 supm∈N
|lRm

X,l|2 = Op(1). Using similar argu-
ments above, we have

E[N1/2 sup
m∈N

|Rm,a
X,N1

|] ≤ cN1/2E
∑

j,k

(

1

N1

N1
∑

i=1

vjkXi

)2

≤ c
N1/2

N1

∑

j,k

+∞
∑

h=−∞

|rjkX (h)| → 0.

The conclusion follows by using the same arguments for the second sample.

Proof of Theorem 3.2. Let λ̂k = (λ̂′
X,k, λ̂

′
Y,k)

′ = (λ̂1
X,k, . . . , λ̂

M
X,k, λ̂

1
Y,k, . . . , λ̂

M
Y,k)

′. Us-
ing the Bahadur representation of τ̂m⌊Nr⌋ with r ∈ [ǫ, 1], we have

⌊Nr⌋√
N

(λ̂⌊Nr⌋ − λ) =
⌊Nr⌋√

N
(τ̂m⌊Nr⌋ − λ) +

⌊Nr⌋√
N

(λ̂⌊Nr⌋ − τ̂m⌊Nr⌋)

=
1√
N

⌊Nr⌋
∑

i=1

(

U i
X

U i
Y

)

+
⌊Nr⌋√

N
Rm

⌊Nr⌋ +
⌊Nr⌋√

N
(λ̂⌊Nr⌋ − τ̂m⌊Nr⌋).

(0.7)

By Lemma 3.2 in Hörmann and Kokoszka (2010), we know that

sup
⌊Nǫ⌋≤k≤N

|λ̂j
X,k − λj

X | ≤ c sup
⌊Nǫ⌋≤k≤N

||ĈX,k − CX ||HS ,

for 1 ≤ j ≤ M . Recall that ZX,k(t, s) = Xk(t)Xk(s)−CX(t, s). By the arguments in the
proof of Lemma 0.4, we can show that

E sup
⌊Nǫ⌋≤k≤N

||ĈX,k − CX ||2HS ≤E max
⌊Nǫ⌋≤k≤N

∫

I

∫

I

{

1

k

k
∑

i=1

ZX,i(t, s)

}2

dtds

≤ 1

ǫ2N2
E max

1≤k≤N

∫

I

∫

I

{

k
∑

i=1

ZX,i(t, s)

}2

dtds = o(1).

(0.8)
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Hence we know that sup⌊Nǫ⌋≤k≤N |λ̂j
X,k − λj

X | = op(1), which implies that the event

Ej
X := {λ̂j+1

X,k > λ̂j
X,k > λ̂j−1

X,k for all ⌊Nǫ⌋ ≤ k ≤ N} occurs with probability tending to

1. The same arguments apply to the second sample. Let ΠX,∞ =
∑+∞

j=1 < φj
X , · > φj

X .
By the properties of Hilbert-Schmidt norm, we have

sup
r∈[ǫ,1]

||ΠX,mĈX,⌊Nr⌋ΠX,m − ĈX,⌊Nr⌋||HS

≤ sup
r∈[ǫ,1]

(

||(ΠX,m −ΠX,∞)ĈX,⌊Nr⌋ΠX,m||HS + ||ĈX,⌊Nr⌋(ΠX,m −ΠX,∞)||HS

)

≤2 sup
r∈[ǫ,1]

||ĈX,⌊Nr⌋(ΠX,m −ΠX,∞)||HS = 2

(

sup
r∈[ǫ,1]

||(ΠX,m −ΠX,∞)ĈX,⌊Nr⌋||2HS

)1/2

=2



 sup
r∈[ǫ,1]

+∞
∑

j=1

(λ̂j
X,⌊Nr⌋)

2||(ΠX,m −ΠX,∞)φ̂j
X,⌊Nr⌋||2HS





1/2

=2



 sup
r∈[ǫ,1]

+∞
∑

i=m+1

+∞
∑

j=1

(λ̂j
X,⌊Nr⌋)

2 < φi
X , φ̂j

X,⌊Nr⌋ >
2





1/2

,

From (0.8), we know P (sup⌊Nǫ⌋≤k≤N ||ĈX,k||HS ≤ 2||CX ||HS) → 1. On the event

{sup⌊Nǫ⌋≤k≤N ||ĈX,k||HS ≤ 2||CX ||HS}, we get

sup
r∈[ǫ,1]

+∞
∑

i=1

+∞
∑

j=1

(λ̂j
X,⌊Nr⌋)

2 < φi
X , φ̂j

X,⌊Nr⌋ >
2= sup

r∈[ǫ,1]

+∞
∑

j=1

(λ̂j
X,⌊Nr⌋)

2 ≤ 2||CX ||2HS ,

which implies that supr∈[ǫ,1] ||ΠX,mĈX,⌊Nr⌋ΠX,m−ĈX,⌊Nr⌋||HS → 0 as m → +∞ for any

fixed N. Then on the event ∩1≤j≤M (Ej
X ∩Ej

Y )∩{sup⌊Nǫ⌋≤k≤N ||ĈX,k||HS ≤ 2||CX ||HS},
we have limm→+∞ supr∈[ǫ,1] |λ̂⌊Nr⌋ − τ̂m⌊Nr⌋| = 0. Recall that θ̂k = (θ̂1k, . . . , θ̂

M
k )′ with

θ̂jk = λ̂j
X,⌊kN1/N⌋ − λ̂j

Y,⌊kN2/N⌋. Take lim supm→+∞ elementwise in (0.7), we get

⌊Nr⌋√
N

(λ̂⌊Nr⌋ − λ) =
1√
N

⌊Nr⌋
∑

i=1

(

U i
X

U i
Y

)

+
⌊Nr⌋√

N
lim sup
m→∞

Rm
⌊Nr⌋,

which implies that

k√
N

{θ̂k − (λ1:M
X − λ1:M

Y )} =
1√
N







k

⌊kN1/N⌋

⌊kN1/N⌋
∑

i=1

U i
X − k

⌊kN2/N⌋

⌊kN2/N⌋
∑

i=1

U i
Y







+
k√
N

(

lim sup
m→∞

Rm
X,⌊kN1/N⌋ − lim sup

m→∞
Rm

Y,⌊kN2/N⌋

)

,
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with Nǫ ≤ k ≤ N. Notice that
∣

∣

∣

∣

lim sup
m→∞

Rm
X,⌊kN1/N⌋ − lim sup

m→∞
Rm

Y,⌊kN2/N⌋

∣

∣

∣

∣

≤ sup
m

|Rm
X,⌊kN1/N⌋|+ sup

m
|Rm

Y,⌊kN2/N⌋|.

By Lemma 0.5 and Lemma 0.6, the assumptions in Theorem 2.1 of Shao (2010) are

satisfied. Thus by similar arguments, we get G
(2)
SN,N(M) →d WM (ǫ) under H2,0 and

lim|L|→+∞ limN→+∞ G
(2)
SN,N(M) = +∞ under H2,a.

Remark 0.1. Suppose {Xi(t)} are on a finite dimensional space spanned by {φ1
X , . . . , φm0

X }.
Then it is easy to see that ĈX,k = ΠX,mĈX,kΠX,m for 2 ≤ k ≤ N1 and m ≥ m0, which

implies that λ̂⌊Nr⌋ = τ̂m⌊Nr⌋ for r ∈ (0, 1]. As seen from the proof of Theorem 3.2, trim-
ming is not required in this case as the arguments go through without approximating
the compact operator ĈX,k with a sequence of finite rank operators.

Proof of Proposition 3.1. Note thatXm(t) =
∑∞

j=0 bjεm−j(t) =
∑+∞

i=1

√
λi

(

∑+∞
j=0 bjzi,m−j

)

φi(t),

where zk,j ’s are independent standard normal random variables. Hence we get

wjk
Xm

=
√

λjλk

(

∞
∑

i=0

bizj,m−i

)(

+∞
∑

i=0

bizk,m−i

)

=
√

λjλk

∞
∑

i,i′=0

bibi′zj,m−izk,m−i′ ,

which implies that rjk,j
′k′

X (h) =
√

λjλkλj′λk′

∑

i1,i2,i3,i4
bi1bi2bi3bi4cov(zj,m−i1zk,m−i2 ,

zj′,m+h−i3zk′,m+h−i4). We then have

∑

j,k

∑

j′,k′

(

+∞
∑

h=−∞

|rjk,j
′k′

X (h)|
)2

≤
∑

j,k







2λjλk

∑

h

(

∑

i

bibi+h

)2






2

=4





∑

j

λ2
j





2
(

∑

h

π(h)2

)2

< ∞,

and
∑

j,k

∑+∞
h=−∞ |rjkX (h)| ≤

(

∑

j,k λjλk +
∑

j λ
2
j

)

∑

h (
∑

i bibi+h)
2
< ∞, where we have

used the fact cov(X1X2, X3X4) = cov(X1, X3)cov(X2, X4)+cov(X1, X4)cov(X2, X3) for
4-variate normal random variable (X1, X2, X3, X4). Notice that

cum(vjkX0
, vjkXi1

, vj
′k′

Xi2
, vj

′k′

Xi3
) = λjλkλj′λk′

+∞
∑

l1,...,l8=0

8
∏

t=1

blt

cum(zj,m−l1zk,m−l2 , zj,m+i1−l3zk,m+i1−l4 , zj′,m+i2−l5zk′,m+i2−l6 , zj′,m+i3−l7zk′,m+i3−l8).

We may decompose the cumulant using equation (2.3.7) in Brillinger (1975). Some typical
terms are the following:

cov(zj,m−l1 , zk,m+i1−l4)cov(zk,m−l2 , zj′,m+i2−l5)cov(zj,m+i1−l3 , zk′,m+i3−l8)cov(zk′,m+i2−l6 , zj′,m+i3−l7),

cov(zj,m−l1 , zk,m+i1−l4)cov(zj,m+i1−l3 , zk′,m+i2−l6)cov(zj′,m+i2−l5 , zk′,m+i3−l8)cov(zj′,m+i3−l7 , zk,m−l2).
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It is not hard to see that each term is bounded provided that

∑

i1,i2,i3

|π(i1)π(i2)π(i3−i1)π(i3−i2)| ≤ c
∑

i1,i2,i3

|π(i1)π(i2)π(i3−i1)| ≤ c

(

∑

h

|π(h)|
)3

< ∞.

To prove Theorem 3.3, we begin with the Bahadur representation of the recursive
estimates of the eigenfunctions. By Lemma A of Kneip and Utikal (2001), we get

ξa(Σ̂m
X,k)− em,a = −Sm,a

X (Σ̂m
X,k − Σm

X)em,a + R̃m,a
X,k ,

where

|R̃m,a
X,k | ≤

6 sup||e||=1 e
′(Σ̂m

X,k − Σm
X)2e

mins6=a |λs
X − λa

X |2 ,

Sm,a
X =

∑

s6=a
1

λs
X
−λa

X

em,s(em,s)′, and em,1, em,2, . . . , em,m are m−dimensional unit vec-

tors. It follows that

γ̂m,a
X,k (t)− φa

X(t) =(ξa(Σ̂m
X,k)− em,a)′Φm

X(t)

=−
∑

s6=a

1

λs
X − λa

X

{

1

k

k
∑

i=1

βXi,sβXi,a

}

φs
X(t) + Φm

X(t)′R̃m,a
X,k .

Let νi = (φ̃i+1, . . . , φ̃p) and further define η̃aX,k = (< φ̂a
X,k, φ̃

a+1 >, . . . , < φ̂a
X,k, φ̃

p >)′,

Γ̃m,a
X,k = (< γ̂m,a

X,k , φ̃
a+1 >, . . . , < γ̂m,a

X,k , φ̃
p >)′, and Ψ̃s,a

X = (< φs
X , φ̃a+1 >, . . . , < φs

X , φ̃p >

)′ with Ψ̃a,a
X = Ψ̃a

X . We thus get

Γ̃m,a
X,k − Ψ̃a

X = −
∑

1≤s6=a≤m

1

λs
X − λa

X

{

1

k

k
∑

i=1

βXi,sβXi,a

}

Ψ̃s,a
X + Ψ̃X(m, a)R̃m,a

X,k ,

where Ψ̃X(m, a) = (Ψ̃1,a
X , . . . , Ψ̃m,a

X ) ∈ R
(p−a)×m. Note that on the event ∩1≤j≤M (Ej

X ∩
Ej

Y ), we have

|η̃aX,k − Γ̃m,a
X,k | ≤ c||φ̂a

X,k − γ̂m,a
X,k || → 0, as m → ∞,

for Nǫ ≤ k ≤ N . Then we have

η̃aX,k − Ψ̃a
X =

1

k

k
∑

i=1







−
∑

1≤s6=a<∞

Ψ̃s,a
X

λs
X − λa

X

wsa
Xi







+ lim sup
m→∞

Ψ̃X(m, a)R̃m,a
X,k .

Under Assumption 3.4, it is not hard to show thatN−1
∑N1

l=1 supm∈N |lΨ̃X(m, a)R̃m,a
X,l |2 =

Op(1) and N1/2 supm∈N |Ψ̃X(m, a)R̃m,a
X,N1

| = op(1) for 1 ≤ a ≤ M by using similar argu-
ments in the proof of Lemma 0.6. Defining analogous quantities for the second sample
with the subscript Y , we can obtain the same result for the second sample.
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Lemma 0.7. Define h̃a
X,i = −∑s6=a

(

Ψ̃s,a

X

λs
X
−λa

X

wsa
Xi

)

and h̃a
Y,i = −∑s6=a

(

Ψ̃s,a

Y

λs
Y
−λa

Y

wsa
Yi

)

.

Let h̃i = (h̃′
X,i, h̃

′
Y,i)

′ = (h̃1
X,i, . . . , h̃

M
X,i, h̃

1
Y,i, . . . , h̃

M
Y,i)

′. Suppose Assumptions 3.1 holds.
Then under the null, we have

1√
N







1

γ1

⌊N1r⌋
∑

i=1

h̃X,i −
1

γ2

⌊N2r⌋
∑

i=1

h̃Y,i







⇒ Λ̄M0
BM0

(r). (0.9)

Under Assumption 3.5 and the local alternative, (0.9) also holds. We have the same
conclusion with Assumption 3.1 replaced by Assumption 3.2 and γ1 = γ2.

Proof of Lemma 0.7. We only prove the result under condition (3.5) as the derivation
under (3.6) is straightforward (see Remark 0.2). Under condition (3.5), we have for a+1 ≤
j ≤ p,











E

∣

∣

∣

∣

∣

∣

∑

1≤s6=a<∞

< φs
X , φ̃j >

λs
X − λa

X

(βX1,sβX1,a − β
(v)
X1,s

β
(v)
X1,a

)

∣

∣

∣

∣

∣

∣

2










1/2

≤c
∑

1≤s6=a<∞

| < φs
X , φ̃j > |

{

E
(

βX1,sβX1,a − β
(v)
X1,s

β
(v)
X1,a

)2
}1/2

≤c
∑

1≤s6=a<∞

| < φs
X , φ̃j > |

{

E
(

βX1,s − β
(v)
X1,s

)2

(βX1,a)
2 + E

(

βX1,a − β
(v)
X1,a

)2

(β
(v)
X1,s

)2
}1/2

≤c
∑

1≤s<∞

{

E
(

βX1,s − β
(v)
X1,s

)4
}1/4

+ c
(

E||X1 −X
(v)
1 ||4

)1/4 ∑

1≤s<∞

(

Eβ4
X1,s

)1/4
,

which implies that

∞
∑

v=1











E

∣

∣

∣

∣

∣

∣

∑

1≤s6=a<∞

< φs
X , νja >

λs
X − λa

X

(βX1,sβX1,a − β
(v)
X1,s

β
(v)
X1,a

)

∣

∣

∣

∣

∣

∣

2










1/2

≤c

∞
∑

v=1

∞
∑

s=1

{

E
(

βX1,s − β
(v)
X1,s

)4
}1/4

+ c

∞
∑

s=1

(

Eβ4
X1,s

)1/4
< ∞.

Applying the same arguments to the second sample, we show that the sequence {h̃k} is
L2-m-approximable. The conclusion follows from the arguments in the proof of Lemma
0.3.

Remark 0.2. Notice that under the assumption φj
X = φj

X = φ̃j for 2 ≤ j ≤ p, h̃a
X,i =

−
(

wa+1,a

Xi

λa+1

X
−λa

X

, . . . ,
wp,a

Xi

λp

X
−λa

X

)′

and the result in Lemma 0.7 can be established without the
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summability condition (3.5). In general, if we have
∑+∞

s=1 | < φs
X , φ̃j > | < +∞ and

∑+∞
s=1 | < φs

Y , φ̃
j > | < +∞, for 2 ≤ j ≤ p, then condition (3.5) can be dropped by

noting that
{

E
(

βX1,sβX1,a − β
(v)
X1,s

β
(v)
X1,a

)2
}1/2

≤ c
(

E||X1 −X
(v)
1 ||4

)1/4

.

Proof of Theorem 3.3 and Proposition 3.2. Define Ψ̂s,a
X and ĥk by replacing νi

with ν̂i in Ψ̃s,a
X and h̃k. We shall first show that

1√
N

sup
r∈[0,1]







∣

∣

∣

∣

∣

∣

⌊N1r⌋
∑

i=1

(ĥX,i − h̃X,i)

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

⌊N2r⌋
∑

i=1

(ĥY,i − h̃Y,i)

∣

∣

∣

∣

∣

∣







= op(1), (0.10)

which suggests that the estimation effect caused by using φ̂i
XY instead of φ̃i is asymptot-

ically negligible. Using the fact that ||φ̂j
XY − φ̃j || = Op(1/

√
N) and the Cauchy-Schwarz

inequality, we have

1√
N1

sup
r∈[0,1]

∣

∣

∣

∣

∣

∣

⌊N1r⌋
∑

i=1

∑

s6=a

(

Ψ̃s,a
X − Ψ̂s,a

X

λs
X − λa

X

wsa
Xi

)

∣

∣

∣

∣

∣

∣

≤
c
∑p

j=a+1 ||φ̂
j
XY − φ̃j ||

√
N1







∑

s6=a

sup
r∈[0,1]

∣

∣

∣

∣

∣

∣

⌊N1r⌋
∑

i=1

wsa
Xi

∣

∣

∣

∣

∣

∣

2






1/2

.

(0.11)

Under Assumptions 3.4, we can show that E
(

∑N1

i=1 w
sa
Xi

)2

≤ N1g̃s with
∑+∞

s=1 g̃s < +∞.

Note that

∑

s6=a

E max
1≤k≤N1

∣

∣

∣

∣

∣

k
∑

i=1

wsa
Xi

∣

∣

∣

∣

∣

2

≤ (log log 4N1)
2N1

∑

s6=a

g̃s ≤ c(log log 4N1)
2N1.

Then it is not hard to see the the RHS of (0.11) is of order op(1). The same arguments
for the second sample imply (0.10). The rest of the proof follows similar arguments in
the proofs of Theorem 3.2 and Lemma 0.7. We omit the details.

Proof of Proposition 3.3. Note first that the assumptions in Proposition 3.1 are sat-

isfied provided that
∑∞

j=1

√

λj < ∞ and
∑∞

m=1(
∑∞

j=m b2j)
1/2 < ∞. Because β

(m)
X1,j

=
√

λj

(

∑m−1
l=0 blzj,1−l +

∑+∞
l=m blz

(1)
j,1−l

)

, where {z(1)j,k} is a sequence of independent copies

of {zj,k}, we have

∞
∑

m=1

∞
∑

j=1

{

E
(

βX1,j − β
(m)
X1,j

)4
}1/4

=

+∞
∑

j=1

√

λj

+∞
∑

m=1



E

{

+∞
∑

l=m

bl(zj,1−l − z
(1)
j,1−l)

}4




1/4

≤
+∞
∑

j=1

√

λj

+∞
∑

m=1

(

+∞
∑

l=m

b2l

)1/2

< +∞.
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Using similar arguments, we can show that
∑∞

j=1

(

Eβ4
X1,j

)1/4
< ∞.
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