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Abstract

Motivated by the need to assess the significance of the trend in some macroeconomic se-

ries, this paper considers inference of a parameter in parametric trend functions when the errors

exhibit certain degrees of nonstationarity with changing unconditional variances. We adopt the

recently developed self-normalized approach to avoid the difficulty involved in the estimation

of the asymptotic variance of the ordinary least squares estimator. The limiting distribution of

the self-normalized quantity is non-pivotal but can be consistently approximated by using the

wild bootstrap, which is not consistent in general without studentization. Numerical simula-

tion demonstrates favorable coverage properties of the proposed method in comparison with

alternative ones. The U.S. nominal wages series is analyzed to illustrate the finite sample per-

formance. Some technical details are included in the online supplemental material.

KEY WORDS: Heteroscedasticity; Modulated stationary process; Self-normalization; Time

series regression; Wild bootstrap.
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ACCEPTED MANUSCRIPT

1 Introduction

Consider the simple linear trend model,

Xt,n = b1 + b2(t/n) + ut,n, t = 1, . . . , n. (1)

Inference of the linear trend coefficientb2 is an important problem in many fields such as econo-

metrics, statistics, and environmental sciences, and there is a rich literature. Hamilton (1994,

Chapter 16) derived the limiting distribution of the ordinary least squares (OLS) estimators ofb1

andb2 when the errors are independent and identically distributed (iid) from a normal distribution.

To account for possible dependence in the error,{ut,n} has often been assumed to be a station-

ary weakly dependent process. For example, Sherman (1997) applied the subsampling approach

when the errors are from a stationary mixing process, and Zhou and Shao (2013) considered the

M-estimation with stationary errors whose weak dependence was characterized by physical depen-

dence measures (Wu, 2005). Another popular way in econometrics is to model the dependence in

the error as an autoregressive (AR) process, and testing procedures that are robust to serial cor-

relation with possible unit root have been developed; see Canjels and Watson (1997), Vogelsang

(1998), Bunzel and Vogelsang (2005), and Harvey, Leybourne, and Taylor (2007), among others.

However, there is increasing evidence that many macroeconomic series exhibit heteroscedas-

tic behavior. For example, the U.S. gross domestic product series has been observed to have less

variability since 1980s; see Kim and Nelson (1999), McConnell and Perez-Quiros (2000), Busetti

and Taylor (2003), and references therein. In addition, Sensier and van Dijk (2004) argued that

majority of the macroeconomic data in Stock and Watson (1999) had abrupt changes in uncondi-

tional variances. The empirical evidence of weakly dependent and heteroscedastic errors can also

be found from environmental time series; see Rao (2004), Zhou and Wu (2009), and Zhang and

Wu (2011) for their data illustrations using global temperature series. There have been a number

of papers on the inference of weakly dependent time series models with heteroscedastic errors. For

example, Xu and Phillips (2008) studied the inference on the AR coefficients when the innovations
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are heteroscedastic martingale differences. Xu (2008) focused on inference of polynomial trends

with errors exhibiting nonstationary volatility. Zhao (2011) and Zhao and Li (2013) explored infer-

ences on the constant mean in the presence of modulated stationary errors. Xu (2012) presented a

statistic with a pivotal limiting distribution for the multivariate trend model when the error process

is generated from a stationary vector AR process with heteroscedastic innovations.

Our framework generalizes the model (1) in two nontrivial aspects. For one, our trend function

is a finite linear combination of deterministic trends, each of which can contain finite number of

breaks at known points. Most studies in the literature are restricted to the linear or polynomial

trend, but allowing for break in intercept can be useful in practice. For example, ifXt,n = b1 +

b21(t > tB) + b3(t/n) + ut,n, i.e., a linear trend model with a jump at a known intervention time

tB, then testing the significance ofb2 is of interest in assessing the significance of the jump at the

intervention in the presence of a linear trend. This kind of one break model was considered in the

analysis of nominal wage series by Perron (1989), and its inference is reinvestigated in Section

5. For the other, we allow two types of nonstationary processes for the errorsut,n. One type of

nonstationary process is adapted from Cavaliere and Taylor (2007, 2008a,b) and Xu and Phillips

(2008). For this class of models, the error process is represented as a linear process of independent

but heteroscedastic innovations. This includes autoregressive moving average (ARMA) models

with independent but heteroscedastic innovations as a special case. The other type of nonstationary

process is the modulated stationary processes (Zhao, 2011; Zhao and Li, 2013), where a stationary

process is amplified by a (possibly periodic) deterministic function that only depends on the relative

location of an observation. The latter is a type of locally stationary processes (Priestley, 1965;

Dahlhaus, 1997), as pointed out in Zhao and Li (2013). Together, they cover a wide class of

nonstationary but weakly dependent models with unconditional heteroscedasticity.

When the errors are nonstationary with unconditional heteroscedasticity, the difficulty rises

due to the complex form of the asymptotic variance of the OLS estimator. In this paper, we apply

the wild bootstrap (WB) (Wu, 1986) to approximate the limiting behavior of the OLS estimator.
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However, simply applying the wild bootstrap to the unstudentized OLS estimator does not work

because it cannot properly capture the terms in the asymptotic variance that are due to temporal

dependence in the error. To overcome this difficulty, we propose to adopt the self-normalized (SN)

method (Lobato, 2001; Shao, 2010), which was mainly developed for stationary time series. Due

to the heteroscedasticity and the non-constant regressor, the limiting distribution of the SN-based

quantity is non-pivotal, unlike the existing SN-based methods. The advantage of using the SN

method, though, is that the limiting distribution of the studentized OLS estimator only depends

on the unknown heteroscedasticity, which can be captured by the wild bootstrap. Compared to

the conventional heteroscedasticity and autocorrelation consistent (HAC) method or block-based

bootstrap methods that are known to handle mildly nonstationary errors, the use of the SN method

and the wild bootstrap are practically convenient and are shown to lead to more accurate inference.

To summarize, we provide an inference procedure of trends in time series that is robust to

smooth and abrupt changes in unconditional variances of the temporally dependent error process,

in a quite general framework. Our assumptions on deterministic trends and weakly dependent het-

eroscedastic errors are less restrictive than those from most earlier works in the trend assessment

literature. Besides, our inference procedure is convenient to implement. Although our method

is not entirely bandwidth-free, the finite-sample performance is not overly sensitive to the choice

of the trimming parameterε, and its choice is accounted for in the first order limiting distribu-

tion and the bootstrap approximation. The work can be regarded as the first extension of the SN

method to the regression model with weakly dependent and heteroscedastic errors. One of the

key theoretical contributions of the present paper is to derive the functional central limit theorem

of the recursive OLS estimator, which leads to the weak convergence of the SN-based quantity.

At a methodological level, the self-normalization coupled with the wild bootstrap eliminates the

need to directly estimate the temporal dependence in the error process. Although some earlier

works such as Cavaliere and Taylor (2008b) and Zhao and Li (2013) applied the wild bootstrap

for similar error processes, it seems that they need to involve the choice of a block size or consis-
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tent estimation of a nuisance parameter to make the wild bootstrap work. In our simulation, our

method is demonstrated to deliver more accurate finite-sample coverage compared to alternative

methods, and thus inherits a key property of the SN approach which was known to hold only for

stationary time series (Shao, 2010). Recently, Zhou and Shao (2013) extended the SN method to

the regression setting with fixed parametric regressors, where the error is stationary and the re-

sponse variable is only nonstationary in mean. The framework here is considerably more general

in that the error is allowed to exhibit local stationarity or unconditional heteroscedasticity and the

response variable is nonstationary at all orders. On the other hand, we only consider the inference

based on the ordinary least squares (OLS) estimator, whereas the M-estimation was considered in

Zhou and Shao (2013).

The rest of the paper is organized as follows. Section 2 presents the model, the OLS estimation,

and the limiting distribution of the OLS estimator. Section 3 contains a functional central limit

theorem for the recursive OLS estimators, which leads to the limiting distribution of the SN-based

quantity. The wild bootstrap is described and its consistency for the SN quantity is justified in

Section 3. Section 4 presents some simulation results and Section 5 contains an application of our

method to the U.S. nominal wage data. Section 6 concludes. Technical details are relegated to a

supplemental online appendix.

Throughout the paper, we use
D
−→ for convergence in distribution and⇒ weak convergence

in D[ε, 1] for someε ∈ (0,1), the space of functions on [ε,1] which are right continuous and

have left limits, endowed with Skorohod metric Billingsley (1968). The symbolsOp(1) andop(1)

signify being bounded in probability and convergence to zero in probability, respectively. IfOp(1)

andop(1) are used for matrices, they mean elementwise boundedness and convergence to zero in

probability. We usebac to denote the integer part ofa ∈ R, B(∙) a standard Brownian motion, and

N(μ,Σ) the (multivariate) normal distribution with meanμ and covariance matrixΣ. Denote by

||X||p = (E|X|p)1/p. For ap× q matrix A = (ai j )i≤p, j≤q, let ||A||F = (
∑p

i=1

∑q
j=1 a2

i j )
1/2 be the Frobenius

norm. LetXn = (X1,n, . . . ,Xn,n) denote the data.
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2 The Model and Estimation

Consider the model

Xt,n = F′t,nβ + ut,n = b1 f1(t/n) + ∙ ∙ ∙ + bp fp(t/n) + ut,n, t = 1, . . . , n,

whereXt,n is a univariate time series,n is the sample size,β = (b1, . . . , bp)′ is the parameter of

interest, and the regressorsFt,n = { f1(t/n), . . . , fp(t/n)}′ are non-random. The regressors{ f j(t/n)}pj=1

are rescaled, thus increasing the sample sizen means we have more data in a local window. We

useF(s) = { f1(s), . . . , fp(s)}′, s ∈ [0,1] to denote the regressors with relative locations, and we

observeFt,n = F(t/n). Let N = n− p+ 1, wherep is fixed.

The error process{ut,n} is assumed to be either one of the followings;

(A1) [Generalized Linear Process] The error process is defined as

ut,n =

∞∑

j=0

cjεt− j,n = C(L)εt,n,

whereεt,n = ωt,net with et iid (0,1), C(L) =
∑∞

j=0 cjL j, andL is the lag operator. We further

assume

(i) Let ω(s) = limn→∞ ωbnsc,n be some deterministic, positive (cadlag) function ons ∈

[0,1]. Letω(s) be piecewise Lipschitz continuous with at most finite number of breaks.

If t < 0, letωt,n < ω
∗ for some 0< ω∗ < ∞.

(ii) 0 < |C(1)| < ∞,
∑∞

j=0 j|cj | < ∞.

(iii) E|et|4 < ∞.

(A2) [Modulated Stationary Process] The error process is defined as

ut,n = νt,nηt,

where{ηt} is a mean zero strictly stationary process that can be expressed asηt = G(Ft) for

some measurable functionG andFt = (. . . , εt−1, εt) whereεt are iid (0,1). We further assume
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(i) Let ν(s) = limn→∞ νbnsc,n be some deterministic, positive (cadlag) function ons ∈ [0,1].

Let ν(s) be piecewise Lipschitz continuous with at most finite number of breaks.

(ii) E(ηt) = 0, E(η2
t ) = 1, andE(η4+δ

t ) < ∞ for someδ > 0.

(iii) For someχ ∈ (0,1), ||G(Fk)−G({F−1, ε
′
0, ε1, . . . , εk})||4 = O(χk) if k ≥ 0 and 0 otherwise.

Here,{ε′t } is an iid copy of{εt}.

(iv) Γ2 > 0, whereΓ2 =
∑∞

h=−∞ cov(ηt, ηt+h) is the long run variance of{ηt}.

The key feature of the two settings above is that they allow both smooth and abrupt changes in

the unconditional variance and second order properties ofut,n throughω(s) in (A1) (i) andν(s) in

(A2) (i), which depend only on the relative locations = t/n in a deterministic fashion. If this part

should be constant, then the two models correspond to the popular stationary models; the linear

process for (A1) and stationary causal process (Wu, 2005) for (A2). The model (A1) is considered

in, for example, Cavaliere (2005), Cavaliere and Taylor (2007, 2008a,b), and Xu and Phillips

(2008). The assumptions (A1) (ii) is popular in the linear process literature to ensure the central

limit theorem and the invariance principle, and (A1) (iii) implies the existence of the fourth moment

of {ut,n}. The model (A2) is adapted from Zhao (2011) and Zhao and Li (2013) and is called the

modulated stationary process, which was originally developed to account for the seasonal change,

or periodicity, observed in financial or environmental data. The condition (A2) (ii) is slightly

stronger than the existence of the fourth moment, which is required in the proof of the bootstrap

consistency. (A2) (iii) implies that{ut,n} is short-range dependent and the dependence decays

exponentially fast. These two classes of models are both nonstationary and nonparametric, which

represent extensions of stationary linear/nonlinear processes to nonstationary weakly dependent

processes with unconditional heteroscedasticity.

Remark 2.1. Note that the model (A1) is a special case of Xu and Phillips (2008), but it can be

made as general as the framework of Xu and Phillips (2008), by lettinget be a martingale difference

sequence with its natural filtrationEt satisfyingn−1 ∑n
t=1 E(e2

t |Et−1) → C < ∞ for some positive
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constantC, rather than an iid sequence. See Remark 1 of Cavaliere and Taylor (2008b). In this

paper we do not pursue this generalization only for the simplicity in the proofs. For (A2), our

framework for the modulation,ν(s) is more general than that of Zhao (2011). For example, the so-

called “k-block asymptotically equal cumulative variance condition” in Definition 1 in Zhao (2011)

rules out a linear trend in the unconditional variance. The model (A2) can be replaced with some

mixing conditions for the stationary part, but the details are omitted for simplicity. It is worthwhile

to stress that both (A1) and (A2) are based on already popular and widely used stationary models,

and they extend those stationary models by incorporating heteroscedasticity in a natural way.

In this article, we are interested in the inference ofβ = (b1, ..., bp)′, based on the OLS estimator

β̂N = (
∑n

t=1 Ft,nF′t,n)
−1(

∑n
t=1 Ft,nXt,n). If the errors satisfy (A1) or (A2) and the fixed regressorsF(s)

are piecewise Lipschitz continuous, then under certain regularity conditions, the OLS estimator is

approximately normally distributed, i.e.,

n1/2(̂βN − β)
D
−→ N(0p,Ψ), (2)

where the covariance matrixΨ has the sandwich formQ−1
1 VQ−1

1 , Q1 =
∫ 1

0
F(s)F(s)′ds, and

V =





C2(1)
∫ 1

0
ω2(s)F(s)F(s)′ds if (A1)

Γ2
∫ 1

0
ν2(s)F(s)F(s)′ds if (A2)

The statement (2) is a direct consequence of Theorem 3.1 presented below. Notice thatQ1 can

be consistently estimated byn−1 ∑n
t=1 Ft,nF′t,n, but V depends on the nuisance parametersC(1), Γ,

and{ω(s), ν(s); s ∈ [0,1]}. To perform hypothesis testing or construct a confidence region forβ,

the conventional approach is to consistently estimate the unknown matrixV using, e.g., the HAC

estimator in Andrews (1991). The HAC estimator involves a bandwidth parameter, and the finite

sample performance critically depends on the choice of this bandwidth parameter. Moreover, the

consistency of the HAC estimator is shown under the assumption that the errors are stationary

or approximately stationary (Newey and West, 1987; Andrews, 1991). Alternatively, block-based
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resampling approaches (Lahiri, 2003) such as the moving block bootstrap and subsampling (Poli-

tis, Romano, and Wolf, 1999) are quite popular to deal with the dependence in the error process,

see Fitzenberger (1998), Sherman (1997), and Romano and Wolf (2006) among others. However,

these methods are designed for stationary processes with different blocks having the same or ap-

proximately the same stochastic property. Note that Paparoditis and Politis (2002) proposed the

so-called local block bootstrap for the inference of the mean with locally stationary errors. Their

method involves two tuning parameters and no guidance on their choice seems provided.

There have been recently proposed alternative methods to the HAC-based inference for dy-

namic linear regression models such as Kiefer, Vogelsang, and Bunzel (2000) [KVB, hereafter].

KVB’s approach is closely related to the SN method by Lobato (2001) and Shao (2010). The KVB

and SN methods share the same idea that by using an inconsistent estimator of asymptotic vari-

ance, a bandwidth parameter can be avoided. In finite samples this strategy is shown to achieve

better coverage and size compared to the conventional HAC-based inference. In a recent paper by

Rho and Shao (2013), the KVB method is shown to differ from the SN method in the regression

setting: the KVB method applies an inconsistent recursive estimation of the “meat” partV of the

covariance matrixΨ in (2) and consistently estimates the “bread” partQ1, whereas the SN method

involves the inconsistent recursive estimation for the whole covariance matrixΨ. Although the

KVB and SN methods have the same limiting distribution, Rho and Shao (2013) have shown in

their simulations that the SN method tends to have better finite sample performance than the KVB

method. For this reason, we adopt the SN method for our problem.

To apply the SN method, we need to define an inconsistent estimate ofΨ based upon recursive

estimates ofβ. Consider the OLS estimator̂βt = β̂t,N of β using the firstt + p − 1 observations,

β̂t =
(∑t+p−1

i=1 Fi,nF′i,n
)−1 (∑t+p−1

i=1 Fi,nXi,n

)
, for all t = 1, . . . ,N. We only haveN estimates ofβ

because
∑k

t=1 Ft,nF′t,n is not invertible ifk < p. Then, following Shao (2010), we construct the self-

normalizerΩN(ε) = N−2 ∑N
t=bNεc t

2(̂βt − β̂N)(̂βt − β̂N)′ using the recursive OLS estimators, where

ε ∈ (0,1) is a trimming parameter. Define the SN quantity

9
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TN = N(̂βN − β)
′{ΩN(ε)}−1(̂βN − β). (3)

Here,ΩN(ε) is an estimate ofΨ, but unlike the HAC method, the major role of this self-normalizer

is to remove nuisance parameters in the limiting distribution of the SN quantityTN, rather than

as a consistent estimator of the true asymptotic varianceΨ. With stationary errors, the same self-

normalizer does this job well, providing pivotal limiting distributions forTN. However, under

our framework of nonstationary errors, the self-normalizerΩN(ε) cannot completely get rid of the

nuisance parameter in the limiting distribution ofTN, as seen from the next section.

3 Inference

For the regressorFt,n, we impose the following assumptions.

(R1) For all r ∈ [ε, 1], Qr = r−1
∫ r

0
F(s)F(s)′ds is well-defined andQ−1

r exists, and further,

inf r∈[ε,1] det(Qr) > 0 and supr∈[ε,1] ||Qr ||F < ∞.

(R2) For eachj = 1, . . . , p, f j(s) is piecewise Lipschitz continuous with at most finite number of

breaks.

The assumptions (R1)-(R2) are satisfied by commonly used trend functions such asf j(s) = sτ for

some nonnegative integerτ, f j(s) = sin(2πs) or cos(2πs). The assumption infr∈[ε,1] det(Qr) > 0

in (R1) excludes the collinearity of fixed regressors and is basically equivalent to the assumption

(C4) in Zhou and Shao (2013), and the trimming parameterε ∈ (0,1) has to be chosen appro-

priately. The assumption (R1) appears slightly weaker than Kiefer et al. (2000)’s Assumption 2,

bnrc−1 ∑bnrc
t=1 Ft,nF′t,n = Q + op(1) for somep × p matrix Q, which is identical for allr ∈ (0,1].

Although, in general, Kiefer et al. (2000) allows for dynamic stationary regressors whereas our

framework targets for fixed regressors, our method can be extended to allow for dynamic regres-

sors by conditioning on the regressors. Since our work is motivated by the trend assessment of
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macroeconomic series, it seems natural to assume the regressor is fixed. The assumption (R2)

allows for structural breaks in trend functions.

Theorem 3.1. Assume (R1)-(R2).

(i) Let the error process{ut,n} be generated from (A1). The recursive OLS estimatorβ̂bNrc of β

converges weakly, i.e.,
N−1/2bNrc(̂βbNrc − β)⇒ C(1)Q−1

r BF,ω(r),

where BF,ω(r) =
∫ r

0
F(s)ω(s)dB(s).

(ii) Assume (A2) for the error process{ut,n}. Then

N−1/2bNrc(̂βbNrc − β)⇒ ΓQ−1
r BF,ν(r),

where BF,ν(r) =
∫ r

0
ν(s)F(s)dB(s).

(iii) Define TN as in (3) and̃BF(r) = BF,ω(r) if (A1) andB̃F(r) = BF,ν(r) if (A2). It follows from

the continuous mapping theorem that

TN
D
−→ LF = B̃F(1)′Q−1

1 {Ω(ε)}−1Q−1
1 B̃F(1),

whereΩ(ε) =
∫ 1

ε

{
Q−1

r B̃F(r) − rQ−1
1 B̃F(1)

}{
Q−1

r B̃F(r) − rQ−1
1 B̃F(1)

}′dr.

Remark 3.1. For a technical reason, the above functional central limit theorem has been proved

on D[ε, 1] for someε ∈ (0,1) instead of onD[0,1]. For most of the trend functions that include

polynomialsτ with τ > 1/2 or sin(2πs), this ε has to be strictly greater than 0. However, for some

trend functions,ε can be set as 0. In particular, when the trend function is a constant mean function,

thenQr = 1 for r ∈ (0,1], BF(r) =
∫ r

0
dB(s) = B(r), andBF,ν(r) =

∫ r

0
ν(s)dB(s). Our proof goes

through whenε = 0. In any case, the choice of trimming parameterε is captured by the first order

limiting distribution in the same spirit of the fixed-b approach (Kiefer and Vogelsang, 2005).

Remark 3.2. If the trend function has breaks, the trimming parameterε has to be rather carefully

chosen so that the condition (R1) can be satisfied. For example, if we use a linear trend function

with a jump in the mean, i.e.,Xt,n = b1 + b21(t > tB) + b3(t/n) + ut,n, with a break point attB, then
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Qr = r−1
∫ r

0
F(s)F(s)′ds is singular forr ∈ [0, tB/n]. However, as long as we chooseε > tB/n so

that Qr is invertible, the choice of trimming parameter does not seem to affect the finite sample

performance much, as we can see in the simulation reported in Section 4.3.

The limiting distributionLF in Theorem 3.1 is not pivotal due to the heteroscedasticity of the

error process and non-constant nature ofQr . If the error process is stationary, thenω(s) ≡ ω in

(A1) and ν(s) ≡ ν in (A2) would be cancelled out, and the only unknown part in the limiting

distribution isQr . If Qr = Q, r ∈ [ε, 1] for somep × p matrix Q, thenQ would be cancelled

out in the limiting distribution, which occurs in the use of the SN method for stationary time

series with a constant regressor; see Lobato (2001) and Shao (2010). In our case, the part that

reflects the contribution from the temporal dependence,C(1) or Γ, does cancel out. However,

the heteroscedasticity remains even ifQr = Q, and the limiting distribution still depends on the

unknown nuisance parameter{ω(s), ν(s); s ∈ [0,1]}.

Estimating unknown parameters inLF seems quite challenging due to the estimation ofω(s),

ν(s), and integral of them over a Brownian motion. Instead of directly estimating the unknown

parameters, we approximate the limiting distributionLF using the wild bootstrap introduced in

Wu (1986). Although there has been some recent attempts to use the wild bootstrap to the trend

assessment with nonstationary errors (for example, Xu (2012) for the linear trend model and Zhao

and Li (2013) for the constant mean model), this article seems to be the first to apply the wild

bootstrap to the SN-based quantity. The main reason the wild bootstrap works for the SN method

in such settings is that the part due to the temporal dependence, which is difficult to capture with

the wild bootstrap, no longer exist in the limiting distributionLF of the SN-based quantity so

thatLF can be consistently approximated by the wild bootstrap. In contrast, without the self-

normalization, the unknown nuisance parameterC(1) orΓ still remains in the limiting distribution,

and thus, the wild bootstrap is not consistent in this case.
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Let ût,n = Xt,n − F′t,n̂βN denote the residuals. We first generate the resampled residualsu∗t,n =

ût,nWt, whereWt is a sequence of external variables. Then we generate the bootstrap responses as

X∗t,n = F′t,n̂βN + u∗t,n t = 1, . . . , n.

Based on the bootstrap sample (Ft,n,X∗t,n)
n
t=1, we obtain the OLS estimator̂β∗N =

(∑n
t=1 Ft,nF′t,n

)−1

(∑n
t=1 Ft,nX∗t,n

)
. Then the sampling distribution ofN1/2(̂βN − β) is approximated by the conditional

distribution of N1/2(̂β∗N − β̂N) given the dataXn, andLF can be approximated by its bootstrap

counterpart. We assume

(B1) {Wt}nt=1 are iid with E(Wt) = 0 and var(Wt) = 1, {Wt}nt=1 are independent of the data, and

E(W4
1) < ∞.

In practice, we can sample{Wt}nt=1 from the standard normal distribution with mean zero or use the

distribution recommended by Mammen (1993). Notice that there is no user-determined parameters,

which makes the wild bootstrap convenient to implement in practice.

Let β̂∗bNrc =
(∑bNrc+p−1

t=1 Ft,nF′t,n
)−1 ∑bNrc+p−1

t=1 Ft,nX∗t,n be the OLS estimate using the firstbNrc +

p−1 of the bootstrapped sample (Ft,n,X∗t,n)
n
t=1. The following theorem states the consistency of the

wild bootstrap.

Theorem 3.2. Assume (R1)-(R2) and (B1).

(i) If {ut,n} is generated from (A1), we have

N−1/2bNrc(̂β∗bNrc − β̂N)⇒ Q−1
r BF,D,ω(r) in probability,

where BF,D,ω(r) = {D(1)}1/2
∫ r

0
ω(s)dB(s) andD(1) =

∑∞
j=0 c2

j .

(ii) If {ut,n} is generated from (A2), we have

N−1/2bNrc(̂β∗bNrc − β̂N)⇒ Q−1
r BF,ν(r) in probability,

where BF,ν(r) =
∫ r

0
ν(s)dB(s).

(iii) It follows from the continuous mapping theorem that
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T∗N = N(̂β∗N − β̂N)′{Ω∗N(ε)}−1(̂β∗N − β̂N)
D
−→ LF

in probability, whereΩ∗N(ε) = N−2 ∑N
t=bNεc t

2(̂β∗t − β̂
∗
N)(̂β∗t − β̂

∗
N)′ andLF as defined in Theorem 3.1.

Remark 3.3. Notice that the wild bootstrap cannot successfully replicate the original distribution

without the normalization, unlessC2(1) = D(1) or Γ = 1, because the wild bootstrap cannot cap-

ture the temporal dependence of the original error series. However, in the limiting distribution of

N−1/2bNrc(̂βbNrc−β), the part that reflects the long run dependence,C(1) orΓ, can be separated from

the rest, for both data generating processes (A1) and (A2). This property makes it possible to con-

struct a self-normalized quantity, whose limiting distribution depends only on the heteroscedastic

part (captured by the wild bootstrap), not on the temporal dependence part.

Remark 3.4. Hypothesis testing can be conducted following the argument in Zhou and Shao

(2013). Let the null hypothesis beH0 : Rβ = λ, whereR is a k × p (k ≤ p) matrix with rank

k andλ is ak× 1 vector. Under the null hypothesisH0, we have

TN,R = N(̂βN − β)
′R′{RΩN(ε)R′}−1R(̂βN − β)

D
−→ LF,R,

whereLF,R = B̃F(1)′Q−1
1 R′{RΩ(ε)R′}−1RQ−1

1 B̃F(1), and the test can be formed by using the boot-

strapped critical values, owing to the fact that

T∗N,R = N(̂β∗N − β̂N)′R′{RΩ∗N(ε)R′}−1R(̂β∗N − β̂N)
D
−→ LF,R

in probability under the assumptions of Theorem 3.2. For example, if we letk = 1, λ = 0, and

R be a vector of 0’s except for thejth element being 1, we can construct a confidence interval or

test the significance of individual regression coefficientbj. Let β̂t, j be the jth element of̂βt. The

100(1−α)% confidence interval forbj is constructed aŝβN, j±
{
CF, j,1−αN−3 ∑N

t=bNεc t
2(̂βt, j − β̂N, j)2

}1/2
,

whereCF, j,1−α is the (1− α)th quantile of{T∗(i)N, j }
B
i=1, T∗(i)N, j = N3(̂β∗(i)N, j − β̂N, j)2/

∑N
t=bNεc t

2(̂β∗(i)t, j − β̂
∗(i)
N, j )

2,

β̂∗(i)N, j is the jth element of the OLS estimate ofβ using theith bootstrapped sample, andB is the

number of bootstrap replications.
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Remark 3.5. Our method is developed in the same spirit of Xu (2012), who focused on the mul-

tivariate trend inference under the assumption that the trend is linear and errors follow an VAR(p)

model with heteroscedastic innovations. In particular, Xu’s class 4 test used the studentizer first

proposed in Kiefer et al. (2000) and the wild bootstrap to capture the heteroscedasticity in the inno-

vations. Since the KVB method and the SN method are closely related (see Rho and Shao (2013)

for a detailed comparison), it seems that there are some overlap between our work and Xu (2012).

However, our work differs from Xu’s in at least three important aspects.

(1) The settings in these two papers are different. Xu (2012) allows for multivariate time series

and is interested in the inference of linear trends, whereas ours is restricted to univariate

time series. Our assumption on the form of the trend function and the error structure are

considerably more general. In particular, we allow for more complex trend functions as

long as it is known up to a finite dimensional parameter. In addition, the AR(p) model with

heteroscedastic innovation used in Xu (2012) is a special case of our (A1), i.e., linear process

with heteroscedastic innovations. Also Xu’s method does not seem directly applicable to the

modulated stationary process (A2) we assumed for the errors.

(2) The wild bootstrap is applied to different residuals. In Xu’s work, he assumed VAR(p) struc-

ture for the error process with knownp. He needs to estimate the VAR(p) model to obtain

the residuals, which are approximately independent but heteroscedastic. His wild bootstrap

is applied to the residuals from the VAR(p) model, and is expected to work due to the well-

known ability of wild bootstrap to capture heteroscedasticity. By contrast, we apply the wild

bootstrap to OLS residuals from the regression model and our OLS residuals are both het-

eroscedastic and temporally dependent. The wild bootstrap is not expected to capture/mimic

temporal dependence, but since the part that is due to temporal dependence is cancelled

out in the limiting distribution of our self-normalized quantity, the wild bootstrap success-

fully captures the remaining heteroscedasticity and provides a consistent approximation of
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the limiting distribution. Note that our method works for errors of both types, but it seems

that Xu’s method would not work for the modulated stationary process as assumed in (A2)

without a nontrivial modification.

(3) Xu’s class 4 test without prewhitening is in a sense an extension of Kiefer et al. (2000) to

the linear trend model, whereas our method is regarded as an extension of SN method to the

regression setting. In time series regression framework, Rho and Shao (2013) showed that

there is a difference between the SN method and the KVB method; see Remark 3.1 therein

and also Section 2 for a detailed explanation. It is indeed possible to follow the KVB method

in our framework and we would expect the wild bootstrap to be consistent to approximate

the limiting distribution of the studentized quantity owing to the separable structure of the

errors. To save space, we do not present the details for the KVB studentizer in our setting.

Finite sample comparison between our method and Xu’s class 3 and 4 tests are provided in

Section 4.2.

4 Simulations

In this section, we compare the finite sample performance of our method to other comparable

methods in Zhao (2011) and Xu (2012) for (i) constant mean models, (ii) linear trend models,

and (iii) linear trend models with a break in the intercept. For the constant mean models, Zhao’s

method is applicable only when the errors have periodic heteroscedasticity. On the other hand, Xu’s

method can only be used for the linear trend models when the errors are from an AR process. In

the cases where neither Zhao’s nor Xu’s methods can be directly applied, we compare our method

to the conventional HAC method. Although it has not been rigorously proven that the traditional

HAC method works in our framework, we can construct a HAC-type estimator that consistently
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estimatesV in (2). Define

V̂n,ln = n−1
n∑

t1=1

(t1+ln−1)∨n∑

t2=(t1−ln+1)∧1

k

(
t1 − t2

ln

)

ût1,n̂ut2,nF
( t1
n

)
F

( t2
n

)′
,

wherek(s) is a kernel function that is defined as 0 if|s| ≥ 1 and 1 if s = 0, ln is the bandwidth

parameter, and̂ut,n is the OLS residual, i.e.,̂ut,n = Xt,n − F′t,n̂βN. This HAC-type estimatêVn,ln can

be shown to be consistent for appropriately chosenln, and the inference is based on

THAC
N = n(̂βN − β)

′(Q̂−1
N V̂n,lnQ̂

−1
N )−1(̂βN − β), (4)

whereQ̂N = n−1 ∑n
t=1 Ft,nF′t,n, and theχ2 approximation. In fact, in the linear trend testing context,

this statistic is almost identical to the Class 3 test without prewhitening in Xu (2012).

4.1 Constant Mean Models

Consider the linear model

Xt,n = μ + ut,n, t = 1, . . . , n, (5)

whereμ is an unknown constant. Without loss of generality, letμ = 0. Note that for this constant

mean models our method is completely bandwidth free, since the trimming parameter can be set

to be 0, as mentioned in Remark 3.1.

We conduct two sets of simulations for different kinds of error processes. The first simulation

follows the data generating process in Zhao (2011), where the error process{ut,n} is modulated

stationary and has periodic heteroscedasticity. Consider the model (A2) withv(t/n) = cos(3πt/n)

and

(M1) ηt = ξt − E(ξt), ξt = θ|ξt−1| + (1− θ2)1/2
εt, |θ| < 1,

(M2) ηt =
∑∞

j=0 ajεt− j , aj = ( j + 1)−ζ/10, ζ > 1/2,
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where,εt are independent standard normal variables in M1. We consider M2 with two different

kinds of innovations: M2-1 denotes M2 with standard normal innovations, and M2-2 stands for

M2 with t-distributed innovations withk = 3,4,5 degrees of freedom. We used 10000 replications

to get the coverage and interval length with nominal level 95% and sample sizen = 150. In each

replication, 1000 pseudoseries of iidN(0,1) Wt are generated. The coverage rates and interval

lengths of Zhao’s method (Zhao) and our method (SN) are reported in Table 1. Note that our

method does not require any user-chosen number in this particular example andm in the table is

only for Zhao’s method. With our choice ofv(t/n), Zhao’s “k-block asymptotically equal cumu-

lative variance condition” holds form = 25,50,75, . . ., which means that whenm = 15 and 30 in

M1 and M2-1, the conditions in Zhao (2011) are not satisfied. For the model M2-2,m= 25 is used

for Zhao’s method.

Zhao (2011) provided a comparison with some existing block-based bootstrap methods and

showed that his method tends to have more accurate coverage rates. Our method is compara-

ble to Zhao’s based on our simulation. For the nonlinear threshold autoregressive models M1, it

seems that our method delivers slightly less coverage especially when the dependence is strong

and slightly wider confidence intervals compared to Zhao’s method with correctly specifiedm.

However, for the linear process models M2, our method has better coverage and slightly narrower

intervals whenζ is small, i.e., when dependence is too strong so that the short-range dependence

condition (A2) (iii) does not hold.

In the second simulation, the errorsut,n are generated from (A1) with an AR(1) model. Letet

be generated from iidN(0,1). For (A1),ut,n = ρut−1,n + ω(t/n)et, t = 1, . . . , n, which satisfies the

condition (A1) (ii) and (iii), by lettingcj = ρ
j. Forω(s), we consider the single volatility shift

model

ω2(s) = σ2
0 + (σ2

1 − σ
2
0)1(s≥ τ), s ∈ [0,1], τ ∈ (0,1). (6)
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We let the location of the breakτ ∈ {0.2,0.8}, the initial varianceσ2
0 = 1, and the ratioδ = σ0/σ1 ∈

{1/3,3}. This kind of break model and the choice of parameters were used in Cavaliere and Taylor

(2007, 2008a,b). Here, sample sizen ∈ {100,250} and the AR coefficient ρ ∈ {0,0.5,0.8}, and

2000 replications are used to get the coverage percentages and average interval lengths. For the

wild bootstrap,{Wt}nt=1 are generated from iidN(0,1), and we use 1000 bootstrap replications. We

also try the two-point distribution in Mammen (1993) for the bootstrap and get similar simulation

results (not reported).

Since this error structure do not show any periodicity, Zhao’s method is no longer applicable.

We use the HAC-type quantity introduced in (4) to make a comparison with our method. However,

the performance of the HAC-based method is sensitive to the user-chosen parameterln, the choice

of which is often difficult. For the purpose of our simulation, we choose the oracle optimalln,

favoring the HAC method. Specifically, since we know the trueV, we chooseln such thatl̂ =

argminl ||V̂n,ln − V||2F, where|| ∙ ||F stands for the Frobenius norm. Note that this choice ofln is

not feasible in practice. For the choice of the kernel, we use the Bartlett kernel, i.e.,a(s) =

(1− |s|)1(|s| ≤ 1), which guarantees the positive-definiteness ofV̂n,ln.

The results are presented in Table 2. The columns under the HAC (l) represent the result using

the HAC-type quantity witĥl, l̂/2, and 2̂l. Whenρ = 0, the optimal bandwidths chosen for the

HAC estimators arêl = 1, so we do not have any values for the column corresponding tol̂/2.

If ρ = 0, all methods perform very well, which is expected because the error process is simply

iid with some heteroscedasticity. The wild bootstrap without the self-normalization is also con-

sistent becauseC(1) = 1. However, as the dependence increases, the performance of all methods

gets worse. Ifρ , 0, the wild bootstrap without the self-normalization is no longer consistent

and thus produces the worst coverage. Of the three types of methods considered (SN-WB, WB,

HAC), the SN method with the wild bootstrap delivers the most accurate coverage probability. For

the case of moderate dependenceρ = 0.5, the SN-WB method still performs quite well, while the

HAC-type method shows some undercoverage. When the temporal dependence strengthens, i.e.,
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ρ = 0.8, the SN-WB method delivers the best coverage. For the HAC-type method, note that the

optimal bandwidth is chosen to minimize the distance from the true covariance matrix. However,

this choice of the bandwidth may not coincide with the bandwidth that produces the best coverage;

as can be seen for the cases (τ, δ) = (0.2,3) or (τ, δ) = (0.8,0.33), where 2̂l tends to produce better

coverage than̂l. The interval lengths for the SN-WB method are somewhat longer than those of

HAC methods, but considering the gain in coverage accuracy, this increase of interval length seems

reasonable.

4.2 Linear Trend Models

In this subsection, we are interested in inference on the linear trend coefficient from a linear trend

model

Xt,n = b1 + b2(t/n) + ut,n, t = 1, . . . , n. (7)

Without loss of generality, letb1 = 0 andb2 = 5. The error process{ut,n} follows the same setting

as in the second simulation of Section 4.1, except that{ut,n} is either generated from AR(1) or

MA(1), i.e.,

AR(1) : ut,n = ρut−1,n + εt,n,

MA(1) : ut,n = θεt−1,n + εt,n,

whereεt,n = ω(t/n)et, et iid N(0,1), andω(s) as in (6).

For this setting, Xu (2012)’s methods can be used. In fact, Xu’s Class 3 test is almost identical

to the HAC-type method in (4). Xu’s Class 4 test is a fixed-b version of his Class 3 test, and it

is closely related to our method, as mentioned in Remark 3.5. For this reason, we compare our

method with Xu’s Class 3 and 4 tests. In addition to his original statistics, Xu further applied the

prewhitening. In our simulation, we examine finite sample performance of the following methods;
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“SN-WB(ε)” Our method with various values for the trimming parameterε,

“WB” Wild bootstrap without self-normalization,

“F3” Xu’s Class 3 test without prewhitening withχ2 limiting distribution,

“PW3” Xu’s prewhitened Class 3 test withχ2 limiting distribution,

“iid” Xu’s prewhitened Class 3 test with the iid bootstrap,

“WB” Xu’s prewhitened Class 3 test with the wild bootstrap,

“F4” Xu’s Class 4 test without prewhitening with the wild bootstrap,

“PW4” Xu’s prewhitened Class 4 test with the wild bootstrap.

For Xu’s Class 3 tests we need to choose the truncation parameter. Following Xu, we used Andrews

(1991)’s bandwidth selection for AR(1) or MA(1) model with Bartlett kernel. In the implementa-

tion of the wild bootstrap for Xu’s method, we assumed the true order of the AR structure of the

error process is known.

Remark 4.1. It should be noted that a direct comparison of our method and Xu’s methods is not

fair. We gave some advantages to Xu’s methods in two aspects. The first aspect is that we assume

the knowledge of the true error model, VAR(1), following Xu (2012), which may be unrealistic

in practice. Xu’s methods can take advantages of this knowledge of the true model; one advan-

tage is that their bootstrap samples are generated following the correctly-specified data generating

process, and the other advantage is that his Class 3 tests can be based on the most (theoretically)

efficient choice of the bandwidth parameters. In contrast, our method does not rely on parametric

assumption on the error structure, so knowing the true data generating process does not provide

useful information in the implementation of our method. The second aspect is that some of Xu’s

methods use another layer of correction, prewhitening. The prewhitening can be highly effective

when the true order is known. The only tests that our method is directly comparable with are Xu’s

original Class 3 test (F3) and Class 4 test (F4), for which the advantage from knowing the true

model may still exist.
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Table 3 presents the finite sample coverage rates of 95% confidence intervals of the linear

trend coefficient b2 of (7), along with the mean interval lengths in parentheses, for the AR(1)

models. Comparing our method with the HAC method (Xu’s Class 3 test without prewhitening),

our method always have more accurate coverage rates regardless of the choice of the trimming

parameterε. Not surprisingly, prewhitening is very effective in bringing the coverage level closer to

the nominal level. Xu’s Class 4 test seems to provide the best coverage rates, for both prewhitened

and nonprewhitened versions.

However, Xu’s methods and his prewhitening are based on the assumption that the errors are

from an AR model with a known lag. When the errors are not from an AR model, then the

performance may deteriorate. As can be seen from Table 4, where the errors are generated from

an MA model, in some cases Xu’s tests, except for his test 3, tend to provide over-coverage,

especially whenδ = 3. On the other hand, our SN-WB method tends to provide more stable results.

Furthermore, in our unreported simulations, when the order of the VAR model is misspecified,

Xu’s methods can be sensitive to the form of misspecification. Thus when the true model of the

error process is not VAR or true order of the VAR model is not known, Xu’s methods may not be

advantageous.

In this linear trend assessment setting, we need to useε > 0 so that our method is theoretically

valid. As can be seen in Tables 3, if the dependence is weak or moderate (ρ = 0 or 0.5), the choice

of ε does not affect the coverage accuracy much, andε = 0.1 or above seems appropriate. However,

the effect of ε is more apparent when the dependence is stronger, i.e., whenρ = 0.8. It seems

that ε ∈ {0.2,0.3,0.4} are all reasonable choices here, considering the amount of improvement in

coverage percentage. Notice that even when our choice ofε is not optimal, the SN-WB method

delivers more accurate coverage than the HAC method. In terms of the interval length, there

is a mild monotonic relationship betweenε and interval length. The largerε is, the longer the

interval tends to become. As a rule of thumb in practice, we can useε ∈ [0.2,0.4] if the temporal

dependence in the data is likely to be strong, otherwise, we can also useε = 0.1, which was also
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recommended by Zhou and Shao (2013) under a different setting.

4.3 Linear trend models with a break in intercept

This section concerns the linear trend models with a break in its mean level at a known point,

Xt,n = b1 + b21(t/n > sb) + b3(t/n) + ut,n, t = 1, . . . , n, (8)

wheresb ∈ (0,1) indicates the relative location for the intercept break, which is assumed to be

known. Without loss of generality, letsb = 0.3, b1 = 0, b2 = 2, andb3 = 5, which was modified

from the model we fit in the data illustration in Section 5. Our interest is on constructing confidence

intervals for the break parameterb2. For the error process{ut,n}, we use the AR(1) model, as

introduced in the second simulation of Section 4.1. Because of the general form of the trend

function, neither Xu’s nor Zhao’s methods work in this setting. Here we compare the HAC-type

method defined in (4) with our SN-WB(ε) method, and the wild bootstrap alone. For the HAC-type

method, the bandwidth parameter is chosen following Andrews (1991)’s suggestion for the AR(1)

model, so in a sense, this HAC-type method takes some advantage of the knowledge of the true

model.

Table 5 presents the empirical coverage rates for 95% confidence intervals ofb2. The mean

interval lengths are in parentheses. When there is no temporal dependence, i.e.,ρ = 0, all methods

work well. When there is moderate (ρ = 0.5) or strong (ρ = 0.8) dependence, the wild bootstrap

is no longer consistent. In this case, the HAC method with Andrews’ bandwidth parameter choice

also shows some departures from the nominal level, converging to its limit much slower than our

method. In this setting, our SN-WB method provides the most accurate coverage rates. Even the

worst coverage of our SN-WB method for a range ofε’s under examination seems to be more

accurate than the HAC method in all simulation settings. Notice that for this kind of linear trend

model with a break in the intercept, the trimming parameterε in our method should be chosen so

thatε > sb. See Remark 3.2 for more details. In this simulation, sincesb = 0.3, we chooseε to be
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0.35, 0.4, 0.5, 0.6, and 0.7. The results does not seem to be sensitive to the choice of this trimming

parameter.

5 Data Analysis

In this section, we illustrate our method using the logarithm of the U.S. nominal wage data, which

was originally from Nelson and Plosser (1982) for the period 1900-1970 and has been intensively

analyzed in econometrics literature, including Perron (1989). The latter author argued that this

series has a fairly stable linear trend with a sudden decrease in level between 1929 and 1930 (the

Great Crash). In this section we examine his assertion for an extended dataset for the period 1900-

1988, provided by Koop and Steel (1994). The left panel of Figure 1 presents the data fitted with

the linear trend model with one break in the intercept

Xt,n = b1 + b21(t > 30)+ b3(t/n) + ut,n, t = 1, . . . , n = 89. (9)

Here the second regressor1(t > 30) represents the break at year 1929. From the residual plot

on the right panel of Figure 1, the error appears to exhibit some degree of heteroscedasticity.

Our inference method, which is robust to this kind of heteroscedasticity and weak temporal de-

pendence, is expected to be more appropriate than other existing methods, the validity of which

hinges on the stationarity of the errors. Table 6 reports the 100(1-α)% confidence intervals with

α = 0.01,0.05,0.1, for the three coefficients using our method. For the wild bootstrap, we used

1000 pseudo series{Wt}nt=1 drawn from iidN(0,1). For the choice of the trimming parameterε, We

useε = 0.4,0.5,0.6. Note that since there is a break in the regressor at 30/89 = 0.34, ε cannot

be less than 0.34, see Remark 3.2. As can be seen in Table 6, the resulting confidence intervals

are not very sensitive to the choice of the trimming parameterε. In fact, the confidence intervals

unanimously suggest that the linear trend is significantly positive, i.e., the nominal wage is lin-

early increasing at significance level 1% with a 99% confidence interval of about [3.6,6], and the

decrease at the Great Crash is significant at 5% level but not at 1% level.
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6 Conclusion

In this paper we study the estimation and inference of nonstationary time series regression mod-

els by extending the SN method (Lobato, 2001; Shao, 2010) to the regression setting with fixed

parametric regressors and weakly dependent nonstationary errors with unconditional heteroscedas-

ticity. Due to the heteroscedasticity and non-constant regressor, the limiting distribution of the SN

quantity is no longer pivotal and contains a number of nuisance parameters. To approximate the

limiting distribution, we apply the wild bootstrap (Wu, 1986) and rigorously justify its consistency.

Simulation comparison demonstrates the advantage of our method in comparison with HAC-based

alternatives. The necessity of self-normalization is also demonstrated in theory and finite samples.

The two kinds of heteroscedastic time series models we consider in this article are natural

generalizations of the classical linear process and the stationary causal process to capture uncon-

ditional heteroscedasticity often seen on the data. However, it is restricted only to the short-range

dependence as seen from our condition (A1) (ii) and (A2) (iii). When there is long-range depen-

dence, it is not clear if the SN method is still applicable. This can be an interesting topic for future

research. Furthermore, the OLS is a convenient but not an efficient estimator of the regression

parameter when the errors exhibit autocorrelation and heteroscedasticity. How to come up with a

more efficient estimator and perform the SN-based inference is worthy of a careful investigation.

Finally, our method assumes a parametric form for the mean function so it is easy to interpret and

the prediction is straightforward. However, a potential drawback is that the result may be biased if

the parametric trend function is misspecified. We can avoid this misspecification problem by pre-

applying Zhang and Wu (2011)’s test to see if a parametric form fits the data well. The inferential

procedure developed here can be readily used provided that a suitable parametric form is specified.
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7 Supplementary Materials

Technical Appendix: Proofs of Theorems 3.1 and 3.2. (pdf file)
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Table 1: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the meanμ in (5), whereμ is set to be zero. The error processes are from Zhao
(2011)’s setting with periodic heteroscedasticity. The method in Zhao (2011) and our method are
compared. The interval lengths of the confidence intervals are in the parentheses. The number of
replications is 10,000, and 1,000 pseudoseries with iidN(0,1) are used for the wildbootstrap.

M1 m=15 m=25 m=30
θ 0 0.2 0.5 0.8 0 0.2 0.5 0.8 0 0.2 0.50.8

SN
95.0 94.7 94.9 93.7

(0.29) (0.29) (0.32) (0.40)

Zhao
95.2 95.3 95.7 94.6 95.2 94.8 95.1 94.7 95.2 95.0 95.3 95.5

(0.25) (0.26) (0.28) (0.34) (0.28) (0.29) (0.31) (0.40) (0.30) (0.30) (0.33)(0.42)

M2-1 m=15 m=25 m=30
ζ 2.5 2.01 1.01 0.7 2.5 2.01 1.01 0.7 2.5 2.01 1.010.7

SN
94.5 93.9 94.2 95.7

(0.04) (0.04) (0.09) (0.15)

Zhao
95.2 94.3 94.1 95.5 94.7 94.2 95.9 97.2 95.1 95.2 96.4 97.8

(0.03) (0.04) (0.07) (0.13) (0.04) (0.04) (0.09) (0.17) (0.04) (0.05) (0.10)(0.19)

M2-2 k=5 k=4 k=3
ζ 2.5 2.01 1.01 0.7 2.5 2.01 1.01 0.7 2.5 2.01 1.010.7

SN
94.3 94.0 94.0 96.1 94.6 93.9 94.1 96.2 94.2 93.4 94.2 96.0

(0.048) (0.06) (0.11) (0.19) (0.05) (0.06) (0.12) (0.20) (0.06) (0.07) (0.14) (0.24)

Zhao
95.0 94.9 95.6 97.3 95.1 94.5 95.9 97.4 94.8 94.7 95.7 97.6

(0.05) (0.06) (0.12) (0.22) (0.05) (0.06) (0.13) (0.24) (0.06) (0.07) (0.15)(0.29)
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Table 2: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the meanμ in (5), whereμ is set to be zero. The error processes exhibit nonpe-
riodic heteroscedasticity; (A1)-AR(1) with single volatility shift (6). The number of replications is
2000, and 1000 pseudoseries with iidN(0,1) are used for the wildbootstrap.

Model
SN-WB WB

HAC (l)
l̂

n τ δ ρ l̂ l̂/2 2l̂
100 0.2 0.33 0 94.5(1.3) 94.5(1.1) 94.8(1.1) - 94.5(1.1) 1
100 0.2 3 0 94.8(0.2) 94.8(0.2) 94.9(0.2) - 94.8(0.2) 1
100 0.8 0.33 0 94.8(0.7) 93.5(0.6) 93.6(0.6) - 93.9(0.6) 1
100 0.8 3 0 94.3(0.4) 94.8(0.4) 95.0(0.4) - 94.5(0.3) 1

250 0.2 0.33 0 95.2(0.8) 94.7(0.7) 94.8(0.7) - 94.8(0.7) 1
250 0.2 3 0 95.0(0.1) 94.8(0.1) 94.8(0.1) - 95.0(0.1) 1
250 0.8 0.33 0 95.0(0.4) 94.9(0.4) 94.9(0.4) - 95.0(0.4) 1
250 0.8 3 0 94.3(0.3) 95.0(0.2) 95.2(0.2) - 94.8(0.2) 1

100 0.2 0.33 0.5 93.2(2.4) 70.8(1.2) 87.5(1.8) 84.5(1.6) 87.4(1.8) 6
100 0.2 3 0.5 94.8(0.5) 73.6(0.2) 89.0(0.3) 83.2(0.3) 90.5(0.4) 5
100 0.8 0.33 0.5 93.7(1.4) 72.5(0.7) 88.8(1.0) 81.7(0.9) 90.0(1.0) 5
100 0.8 3 0.5 93.5(0.8) 71.9(0.4) 88.7(0.6) 85.1(0.5) 88.4(0.6) 6

250 0.2 0.33 0.5 94.7(1.6) 74.2(0.8) 91.6(1.2) 88.7(1.1) 91.5(1.2) 8
250 0.2 3 0.5 95.0(0.3) 73.5(0.2) 91.1(0.2) 86.1(0.2) 92.3(0.2) 6
250 0.8 0.33 0.5 94.3(0.9) 74.0(0.5) 91.6(0.7) 87.6(0.6) 93.3(0.7) 6
250 0.8 3 0.5 93.5(0.5) 73.5(0.3) 91.6(0.4) 89.0(0.4) 91.8(0.4) 8

100 0.2 0.33 0.8 90.8(5.4) 45.1(1.7) 80.5(3.7) 75.1(3.2) 79.1(3.7) 13
100 0.2 3 0.8 92.2(1.1) 45.6(0.3) 82.6(0.7) 74.7(0.6) 84.1(0.8) 11
100 0.8 0.33 0.8 90.8(3.0) 47.9(1.0) 83.8(2.1) 76.0(1.7) 84.2(2.1) 11
100 0.8 3 0.8 89.8(1.9) 45.6(0.6) 80.2(1.3) 75.1(1.1) 79.0(1.3) 13

250 0.2 0.33 0.8 93.2(3.7) 46.9(1.1) 87.3(2.7) 80.8(2.3) 87.9(2.8) 15
250 0.2 3 0.8 93.8(0.7) 48.8(0.2) 87.4(0.5) 80.6(0.4) 90.0(0.5) 15
250 0.8 0.33 0.8 93.0(2.1) 47.7(0.6) 89.3(1.5) 82.0(1.3) 90.5(1.6) 15
250 0.8 3 0.8 92.5(1.3) 47.9(0.4) 87.0(0.9) 80.8(0.8) 87.6(0.9) 15
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Table 3: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the linear trend model (7) with (b1,b2) = (0,5), (A1)-AR(1), single volatility
shifts. The number of replications is 2000, and 1000 pseudoseries with iidN(0,1) are used for the
wild bootstrap.

Model SN-WB (ε)
WB

Xu-Class3 Xu-Class4
n τ δ ρ 0 0.1 0.2 0.3 0.5 0.7 F3 PW3 iid WB F4PW4

100 0.2 0.33 0 94.8 94.7 94.7 95.0 94.9 95.3 94.0 94.2 95.2 95.6 94.8 94.5 94.9
(3.4) (3.4) (3.5) (3.7) (4.2) (4.6) (3.2) (3.2) (3.4) (3.4) (3.3) (3.9) (4.0)

100 0.2 3 0 96.5 96.2 95.2 95.2 95.5 95.7 94.3 94.0 94.8 94.1 94.0 96.0 96.5
(1.0) (1.0) (1.1) (1.1) (1.2) (1.2) (0.9) (0.9) (0.9) (0.9) (0.9) (1.0) (1.1)

100 0.8 0.33 0 95.0 95.0 94.8 95.2 95.1 96.0 93.7 92.7 94.0 94.2 94.5 94.8 95.3
(2.7) (2.7) (2.8) (2.8) (3.0) (3.0) (2.7) (2.6) (2.8) (2.8) (2.8) (2.9) (3.0)

100 0.8 3 0 96.0 94.3 94.0 93.9 94.8 95.5 94.8 94.3 96.0 95.0 94.1 94.0 94.8
(1.2) (1.3) (1.3) (1.4) (1.5) (1.6) (1.1) (1.1) (1.1) (1.1) (1.1) (1.3) (1.3)

250 0.2 0.33 0 95.4 94.8 95.0 94.8 95.2 95.2 95.0 94.7 95.3 95.5 95.2 94.5 94.7
(2.1) (2.2) (2.2) (2.3) (2.6) (2.9) (2.1) (2.1) (2.1) (2.1) (2.1) (2.5) (2.5)

250 0.2 3 0 96.3 94.9 95.3 95.0 95.2 95.3 95.0 94.7 95.3 94.5 94.8 95.8 96.0
(0.6) (0.6) (0.7) (0.7) (0.7) (0.8) (0.6) (0.6) (0.6) (0.6) (0.6) (0.6) (0.6)

250 0.8 0.33 0 95.9 94.5 94.2 94.5 94.8 94.8 95.0 94.0 94.8 95.0 95.4 94.2 94.8
(1.7) (1.7) (1.8) (1.8) (1.8) (1.9) (1.7) (1.7) (1.8) (1.8) (1.8) (1.8) (1.8)

250 0.8 3 0 96.0 95.0 95.8 95.5 95.9 95.6 95.6 95.0 95.3 94.8 94.9 95.7 96.2
(0.8) (0.8) (0.8) (0.9) (0.9) (1.0) (0.7) (0.7) (0.7) (0.7) (0.7) (0.8) (0.8)

100 0.2 0.33 0.5 91.8 92.9 93.4 94.0 93.7 93.7 73.7 87.6 93.8 95.1 94.5 94.5 94.7
(5.9) (6.3) (6.6) (7.0) (7.9) (8.6) (3.6) (5.1) (6.6) (6.9) (6.7) (8.0) (8.1)

100 0.2 3 0.5 91.0 93.5 94.3 94.2 94.6 93.9 71.7 84.2 95.0 94.2 94.2 95.9 96.6
(1.6) (1.9) (2.1) (2.1) (2.2) (2.3) (1.0) (1.3) (1.8) (1.8) (1.8) (2.1) (2.1)

100 0.8 0.33 0.5 90.9 92.7 93.3 93.3 93.8 94.3 72.5 84.2 92.2 94.7 94.5 94.9 95.5
(4.5) (4.9) (5.2) (5.3) (5.6) (5.7) (3.0) (3.9) (5.4) (5.6) (5.6) (5.9) (6.4)

100 0.8 3 0.5 90.5 92.5 92.8 93.1 93.7 94.5 74.0 87.4 95.2 94.7 94.0 94.0 94.9
(2.0) (2.3) (2.5) (2.6) (2.8) (3.0) (1.2) (1.7) (2.2) (2.3) (2.2) (2.7) (2.6)

250 0.2 0.33 0.5 93.5 94.0 93.9 94.2 94.5 94.8 75.3 91.1 95.2 95.5 95.3 94.2 95.0
(3.8) (4.2) (4.3) (4.5) (5.0) (5.6) (2.4) (3.6) (4.2) (4.3) (4.2) (4.9) (5.0)

250 0.2 3 0.5 92.4 94.4 95.7 94.5 94.8 95.0 73.2 89.3 95.6 94.7 94.8 95.8 96.2
(1.1) (1.3) (1.4) (1.4) (1.4) (1.5) (0.6) (1.0) (1.2) (1.1) (1.1) (1.3) (1.3)

250 0.8 0.33 0.5 92.8 93.6 93.8 93.7 94.0 94.2 74.9 89.2 94.2 94.9 94.8 93.8 94.7
(3.0) (3.3) (3.4) (3.5) (3.6) (3.6) (2.0) (2.9) (3.5) (3.5) (3.5) (3.7) (3.8)

250 0.8 3 0.5 93.2 94.7 95.2 95.1 95.5 95.0 74.3 91.2 95.0 95.0 94.9 95.7 96.4
(1.3) (1.5) (1.6) (1.7) (1.8) (1.9) (0.8) (1.2) (1.4) (1.4) (1.4) (1.7) (1.6)

100 0.2 0.33 0.8 83.4 88.3 90.1 91.6 92.0 90.6 48.1 77.4 90.5 94.0 92.9 94.0 94.2
(11.5) (13.1) (14.3) (15.7) (17.8) (18.8) (4.9) (9.8) (15.4) (17.7) (16.9) (19.9) (21.7)

100 0.2 3 0.8 76.6 85.5 89.7 91.2 90.8 89.5 42.6 69.0 93.9 91.8 91.6 93.6 95.0
(2.7) (3.7) (4.4) (4.7) (5.0) (5.1) (1.3) (2.4) (12.2) (4.3) (4.4) (5.3) (5.4)

100 0.8 0.33 0.8 80.7 87.2 89.2 90.0 90.5 90.6 47.1 70.2 88.6 94.8 94.3 93.7 95.3
(8.1) (9.7) (10.7) (11.3) (12.0) (12.2) (3.8) (6.6) (13.1) (14.1) (13.4) (13.8) (18.3)

100 0.8 3 0.8 80.4 88.0 89.6 91.1 90.7 90.9 44.8 76.3 92.7 92.9 92.4 93.1 94.0
(3.8) (4.7) (5.4) (5.8) (6.5) (6.9) (1.7) (3.4) (5.5) (5.7) (5.5) (6.8) (6.6)

250 0.2 0.33 0.8 88.0 91.6 92.6 93.1 93.1 92.3 49.2 85.9 93.3 95.2 95.0 94.8 95.5
(8.4) (9.6) (10.1) (10.7) (12.0) (13.1) (3.3) (7.7) (10.1) (10.9) (10.6) (12.4) (12.7)

250 0.2 3 0.8 83.7 92.5 94.2 94.1 94.3 93.3 46.6 81.7 95.6 94.2 94.3 95.6 96.1
(2.0) (2.8) (3.2) (3.3) (3.4) (3.6) (0.9) (2.0) (2.9) (2.8) (2.9) (3.2) (3.3)

250 0.8 0.33 0.8 85.5 91.6 92.4 92.2 92.5 92.8 47.9 82.0 91.8 94.8 94.8 93.7 94.5
(6.1) (7.4) (7.8) (8.1) (8.3) (8.5) (2.7) (5.8) (8.3) (8.9) (8.8) (9.1) (10.2)

250 0.8 3 0.8 87.3 93.2 93.7 94.1 94.3 94.1 48.4 86.2 94.9 94.6 94.8 95.3 96.2
(2.7) (3.5) (3.8) (4.0) (4.3) (4.6) (1.1) (2.6) (3.5) (3.5) (3.5) (4.2)(4.1)
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Table 4: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the linear trend model (7) with (b1,b2) = (0,5), (A1)-MA(1), single volatility
shifts. The number of replications is 2000, and 1000 pseudoseries with iidN(0,1) are used for the
wild bootstrap.

Model SN-WB (ε)
WB

Xu-Class3 Xu-Class4
n τ δ θ 0 0.1 0.2 0.3 0.5 0.7 F3 PW3 iid WB F4PW4

100 0.2 0.33 0 94.8 94.7 94.7 95.0 94.9 95.3 94.0 94.2 95.2 95.3 95.0 94.5 95.0
(3.4) (3.4) (3.5) (3.7) (4.2) (4.6) (3.2) (3.2) (3.4) (3.5) (3.4) (3.9) (4.0)

100 0.2 3 0 96.5 96.2 95.2 95.2 95.5 95.7 94.3 94.0 94.8 95.2 94.7 96.1 97.2
(1.0) (1.0) (1.1) (1.1) (1.2) (1.2) (0.9) (0.9) (0.9) (0.9) (0.9) (1.0) (1.1)

100 0.8 0.33 0 95.0 95.0 94.8 95.2 95.1 96.0 93.7 92.7 94.0 94.2 94.6 94.7 95.3
(2.7) (2.7) (2.8) (2.8) (3.0) (3.0) (2.7) (2.6) (2.8) (2.8) (2.9) (2.9) (3.1)

100 0.8 3 0 96.0 94.3 94.0 93.9 94.8 95.5 94.8 94.3 96.0 96.0 95.1 94.0 95.0
(1.2) (1.3) (1.3) (1.4) (1.5) (1.6) (1.1) (1.1) (1.1) (1.1) (1.1) (1.3) (1.3)

250 0.2 0.33 0 95.4 94.8 95.0 94.8 95.2 95.2 95.0 94.7 95.3 95.5 95.4 94.5 94.8
(2.1) (2.2) (2.2) (2.3) (2.6) (2.9) (2.1) (2.1) (2.1) (2.1) (2.1) (2.5) (2.5)

250 0.2 3 0 96.3 94.9 95.3 95.0 95.2 95.3 95.0 94.7 95.3 95.3 95.1 95.8 96.1
(0.6) (0.6) (0.7) (0.7) (0.7) (0.8) (0.6) (0.6) (0.6) (0.6) (0.6) (0.6) (0.6)

250 0.8 0.33 0 95.9 94.5 94.2 94.5 94.8 94.8 95.0 94.0 94.8 94.8 95.2 94.2 94.3
(1.7) (1.7) (1.8) (1.8) (1.8) (1.9) (1.7) (1.7) (1.8) (1.8) (1.8) (1.8) (1.9)

250 0.8 3 0 96.0 95.0 95.8 95.5 95.9 95.6 95.6 95.0 95.3 95.2 95.0 95.8 96.0
(0.8) (0.8) (0.8) (0.9) (0.9) (1.0) (0.7) (0.7) (0.7) (0.7) (0.7) (0.8) (0.8)

100 0.2 0.33 0.5 93.2 94.0 94.2 94.5 94.5 94.7 83.9 91.4 96.9 97.6 97.1 95.2 95.5
(4.8) (5.0) (5.2) (5.4) (6.1) (6.7) (3.6) (4.3) (5.8) (6.1) (6.0) (6.1) (6.5)

100 0.2 3 0.5 94.8 95.0 95.2 94.5 95.0 94.9 84.2 89.4 97.6 98.4 97.8 96.6 97.9
(1.4) (1.5) (1.6) (1.7) (1.7) (1.8) (1.0) (1.1) (1.6) (1.6) (1.5) (1.6) (1.7)

100 0.8 0.33 0.5 93.8 94.5 94.2 94.3 94.8 95.2 83.5 89.0 96.2 96.3 96.7 95.2 96.3
(3.7) (4.0) (4.1) (4.2) (4.4) (4.5) (2.9) (3.5) (4.7) (5.0) (5.2) (4.5) (5.2)

100 0.8 3 0.5 93.8 93.8 93.2 93.4 94.2 95.2 85.2 90.6 97.7 98.4 97.7 94.2 96.0
(1.7) (1.8) (1.9) (2.0) (2.2) (2.3) (1.2) (1.4) (1.9) (2.0) (1.9) (2.1) (2.1)

250 0.2 0.33 0.5 94.5 94.6 94.6 94.8 95.0 94.9 85.7 93.5 97.5 97.8 98.0 94.7 95.5
(3.0) (3.2) (3.3) (3.4) (3.8) (4.3) (2.3) (2.9) (3.6) (3.7) (3.7) (3.7) (3.8)

250 0.2 3 0.5 95.2 95.0 96.1 95.2 94.7 95.5 85.5 92.0 97.8 97.8 97.5 96.1 96.8
(0.9) (1.0) (1.0) (1.1) (1.1) (1.2) (0.6) (0.8) (1.0) (1.0) (1.0) (0.9) (1.0)

250 0.8 0.33 0.5 94.8 94.0 94.0 93.8 94.7 94.8 85.4 92.1 96.8 97.2 97.5 94.2 94.7
(2.4) (2.6) (2.6) (2.6) (2.7) (2.8) (1.9) (2.4) (3.0) (3.1) (3.1) (2.8) (2.9)

250 0.8 3 0.5 94.8 95.0 95.5 95.2 95.8 95.5 85.2 93.0 97.8 98.2 97.5 95.9 96.5
(1.1) (1.2) (1.2) (1.3) (1.3) (1.4) (0.8) (1.0) (1.2) (1.2) (1.2) (1.2) (1.3)

100 0.2 0.33 0.8 93.3 94.3 94.2 94.3 94.8 94.8 82.0 90.8 97.6 98.4 98.0 95.2 95.9
(5.7) (6.0) (6.2) (6.5) (7.3) (8.0) (4.1) (5.1) (7.4) (7.9) (7.8) (7.4) (8.0)

100 0.2 3 0.8 94.5 94.7 95.1 94.6 94.7 95.0 81.6 88.4 98.3 98.8 98.2 97.2 98.2
(1.6) (1.8) (1.9) (2.0) (2.1) (2.2) (1.1) (1.3) (2.0) (2.2) (2.0) (2.0) (2.2)

100 0.8 0.33 0.8 93.5 94.2 94.1 94.2 94.5 95.3 82.1 87.8 96.7 97.5 98.1 95.4 96.5
(4.4) (4.7) (4.8) (5.0) (5.2) (5.3) (3.3) (4.0) (6.1) (6.6) (6.8) (5.5) (6.8)

100 0.8 3 0.8 93.2 94.0 93.4 93.4 94.2 95.1 83.2 90.3 98.4 99.0 98.4 94.8 96.5
(2.0) (2.2) (2.3) (2.4) (2.6) (2.8) (1.4) (1.7) (2.4) (2.6) (2.4) (2.5) (2.6)

250 0.2 0.33 0.8 94.7 94.7 94.3 94.8 94.8 95.0 83.5 93.3 98.4 98.4 98.4 94.8 95.8
(3.6) (3.8) (3.9) (4.1) (4.6) (5.1) (2.6) (3.5) (4.6) (4.7) (4.7) (4.5) (4.7)

250 0.2 3 0.8 95.0 95.3 96.0 95.0 94.8 95.2 83.4 91.7 98.2 98.4 98.2 96.1 97.2
(1.0) (1.2) (1.2) (1.3) (1.3) (1.4) (0.7) (0.9) (1.3) (1.3) (1.3) (1.1) (1.2)

250 0.8 0.33 0.8 94.3 94.2 93.8 94.0 94.3 95.0 83.4 91.6 97.8 98.0 98.0 94.4 95.8
(2.9) (3.1) (3.1) (3.2) (3.3) (3.3) (2.2) (2.8) (3.8) (4.0) (4.0) (3.4) (3.7)

250 0.8 3 0.8 94.7 95.0 95.5 95.1 95.7 95.3 83.0 93.0 98.6 98.7 98.7 96.2 96.9
(1.3) (1.4) (1.5) (1.5) (1.6) (1.7) (0.9) (1.1) (1.5) (1.6) (1.5) (1.5)(1.5)
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Table 5: Percentages of coverage of the 95% confidence intervals ofb2 (mean lengths of the interval
in the parentheses) of the linear trend model with a break in intercept (8) with (b1,b2,b3) = (0,2,5),
(A1)-AR(1), single volatility shifts. The number of replications is 2000, and 1000 pseudoseries
with iid N(0,1) are used for the wildbootstrap.

Model SN-WB (ε)
WB HAC

n τ δ ρ 0.35 0.4 0.5 0.6 0.7
100 0.2 0.33 0 94.5 94.5 94.3 94.8 94.8 94.0 93.0

(5.5) (5.5) (5.6) (5.7) (5.9) (3.9) (3.8)
100 0.2 3 0 94.6 94.7 95.0 95.0 95.4 94.4 94.5

(1.1) (1.1) (1.1) (1.0) (1.0) (0.6) (0.6)
100 0.8 0.33 0 95.0 95.0 95.1 95.3 95.5 94.5 93.6

(2.4) (2.4) (2.4) (2.5) (2.5) (1.9) (1.9)
100 0.8 3 0 94.2 94.2 94.3 94.7 94.7 93.3 93.2

(2.0) (2.0) (2.0) (2.0) (2.2) (1.3) (1.3)

250 0.2 0.33 0 95.6 95.6 95.5 95.5 95.1 94.2 94.2
(3.6) (3.6) (3.6) (3.6) (3.7) (2.5) (2.5)

250 0.2 3 0 95.0 95.0 95.0 94.8 94.8 94.5 94.6
(0.7) (0.7) (0.7) (0.6) (0.6) (0.4) (0.4)

250 0.8 0.33 0 95.8 95.8 95.8 95.9 95.8 94.3 94.0
(1.5) (1.5) (1.5) (1.5) (1.5) (1.2) (1.2)

250 0.8 3 0 95.0 95.0 94.8 95.1 95.6 94.2 94.2
(1.3) (1.3) (1.3) (1.3) (1.4) (0.8) (0.8)

100 0.2 0.33 0.5 93.7 93.8 93.8 93.3 93.0 73.1 84.6
(10.1) (10.1) (10.1) (10.3) (10.6) (4.3) (5.7)

100 0.2 3 0.5 93.9 93.8 93.8 94.0 93.5 71.9 87.4
(2.0) (2.0) (2.0) (2.0) (1.9) (0.7) (1.0)

100 0.8 0.33 0.5 93.7 93.7 93.7 93.5 93.5 71.9 84.9
(4.5) (4.5) (4.5) (4.5) (4.5) (2.1) (2.8)

100 0.8 3 0.5 93.2 93.2 93.2 93.1 93.0 72.1 84.3
(3.6) (3.6) (3.6) (3.7) (4.0) (1.4) (1.9)

250 0.2 0.33 0.5 95.1 95.2 95.2 94.9 94.7 73.4 88.5
(6.8) (6.8) (6.9) (7.0) (7.2) (2.8) (4.2)

250 0.2 3 0.5 94.0 94.0 93.8 94.0 94.3 72.0 89.5
(1.3) (1.3) (1.3) (1.3) (1.2) (0.5) (0.7)

250 0.8 0.33 0.5 95.4 95.4 95.2 95.0 95.0 74.2 88.8
(2.9) (2.9) (2.9) (2.9) (2.9) (1.4) (2.1)

250 0.8 3 0.5 94.5 94.5 94.5 94.7 95.2 72.5 88.5
(2.4) (2.4) (2.4) (2.5) (2.7) (0.9) (1.4)

100 0.2 0.33 0.8 91.0 91.0 91.0 90.8 90.1 47.9 72.5
(20.2) (20.2) (20.3) (20.8) (21.3) (5.6) (9.8)

100 0.2 3 0.8 90.8 90.9 91.0 91.0 89.8 42.9 71.4
(4.4) (4.4) (4.3) (4.2) (4.1) (1.0) (1.8)

100 0.8 0.33 0.8 93.2 93.2 93.0 92.6 92.0 46.0 74.9
(9.3) (9.3) (9.3) (9.3) (9.3) (2.8) (4.9)

100 0.8 3 0.8 92.5 92.4 92.2 92.4 92.5 47.4 72.9
(7.3) (7.3) (7.3) (7.6) (8.0) (1.9) (3.3)

250 0.2 0.33 0.8 93.7 93.7 93.9 94.0 94.1 48.9 81.9
(15.4) (15.4) (15.5) (15.8) (16.2) (3.9) (8.4)

250 0.2 3 0.8 91.8 92.0 92.0 92.0 92.4 45.2 82.1
(3.1) (3.1) (3.0) (3.0) (2.9) (0.7) (1.5)

250 0.8 0.33 0.8 93.5 93.5 93.4 93.8 93.3 48.6 82.8
(6.7) (6.7) (6.7) (6.7) (6.7) (1.9) (4.2)

250 0.8 3 0.8 93.5 93.5 93.4 93.6 94.2 48.0 81.2
(5.5) (5.5) (5.5) (5.7) (6.1) (1.3) (2.8)
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Table 6: The 100(1-α)% confidence intervals for the parameters in the model (9) for the nominal
wage series. The estimated coefficients are shown in the parenthesis.

b1(5.91) b2(-0.63) b3(4.83)
α ε Lower Upper Lower Upper LowerUpper

0.01
0.4 5.45 6.37 -1.45 0.18 3.64 6.02
0.5 5.50 6.31 -1.48 0.21 3.62 6.04
0.6 5.57 6.25 -1.49 0.22 3.72 5.93

0.05
0.4 5.63 6.18 -1.10 -0.17 4.13 5.53
0.5 5.65 6.17 -1.14 -0.13 4.16 5.49
0.6 5.67 6.15 -1.12 -0.15 4.19 5.47

0.10
0.4 5.70 6.12 -1.03 -0.24 4.29 5.37
0.5 5.71 6.11 -1.04 -0.23 4.35 5.31
0.6 5.73 6.09 -1.04 -0.23 4.35 5.30
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Figure 1: The nominal wage series fitted with a break at 1929 (the Great Crash) and the corre-
sponding residuals.
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