Submitted to the Bernoulli
arXiv: arXiv:0000.0000

Supplement to “T'wo Sample Inference for the
Second-order Property of Temporally
Dependent Functional Data”

XIANYANG ZHANG! and XIAOFENG SHAO?

! Department of Statistics, University of Missouri-Columbia, Columbia, MO, 65211, United
States. E-mail: *zhangxiany@missouri.edu

2 Department of Statistics, University of Illinois at Urbana-Champaign, Champaign, IL, 61820,
United States. E-mail: *xshao@illinois.edu

This supplement contains proofs of the results in Section 3

Let Hygs be the space of Hilbert-Schmidt operator which is a separable Hilbert s-
pace with respect to the inner product < S1,52 >ps= > oo, E ~1 < Si(gi), h; ><
S9(gi), hy > for Si, 52 € Hyg, where {g;} and {h;} are two arb1trary orthonormal basis
of H. Throughout the appendix, we let ¢ be a generic constant which varies from line
to line. To maximize readability, we provide a list of notation that will be used in the
appendix. Recall the following: _
(1) Cx.m is the sample covariance operator based on {X;(t)}7,, and gZA)JX

\J
m and )\X)m

are the jth eigenfunction and eigenvalue of C'X,m; Cxy is the empirical covariance
operator based on the pooled sample with {éjxy} and {S\JXY} being the correspond-
ing eigenfunctions and eigenvalues; The population counterpart of Cxy is given by
Cxy = 71 Cx + 72Cy whose eigenvalues and eigenfunctions are denoted by {\} and
{¢Zj } respectively. The notation with a subscript Y is used to denote the quantities asso-
ciated with the second sample. .

(2) &k = VeCh(Ck) with Ck = (Z'J)K k == )\

i,j=1 X, kN1 /N /\Y\_kN /vy and 0 =

(6L,...,0M) with | Ne| < k < N forsome e > 0; 7], = (< (bX kN, /N | ¢YLI@N2/NJ P >
< (bX,Uch/Nj —ng’Lsz/NJ,(bXY >) with 1 < j < M and |Ne] < k < N;

e = (07, ) € RMo with My = ML,
(3) Bxis = Jy(Xu(®) = ()8 (it o, = B T8 " (h) = Bl —0iA) Wk, -
5j/k’)\j/)] and UX = wX E[ ] = wX — gk)\

Lemma 0.1. Under Assumption 3.2, {X;} and {};} are both L*-m-approzimable se-
quences i Hygg.

Proof. Let le) = Xl(m) ®X1(m), where Xl(m) is the m-dependent approximation of Xj.
1
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2 Zhang et al.

‘We have

1/2
1 - s = ([ [ nixeo) - X7 0x( ) avas )
JT
<V2|1X1 = XM 1X |+ 11X M),

which implies that (E||X; — Xfm)”qu)l/2 < c(B|| Xy — X§m)||4)1/4. The same arguments
apply to {JV;}. The conclusion follows by noting the fact that {X;(¢)} and {Y;(¢)} are
both L*-m-approximable. [l

Lemma 0.2.  Suppose Assumptions 3.2-3.8 hold. Then we have supy N E||Cxy —C||% ¢ <
¢ and
limsup NE| Ny — M|? < o0, hmsupNEHcJ vy — ) < o0,

N—+o00 N —+o00

for 1 < j < K, where ¢ is a finite constant that does not depend on N, and cJXY =

sign(@y 7).

Proof. Note that {X;(¢)} and {Y;(t)} are both L*-m-approximable. The conclusion
follows from Theorem 3.1 and Theorem 3.2 in Hérmann and Kokoszka (2010). O

Let Rxp = (< (X — Cx)¢', ¢ >)i<ij<x and Ry = (< (yk —Cy)d, ¢ > >)i<ij<k
with 1 < k < N. Define the emplrlcal estimates RX r and Ry;C by replacing qSJ with
cXngXY in the definition of RXk and RYk In Lemmas 0.3 and 0.4 below, we prove
an invariance principle for the partial sum process of {Rx,k, Ry_’k} and show that the
estimation effect caused by replacing ¢Zj with éjkngg(y is asymptotically negligible.

Lemma 0.3. Under Assumption 3.1, we have

[Nir] [Nar]
1 1 ~ 1 -
— | — Z vech(Rx k) — — Z vech(Ry k) | = A;Bq(r). (0.1)
VN A S 2 =
When 1 = 72, (0.1) holds under Assumption 3.2.

Proof. Define Rg?llz and Rg,nz) by replacing X; and Y; with the m—dependent approx-

(m

imations X; ) and Y;(m) in the definition of Rx and Ry respectively. Consider the

joint process (vech(Rx 1), vech(Ry 1)) and observe that
_ . 2
E ](vech(RX,k)/, vech(Ry 1)) — (vech(RY)', vech(R{™)Y)’

<c 3 {E(< (X1 — XG>+ E(< O = V) ¢ )}

1<i<j<K

<c(BllX — X% + BV — V™| 14),
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Two Sample Inference 3

which implies that the joint process is L?-m-approximable. By Theorem A.1 of Aue et
al. (2009), we can establish the functional central limit theorem for the joint processes,
i.e.,

1 [Nor]

vech(Rx k)) <2;1 0 ) B (r)
= + * ., No — +o0,
VN, Z <VeCh ) X1 X Bff)(r) 0
where B((i )(r) and Bc(l )(r) are two independent d—dimensional Brownian motions. It is

easy to see the conclusion holds when {X;(¢)} and {Y;(¢)} are independent. If v; = 72,
the continuous mapping theorem from D24[0, 1] to D?]0, 1] yields that,

1 1 LNl’I‘J 5 I_NQ’I‘J B
— | — vech(R, - — vech(R
VN \ m kz::l (Rox.e) Vo kz::l (Bv.i)

1 * * 1 1 * 2
:>%(211 - E21)3,(1 )(717") - %2223((1 )(’717")

:dAZBd(r)v

where AZI is a lower triangular matrix such that A5 (A}) = %{(Efl -X5) (X —X5) +
255(X5)'}- O

Lemma 0.4. Suppose Assumptions 3.2-3.3 hold, we have

LNlT‘J LN2TJ
—— sup Z {vech(Rx 1) — vech(Rx r)}| + Z {vech((Ry,x) — vech(Ry i) }| p = op(1).
\/N rel0,1] —1 =1

Proof. Define Zxj,(t,s) = Xi(t)X(s) — Cx(t,s) and Z{}(t,s) = X ()X (5) —
Cx (t,s). We aim to show that for each 1 <4,j < K|

LNlTJ

7,50 |5 [ [ Zktt5) (507 (0) — Syl dl 06y () dis| = (1)
TG 1 k—1

From Lemma 0.2 and the proof of Theorem 3.4 in Zhang et al. (2011), the result follows
from the fact that

N2  Dax, //{ZZXZtS} dtds| = op(1). (0.3)

Under Assumption 3.2, it is straightforward to show that {Zx x(t, s)} is L>-m-approximable.
Let g(t, s) = E|Zx1(t, ) >+2(E|Zx,1(t, 8)[)/2 S (B Zx a8, 8) = 28 1 (8, 5)[2) 2
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4 Zhang et al.

By the Cauchy-Schwartz inequality, we get

/Z/Zg(t, s)dtds

+oo
B Zxa(t )P 423 / / (B Zx 1 () 2) 2B\ Zx i (t.5) — 200, (1, ) 2dtds
TJT

+oo
<E||Zxa(t,9)|1* + 2Bl Zx 1 (1, 9)|1)2 S (Bl Zx ria (b, 8) — 24 (4 5)[[H)Y? < o0,
r=1

Since Zx, and ng )7‘+1 are independent, we have

2

Ny
E (Z Zx(t, S)) = Y (M= [rDE[Zx(t,8) Zxrra(t,5)]

|7"<N1

<SNIE[Zxa(t,s)]+2 > (N = r)EZxa(t,)(Zxsa(t,s) — 2 ,1(t,9))]

0<r<N,
—+o0

<NIE[Zx1(t,8)2) + 2Ny Y (B|Zx 1 (t 8)[)) V2 (B Zx o1 (1, 5) — Z9) 41 (E.5)[)) /2 = Nug(t, ).
r=1

Hence by Menshov’s inequality [see Billingsley (1999)], we obtain that

2
. < 2
E max {; Zx.lt, s)} < (loglog 4N1)2Nig(t, s),

which implies (0.3). The proof is completed by applying the same argument to the second
sample. [l

Proof of Theorem 3.1. Define o} by replacmg ¢’ with LkN N ZUCNI/NJ R” -

Lsz/Nj ZUCNZ/NJ Rl J in &; where R % and R are the (7,7)th elements of RXJ and

Ry_’l. Notice that the SN—based test statistic can be written as,

1 Y N
G(S])V,N(d) :NO‘QVVS]\},N(d)aN
N —1
* A 1 2 * * * * \/ * A
=N(ay +vech(A))' 4 1 Y k(aj —ai)(af —ak) ¢ (ak +vech(d)),
k=1
where A = (< (Cx — Cy)éfxygzgixy, ﬁkygf)ﬁgy >)Z{<j:1 which is a matrix of zeros under the
null. Using the fact that ||¢y ¢%y — ¢|| = 0,(1), we have VNA = LA + o0,(L) under
the local alternative. By Lemma 0.3, Lemma 0.4 and the continuous mapping theorem,
we have G§3 v (d) = Wy under Hyo and lim 7|, 4 o imy_s s o0 G5}y (d) = +00 under
H; . In view of Lemma 0.3, the conclusion also holds under Assumption 3.2 provided
that v = 7. O
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Two Sample Inference 5

Define the m—dimensional linear operator Ilx ,,z = > ", < qﬁg(,x > qﬁg(. Consider
the symmetric operator Ilx ,,Cx rllx ,n as well as its eigenvalues and eigenfunctions
denoted by f';?kl > %;?,3 > ..., and ﬁ;’;,i(t) ﬁ?,f(t) ., respectively. By the arguments
in Benko et al. (2009), we have lim, o0 73} =N, % and limy, o ||%’;,ﬁ s Kl =0, if
/A\f{,i > )\JX e > /\JJrl Let E’)’} ,, be the m x m matrix with (j,1)th entry being + Zk ﬁé :
where w )é = Bx;,jBx,,1- Suppose the eigenvalues and eigenvectors of sm "¢ are denoted
correspondingly by /\a(f]%k) and 5“(2?0 with 1 < a < m. It is not hard to see that

Por = AMERL), A (D) = €N (SR L) PR (),

where ®%(t) = (¢ (1), % (1),...,¢%(t)). By Lemma A.1 of Kneip and Utikal (2001),
we obtain for every 1 < a <m

)

k

~m,a a 1

X,k_/\ :EZﬂXa )‘X +Rxgga
where R

m,a 68upH€||:1 6/(2:?716 — E?)2€
|RX,k| S : s a
min 0 N — A%

and ¥ = diag(\L,...,\%). The same arguments can be applied directly to the second

sammple. Let 77" = (42,0, (REA)) = (b et 2l ) 3= O, Ay

and U’ = ((Ug()/v(U}if)l)/ = (Bg(i,l _A}(v"'vﬁXi,M )‘XvﬁYi,l A%’?"'vﬁ)%i,M _)‘9/4)1'
Then we have
=13 (UN) Ry (0.4)
k k . U}l/ k .

with R = (R,.), (Ry,)) = (Rgg;;,...,RQ;%,R%,...,R%M)’.

Lemma 0.5. Under Assumption 3.1 or Assumption 3.2 with ~v1 = 72, we have

LN1TJ 1 [Nar]
i=1 i=1

Proof. Suppose Bgé}i) i is the principle component associated with the v—dependent ap-
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6 Zhang et al.

proximation sequence {Xl-(”)(t)}. For every 1 < k < M,

()] = |( [ xwrom) ([ x ok 2
—| ([0 - xP o)k [+ xVanekoa)

<E[|X: — X711 X1 + X2
<(BJIX1 — X|HYV2(E X+ X7V
<c(E||X; — x{7|[H2.

The same argument can be applied to {5, ;,} which implies that the process {(U,Uy)}
is L2-m-approximable and hence satisfies the functional central limit theorem. The rest
of the proof is analogous to the proof of Lemma 0.3. O

2

Lemma 0.6. Under Assumptions 3.2-3.4, we have

N,

Nt Z sup [IR% ,|* = Op(1), (0.6)
1—1 meN

and NY2sup,, ey |R% n,| = 0p(1) as N — oo. The same conclusion also holds for the

remainder term { Ry }.

Proof. Recall that vX = wgf E[wﬁ(k] Note first that for any 1 < a < M with M fixed
and 1 < k < N, we have

< 2
6 su ell= e(xm . _ym 26
E sup |lR;’gl“|2 <I?E su il .||—1 ( sx,z h %)
mEN ming£q |)\X — /\X|

2

2
§012Esup Z ( ZﬁX“JﬁX“ ]k)\ )

meN Jk=1

2

00 l 2
1 .
<cl’E (7 E Bx,.i8xik — 5jkA%(>
jk=1 i=1

C k k -/kl -/kl
_° Elik ik ik
ZD_ D Z i, vk, vkt ok,

gk g’k i1,i2,i3,0a=1

where we have used the inequality that sup.—; ¢'B%e < tr(BB') = 37, _, b3 for a
symmetric matrix B = (bjk)}nk:l- Using the fact that

ik gk 'k Gk jk 7k ik ik
Elvx, vx, vx, vx, | =cum(vy,vx, vy oy )

1.0 . EN: !’
8 (i — i)l (i — i) + 0T (i — i)Y (g — i) 38TV (i — )BT (14— i),
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Two Sample Inference 7

with #2¥ (h) = 5% (h), we obtain sup,, .y IR < e(Ii 4 o + I3 + Iy). Under As-
sumption 3.4, we have

TAEES ) ) Sl oI RE e CREc I

g,k 3’k t1=112,i3,i4 €L

Further, it is not hard to see that

2

00 2
e[S S ] <o u|<czz<z ﬂwk(hn) .

J,k h=—o0 7,k j', k" \h=—0o0

for s = 3,4. Therefore, we get N1 ZlNzll Sup,,en [[RY |* = Op(1). Using similar argu-
ments above, we have

Ny 2
1
BINY? sup [RER, || < eN'2ES (Nl > v”’“) E E P 3E(h)] = 0.
me X ;
.k i=1 J,k h=—o0

The conclusion follows by using the same arguments for the second sample. [l

Proof of Theorem 3.2. Let A\, = (X’Xk, A’YJC)’ = (5&,@, .. .,;\%k,;\%,7k, .. .,/A\)I‘,/{k)’. Us-
ing the Bahadur representation of 7| with r € [e, 1], we have

L\]/V%J (/\LNTJ A) = L\]/V%J (T(Nr) —A) + L\]/VLJ (/\LNTJ Fhr))

[NT) (0.7)

| N7 [N o
\/— Z < > \/N RLNTJ t == \/— ()‘LNTJ TLNTJ)'
By Lemma 3.2 in Hérmann and Kokoszka (2010), we know that

sup [N, — N[ <e sup [|[Cxp — Cx|lus,
[Ne|<k<N [Ne|<k<N

for 1 < j < M. Recall that Zx (t,s) = Xp(t)Xk(s) — Cx(t,s). By the arguments in the
proof of Lemma 0.4, we can show that

i 2
1
E  su Cxip—C <F max // - Zx.i(t,s dtds
I_NEJSI;SN” Xk X||HS | Ne|<k<N {kz Xﬁ( )}
< 2N2Elg}ca<XN//{ZZXZ (t,s } dtds = o(1).

(0.8)
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8 Zhang et al.

Hence we know that SuPLNejgng |5\]Xk — Xy | = 0,(1), which implies that the event
E = {/\JJr > N X > Ny s for all [Ne| < k < N} occurs with probability tending to

1. The same arguments apply to the second sample. Let IIx o = j;’f < ¢§(,- > .
By the properties of Hilbert-Schmidt norm, we have

81[1]9] xmCx, e xt,m — Cx (e |8
rele,l

< Sl[1p1] (||(Hx,m - HX,OO)CX7LN7‘J Ix m|lms + ||CX,LNTJ (IIx m — Hx,oo)||Hs)
rele,

1/2
<2 sup ||Cx nr) (Mx,m — x,o0)|| s = 2 ( sup ||(Mx.m — x,00)Cx, | nr) ||%rs>

re€le,1] rele,1]
oo 1/2
=2 Sl[lpl]z XLNTJ) ||(HXm_HX oo)¢x LNTJHHS
rele
oo oo 1/2

i 7] 2
=2| s > Y (M X)) < 9 O g > ’

re[el]Z Zmtl =1

From (0.8), we know P(sup|y.j<x<n ||Cx.kllrs < 2/|Cx||gs) — 1. On the event

{SUPLNejgng ||OX,k||HS < 2||Cx|lus}, we get

+00 400 too
Zl[lpl]zz XLNTJ) < ¢Xa¢X [NT] >2= Zl[lpl Z XLNTJ) < 2||CX||H57
s € i= 1J 1 s €

which implies that sup, ¢ 1) ||HX,mCA'X1LNTJ HX,m_éX,LNrJ l|lzs — 0 as m — 400 for any
fixed N. Then on the event Ni<;j<ar (E% N EY ) N{SUP | nej<p<n ICx xllms < 2/|Cx|lms?
we have limy;,— 4 o0 SUP,.¢[c 1 |5‘LNTJ — 7'Nrj| = 0. Recall that O = (6},...,0M) with
0, = N,

X, kN1 /N | )‘{/,LkNQ/NJ' Take limsup,, , ., elementwise in (0.7), we get

N7
|_‘Z TJ N § ‘Z TJ : m
VN Aivey = \/— \/N hgljgopRLNH’

which implies that

[kN1/N | [kN2 /N |

1 k

k A 1: 1: i K
vt v S I i AP VR o i E VL

VN

ko[, m , m
S (hm SUP R, oy /vy — HMSUD RY oy, /v J> )

m—r
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Two Sample Inference 9

with Ne < k < N. Notice that

117?_?111) RY Ny n| — hm Lsup RY enayny| < sup |RY vy vy |+ sup |RY v ) |-
By Lemma 0.5 and Lemma 0.6, the assumptions in Theorem 2.1 of Shao (2010) are
satisfied. Thus by similar arguments, we get GSNN(M) —4 Was(e) under Ha and

im| 7| 400 HMN 5 400 G(S])VN(M) = +o0 under Hy,. O

Remark 0.1. Suppose {X (t)} are on a finite dimensional space spanned by {¢%, ..., #%°}.
Then it is casy to see that CX k= Ix, mCX kllx m for 2 <k < Nj and m > mg, which

implies that )‘LNTJ = TU\,TJ for r € (0,1]. As seen from the proof of Theorem 3.2, trim-
ming is not required in this case as the arguments go through without approximating
the compact operator C'y j, with a sequence of finite rank operators.

Proof of Proposition 3.1. Note that X,,,(t) = 37 bjem—;(t) = ooV (Zj:og bjziﬁm,j) oi(t),
where 2, ;’s are independent standard normal random variables. Hence we get

o0 —+o0 o0
wﬂf = VA (Z biz’j,mi> (Z bizk,mi> =k Z bibir 2§ m—iZkm—i s
i=0 i=0 ;

1,1/ =0

Jk,j k _
which implies that ™" ™ (h) = \/AjAkAjr A D20 o0 o, bin iy bigbiy cov(2g,m—iy 2k,m—is
Zjr ,m+h713zk’,m+h714)- We then have

2 2
Pl IR h—*oo ik ANE
2

=4 N <Z7r(h)2> < o0,

h

and > S %?(h)| < (Z;k R D )\f) (>, bibiyn)® < 0o, where we have
used the fact cov(X; Xo, X3X4) = cov(X1, X3)cov(Xa, Xy)+cov(X7, X4)cov(Xs, X3) for
4-variate normal random variable (X7, X3, X3, X4). Notice that

—+oo
cum(v%ﬂ0 vﬂf v&k ’U;(k ) = XA A E H by,
I yels=0t=1

Cum(zjﬂn—ll Zk,m—las Zj,m+i1—ls fk,m+i1—las 25 ;mtiz—15 fk/ ;m+tiz—ls> Zj’,m+i3—l72k’,m+i3—lg)-

We may decompose the cumulant using equation (2.3.7) in Brillinger (1975). Some typical
terms are the following:

COV(Zj,m—1y s Zkym-tin—1a ) COV(Zk,m—1 » Zj7 mtin—15 )COV(Zj mtis —ls » Zk! ;mtis —1s )COV(Zk! mtin—lg s 2§ ;m-tis—17 )

COV(2j,m—ly s Zkym-tin—1a )COV(Zj mtiy —lss 2k mtin—Lg )COV( 250 mtin —ls s Zk! ymtis—1s )COV(2j motis—17 » Zk,m—1y)-
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10 Zhang et al.

It is not hard to see that each term is bounded provided that

3
> Inlin)m(in)m(is—in)m(is—iz)| < ¢ Y |7r(i1)7r(i2)7r(i3—i1)|§c<z |7T(h)|> < 0.

11,12,13 91,12,13

O

To prove Theorem 3.3, we begin with the Bahadur representation of the recursive
estimates of the eigenfunctions. By Lemma A of Kneip and Utikal (2001), we get

£ (ER ) — €™ = =S (ER, — TR+ R
where
R < 6supH€H 1€ (Em m—X%)%e
Xkl = mingzq [N — A%|? ’
S =Y sa 3™ (€™), and et ™2, e™™ are m—dimensional unit vec-
X X

tors. It follows that
A (t) — 0% () =(€°( A“Xﬁk) — ™) DR (1)

1 - HM,a
Z )\s )\a {E E :/BXi-,SﬁXiya} X (t) + @%(t)/RX:k
i=1

Let v; = (¢, ...,qu) and further define 7% , = (< égg)k,é“"’l >, < q3§(7k,q3p >,
Ion = (< ‘y}?,?,gb“*l <A P >), and WY = (< ¢, 00T >, < ok, P >
) with U%* = 0%, We thus get

k
i-i=- Y e {% Zﬁxiysﬂxi,a} R+ U (m, ) R
1<s#a<m =X X i=1
where Ux (m,a) = (Ty%,..., 0% € RP=9*™ Note that on the event Ni<j<pr(F% N
E3,), we have
7% 1 — fmxlzlﬂ < C||¢E§(k Axxll =0, asm — oo,
for Ne < k < N. Then we have

T S,a
T5r — % =z — Z ﬁwﬁ& + limsup W x (m, a) Ry
i 1<s#a<oo X X m—reo
Under Assumption 3.4, it is not hard to show that N ~* ZlN:ll SUP,,eN |10 x (m, a)]:ZgﬂQ =
Op(1) and NV2sup,, ey [Ux (m, a) Ry, | = 0,(1) for 1 < a < M by using similar argu-
ments in the proof of Lemma 0.6. Defining analogous quantities for the second sample
with the subscript Y, we can obtain the same result for the second sample.
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Two Sample Inference 11

Lemma 0.7. Define h% ; = — > ta (L; i‘?) and h$.; = — D sta ( \PS:a ffa)
Let h; = (il/Xl, ]~7,/Yl)l = (ﬁﬁ(l, ey ﬁ%z, h%,ﬁi, ey h}]\f{i)'. Suppose Assumptions 3.1 holds.
Then under the null, we have

[Nir] 1 [Nar] -
Z X,i— — Z hyJ' = AMOBMO (7‘) (09)
i—1 723

Under Assumption 3.5 and the local alternative, (0.9) also holds. We have the same
conclusion with Assumption 3.1 replaced by Assumption 3.2 and y1 = ¥s.

Proof of Lemma 0.7. We only prove the result under condition (3.5) as the derivation
under (3.6) is straightforward (see Remark 0.2). Under condition (3.5), we have for a+1 <

J=<p,
oy 1/2
< ¢ a¢ > v
E Z )\SX7(/8X1 sﬂX1 a ﬂg{f sﬁXl a)
1<s#a<oo X

B 1/2
e Y 1<k > 1B (sn - 50.00.)")

1<s#a<oo

- 1/2
<o 3 1<od > 1B (Brn - 00) G + B (n0 - 58) 08,2

1<s#a<oo
4y /4 o)) 14 1/4
<o 3 {B(me-a) ] ve(mim xS (s
1<s<0o0 1<s<oo

which implies that

9y 1/2
ad < %,V >
Z E Z in(ﬂxl SﬁXl a /8X1 sﬁXl a)
v=1 1<s#a<oo X
oo o0 4y 174 s 4 \1/4
ScZZ{E (ﬂxls ﬁXl S) } +CZ(EﬂX1’S) < 0.
v=1 s=1 s=1

Applying the same arguments to the second sample, we show that the sequence {ﬁk} is
L?-m-approximable. The conclusion follows from the arguments in the proof of Lemma

0.3. O
Remark 0.2. Notice that under the assumption ¢j = JX =¢J for 2 < j <p, E}Z =
a+1l,a p,a !
— ()\:Uj‘l ST )\:Uf&a > and the result in Lemma 0.7 can be established without the
D'e X X
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12 Zhang et al.

summability condition (3.5). In general, if we have .75 | < ¢%,¢ > | < 400 and
Xl < ¢3¢0 > | < +oo, for 2 < j < p, then condition (3.5) can be dropped by
noting that

{E (BXl,sﬁXh BXI sﬁxl a)2}1/2 <c (E||X1 - Xl(”)||4)1/4

Proof of Theorem 3.3 and Proposition 3.2. Define \i/}a and hy, by replacing v;
with #; in U5® and hy,. We shall first show that

[Nir] [Nar]

\/LN sup Z (]Alxﬂ' — ;LX,i) + Z (iLy)i — iLyﬂ') = Op(l), (0.10)

re0A] | | = i=1

which suggests that the estimation effect caused by using ngxy instead of él is asymptot-
ically negligible. Using the fact that ||¢%y — #7|| = O,(1/v/N) and the Cauchy-Schwarz
inequality, we have

[N17] ( sa_\I/sa

ECADIDY

SIS ) s#a

e 6y — )] pas
wsa. < j=a+1 sup wse
Xl) VN, ; r€f0,1] ; *

Under Assumptions 3.4, we can show that F (ZNll w¥ ) < N;pgs with Z::f gs < 4o00.
Note that
2

< .
2 E1§H;?J{v1 < (loglog 4N1)? Ny ;gs < c(loglog 4N,)* N,

Then it is not hard to see the the RHS of (0.11) is of order o0,(1). The same arguments
for the second sample imply (0.10). The rest of the proof follows similar arguments in
the proofs of Theorem 3.2 and Lemma 0.7. We omit the details. O

Zw

=1

Proof of Proposition 3.3. Note first that the assumptions in Proposition 3.1 are sat-
isfied provided that 3°7°, \/A; < o0 and 370 1(2 b2)1/2 < co. Because Bg?ll)ﬂ =

Jj=m "j

VA (Zz o bizji—i+ ZJFOO b ZJ(11 l) where {z k} is a sequence of independent copies
of {1}, we have

4y 1/4 Foo +00 4
Z{ (BXI;] Xl,)j) } Z\/_Z E{Zbl(zj,l—l —Zj(ll)l)}
l=m

m=1 j=1

1/4

<Z\/_§ (Zb2>1/2<+oo.
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Two Sample Inference 13

Using similar arguments, we can show that Zj’;l (Eﬂ;l(l )j)l/4 < 0. O
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