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Abstract

Motivated by the need to assess the significance of the trend in some macroeconomic se-
ries, this paper considers inference of a parameter in parametric trend functions when the errors
exhibit certain degrees of nonstationarity with changing unconditional variances. We adopt the
recently developed self-normalized approach to avoid tfidity involved in the estimation
of the asymptotic variance of the ordinary least squares estimator. The limiting distribution of
the self-normalized quantity is non-pivotal but can be consistently approximated by using the
wild bootstrap, which is not consistent in general without studentization. Numerical simula-
tion demonstrates favorable coverage properties of the proposed method in comparison with
alternative ones. The U.S. nominal wages series is analyzed to illustrate the finite sample per-

formance. Some technical details are included in the online supplemental material.
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1 Introduction

Consider the simple linear trend model,

Xin = by + bo(t/N) + Uiy, t=1...,n (1)

Inference of the linear trend cfigientb, is an important problem in many fields such as econo-
metrics, statistics, and environmental sciences, and there is a rich literature. Hamilton (1994,
Chapter 16) derived the limiting distribution of the ordinary least squares (OLS) estimators of
andb, when the errors are independent and identically distributed (iid) from a normal distribution.
To account for possible dependence in the erfar,} has often been assumed to be a station-
ary weakly dependent process. For example, Sherman (1997) applied the subsampling approach
when the errors are from a stationary mixing process, and Zhou and Shao (2013) considered the
M-estimation with stationary errors whose weak dependence was characterized by physical depen-
dence measures (Wu, 2005). Another popular way in econometrics is to model the dependence in
the error as an autoregressive (AR) process, and testing procedures that are robust to serial cor-
relation with possible unit root have been developed; see Canjels and Watson (1997), Vogelsang
(1998), Bunzel and Vogelsang (2005), and Harvey, Leybourne, and Taylor (2007), among others.
However, there is increasing evidence that many macroeconomic series exhibit heteroscedas-
tic behavior. For example, the U.S. gross domestic product series has been observed to have less
variability since 1980s; see Kim and Nelson (1999), McConnell and Perez-Quiros (2000), Busetti
and Taylor (2003), and references therein. In addition, Sensier and van Dijk (2004) argued that
majority of the macroeconomic data in Stock and Watson (1999) had abrupt changes in uncondi-
tional variances. The empirical evidence of weakly dependent and heteroscedastic errors can also
be found from environmental time series; see Rao (2004), Zhou and Wu (2009), and Zhang and
Wu (2011) for their data illustrations using global temperature series. There have been a number
of papers on the inference of weakly dependent time series models with heteroscedastic errors. For

example, Xu and Phillips (2008) studied the inference on the ARicants when the innovations
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are heteroscedastic martingal@&eliences. Xu (2008) focused on inference of polynomial trends
with errors exhibiting nonstationary volatility. Zhao (2011) and Zhao and Li (2013) explored infer-
ences on the constant mean in the presence of modulated stationary errors. Xu (2012) presented a
statistic with a pivotal limiting distribution for the multivariate trend model when the error process
is generated from a stationary vector AR process with heteroscedastic innovations.

Our framework generalizes the model (1) in two nontrivial aspects. For one, our trend function
is a finite linear combination of deterministic trends, each of which can contain finite number of
breaks at known points. Most studies in the literature are restricted to the linear or polynomial
trend, but allowing for break in intercept can be useful in practice. For example, i& b, +
bo1(t > tg) + bs(t/n) + up, i.€., a linear trend model with a jump at a known intervention time
tg, then testing the significance bj is of interest in assessing the significance of the jump at the
intervention in the presence of a linear trend. This kind of one break model was considered in the
analysis of nominal wage series by Perron (1989), and its inference is reinvestigated in Section
5. For the other, we allow two types of nonstationary processes for the efror®ne type of
nonstationary process is adapted from Cavaliere and Taylor (2007, 2008a,b) and Xu and Phillips
(2008). For this class of models, the error process is represented as a linear process of independent
but heteroscedastic innovations. This includes autoregressive moving average (ARMA) models
with independent but heteroscedastic innovations as a special case. The other type of nonstationary
process is the modulated stationary processes (Zhao, 2011; Zhao and Li, 2013), where a stationary
process is amplified by a (possibly periodic) deterministic function that only depends on the relative
location of an observation. The latter is a type of locally stationary processes (Priestley, 1965;
Dahlhaus, 1997), as pointed out in Zhao and Li (2013). Together, they cover a wide class of
nonstationary but weakly dependent models with unconditional heteroscedasticity.

When the errors are nonstationary with unconditional heteroscedasticity, fioailtyi rises
due to the complex form of the asymptotic variance of the OLS estimator. In this paper, we apply

the wild bootstrap (WB) (Wu, 1986) to approximate the limiting behavior of the OLS estimator.
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However, simply applying the wild bootstrap to the unstudentized OLS estimator does not work
because it cannot properly capture the terms in the asymptotic variance that are due to temporal
dependence in the error. To overcome thiidilty, we propose to adopt the self-normalized (SN)
method (Lobato, 2001; Shao, 2010), which was mainly developed for stationary time series. Due
to the heteroscedasticity and the non-constant regressor, the limiting distribution of the SN-based
guantity is non-pivotal, unlike the existing SN-based methods. The advantage of using the SN
method, though, is that the limiting distribution of the studentized OLS estimator only depends
on the unknown heteroscedasticity, which can be captured by the wild bootstrap. Compared to
the conventional heteroscedasticity and autocorrelation consistent (HAC) method or block-based
bootstrap methods that are known to handle mildly nonstationary errors, the use of the SN method
and the wild bootstrap are practically convenient and are shown to lead to more accurate inference.
To summarize, we provide an inference procedure of trends in time series that is robust to
smooth and abrupt changes in unconditional variances of the temporally dependent error process,
in a quite general framework. Our assumptions on deterministic trends and weakly dependent het-
eroscedastic errors are less restrictive than those from most earlier works in the trend assessment
literature. Besides, our inference procedure is convenient to implement. Although our method
is not entirely bandwidth-free, the finite-sample performance is not overly sensitive to the choice
of the trimming parametet, and its choice is accounted for in the first order limiting distribu-
tion and the bootstrap approximation. The work can be regarded as the first extension of the SN
method to the regression model with weakly dependent and heteroscedastic errors. One of the
key theoretical contributions of the present paper is to derive the functional central limit theorem
of the recursive OLS estimator, which leads to the weak convergence of the SN-based quantity.
At a methodological level, the self-normalization coupled with the wild bootstrap eliminates the
need to directly estimate the temporal dependence in the error process. Although some earlier
works such as Cavaliere and Taylor (2008b) and Zhao and Li (2013) applied the wild bootstrap

for similar error processes, it seems that they need to involve the choice of a block size or consis-
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tent estimation of a nuisance parameter to make the wild bootstrap work. In our simulation, our
method is demonstrated to deliver more accurate finite-sample coverage compared to alternative
methods, and thus inherits a key property of the SN approach which was known to hold only for
stationary time series (Shao, 2010). Recently, Zhou and Shao (2013) extended the SN method to
the regression setting with fixed parametric regressors, where the error is stationary and the re-
sponse variable is only nonstationary in mean. The framework here is considerably more general
in that the error is allowed to exhibit local stationarity or unconditional heteroscedasticity and the
response variable is nonstationary at all orders. On the other hand, we only consider the inference
based on the ordinary least squares (OLS) estimator, whereas the M-estimation was considered in
Zhou and Shao (2013).

The rest of the paper is organized as follows. Section 2 presents the model, the OLS estimation,
and the limiting distribution of the OLS estimator. Section 3 contains a functional central limit
theorem for the recursive OLS estimators, which leads to the limiting distribution of the SN-based
guantity. The wild bootstrap is described and its consistency for the SN quantity is justified in
Section 3. Section 4 presents some simulation results and Section 5 contains an application of our
method to the U.S. nominal wage data. Section 6 concludes. Technical details are relegated to a
supplemental online appendix.

Throughout the paper, we usé> for convergence in distribution angs weak convergence
in D[e, 1] for somee € (0, 1), the space of functions or,[L] which are right continuous and
have left limits, endowed with Skorohod metric Billingsley (1968). The symigld) ando,(1)
signify being bounded in probability and convergence to zero in probability, respectively(1lf
andop(1) are used for matrices, they mean elementwise boundedness and convergence to zero in
probability. We usé¢a] to denote the integer part afe R, B(-) a standard Brownian motion, and
N(u, X) the (multivariate) normal distribution with meanand covariance matriX. Denote by
IX|lp = (EIXIP)/P. For apx g matrix A = (&;)i<p,j<q, lEtIAIE = (X, ?:laﬁ)l/2 be the Frobenius

norm. LetX, = (Xyp, - .., Xnn) denote the data.
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2 The Model and Estimation

Consider the model
Xt’n = FLrﬂ + Ut’n = blfl(t/n) + -+ bpfp(t/n) + Ut,n, t = 1, ceey n,

whereX; , is a univariate time series, is the sample sizg§ = (by,...,bp)’" is the parameter of
interest, and the regressaéts, = { f1(t/n), ..., fp(t/n)}" are non-random. The regressofﬁt/n)}?:1

are rescaled, thus increasing the sample sireeans we have more data in a local window. We
useF(s) = {fi(9),..., fo(9)}, s € [0, 1] to denote the regressors with relative locat®mnd we
observeF,, = F(t/n). LetN = n— p+ 1, wherep is fixed.

The error procesiy ,} is assumed to be either one of the followings;

(A1) [Generalized Linear Process] The error process is defined as

Uin = Z Cj€t—jn = C(L)gt,n,
i—0

whereg;, = win& With & iid (0,1), C(L) = Zj?‘;o c,-Lj, andL is the lag operator. We further

assume

() Let w(s) = lim,e winsn be some deterministic, positive (cadlag) function D&
[0, 1]. Letw(s) be piecewise Lipschitz continuous with at most finite number of breaks.

Ift <O, letw, < w* for some O< w* < oo.
(i) 0 <IC(U)I < o, T2 jlejl < oo.
(i) Elg|* < oo.
(A2) [Modulated Stationary Process] The error process is defined as

Uin = Vinlhs

where{n;} is a mean zero strictly stationary process that can be expressged &(7) for

some measurable functi@and¥; = (..., &_1, &) Whereg are iid (0,1). We further assume
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(i) Letv(s) = limp v|ng.n b€ SOMe deterministic, positive (cadlag) functionsan[O, 1].

Let v(s) be piecewise Lipschitz continuous with at most finite number of breaks.
(i) E@n) =0,E@D) = 1, andE(nf°) < oo for somes > 0.

(iii) Forsomey € (0, 1), IG(Fx) - G({F_1. €, €1, - - - » &})lla = O(¥) if k > 0 and 0 otherwise.

Here,{¢/} is an iid copy of{&}.

(iv) T?2 >0, wherel? = 3% coV(m, ni4h) is the long run variance dfy}.

The key feature of the two settings above is that they allow both smooth and abrupt changes in
the unconditional variance and second order propertieg,dhroughw(s) in (A1) (i) andv(s) in
(A2) (i), which depend only on the relative locatisr= t/n in a deterministic fashion. If this part
should be constant, then the two models correspond to the popular stationary models; the linear
process for (A1) and stationary causal process (Wu, 2005) for (A2). The model (Al) is considered
in, for example, Cavaliere (2005), Cavaliere and Taylor (2007, 2008a,b), and Xu and Phillips
(2008). The assumptions (A1) (ii) is popular in the linear process literature to ensure the central
limit theorem and the invariance principle, and (A1) (iii) implies the existence of the fourth moment
of {u,n}. The model (A2) is adapted from Zhao (2011) and Zhao and Li (2013) and is called the
modulated stationary process, which was originally developed to account for the seasonal change,
or periodicity, observed in financial or environmental data. The condition (A2) (ii) is slightly
stronger than the existence of the fourth moment, which is required in the proof of the bootstrap
consistency. (A2) (iii) implies thatu,} is short-range dependent and the dependence decays
exponentially fast. These two classes of models are both nonstationary and nonparametric, which
represent extensions of stationary linfeanlinear processes to nonstationary weakly dependent

processes with unconditional heteroscedasticity.

Remark 2.1 Note that the model (Al) is a special case of Xu and Phillips (2008), but it can be
made as general as the framework of Xu and Phillips (2008), by ledtimgya martingale dierence

sequence with its natural filtratiofy satisfyingn™ Y E(€2|&,.1) — C < oo for some positive

ACCEPTED MANUSCRIPT
7



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

constantC, rather than an iid sequence. See Remark 1 of Cavaliere and Taylor (2008b). In this
paper we do not pursue this generalization only for the simplicity in the proofs. For (A2), our
framework for the modulationy(s) is more general than that of Zhao (2011). For example, the so-
called ‘k-block asymptotically equal cumulative variance condition” in Definition 1 in Zhao (2011)
rules out a linear trend in the unconditional variance. The model (A2) can be replaced with some
mixing conditions for the stationary part, but the details are omitted for simplicity. It is worthwhile

to stress that both (A1) and (A2) are based on already popular and widely used stationary models,

and they extend those stationary models by incorporating heteroscedasticity in a natural way.

In this article, we are interested in the inferencgef (by, ..., by)’, based on the OLS estimator
Bn =N, FinF{n) (Xt FunXin). If the errors satisfy (A1) or (A2) and the fixed regressi(s)
are piecewise Lipschitz continuous, then under certain regularity conditions, the OLS estimator is

approximately normally distributed, i.e.,
2By — ) > N(O,, ), ®)

where the covariance matrik has the sandwich for@;*VQ;?, Q; = fol F(9)F(9)'ds and

CX(1) [ wXIF(IF(syds  if (A1)
I2 [ 2(9F(9F(9)ds if (A2)

The statement (2) is a direct consequence of Theorem 3.1 presented below. NotiQe ¢hat

be consistently estimated boy* i, F,F{,,, butV depends on the nuisance parame@(), I',
and{w(s), v(s); s € [0, 1]}. To perform hypothesis testing or construct a confidence regiog, for

the conventional approach is to consistently estimate the unknown rvatisng, e.g., the HAC
estimator in Andrews (1991). The HAC estimator involves a bandwidth parameter, and the finite
sample performance critically depends on the choice of this bandwidth parameter. Moreover, the
consistency of the HAC estimator is shown under the assumption that the errors are stationary

or approximately stationary (Newey and West, 1987; Andrews, 1991). Alternatively, block-based
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resampling approaches (Lahiri, 2003) such as the moving block bootstrap and subsampling (Poli-
tis, Romano, and Wolf, 1999) are quite popular to deal with the dependence in the error process,
see Fitzenberger (1998), Sherman (1997), and Romano and Wolf (2006) among others. However,
these methods are designed for stationary processes \figheait blocks having the same or ap-
proximately the same stochastic property. Note that Paparoditis and Politis (2002) proposed the
so-called local block bootstrap for the inference of the mean with locally stationary errors. Their
method involves two tuning parameters and no guidance on their choice seems provided.

There have been recently proposed alternative methods to the HAC-based inference for dy-
namic linear regression models such as Kiefer, Vogelsang, and Bunzel (2000) [KVB, hereatfter].
KVB's approach is closely related to the SN method by Lobato (2001) and Shao (2010). The KVB
and SN methods share the same idea that by using an inconsistent estimator of asymptotic vari-
ance, a bandwidth parameter can be avoided. In finite samples this strategy is shown to achieve
better coverage and size compared to the conventional HAC-based inference. In a recent paper by
Rho and Shao (2013), the KVB method is shown tidedifrom the SN method in the regression
setting: the KVB method applies an inconsistent recursive estimation of the “meat’ phthe
covariance matriX¥ in (2) and consistently estimates the “bread” f@st whereas the SN method
involves the inconsistent recursive estimation for the whole covariance matrixlthough the
KVB and SN methods have the same limiting distribution, Rho and Shao (2013) have shown in
their simulations that the SN method tends to have better finite sample performance than the KVB
method. For this reason, we adopt the SN method for our problem.

To apply the SN method, we need to define an inconsistent estimdtéaded upon recursive
estimates of8. Consider the OLS estimatgy = ELN of B using the first + p — 1 observations,

Bo= (zih Fi,nFi”n)_l (ZiF FinXin). for all t = 1,....N. We only haveN estimates ofs
becaus&’; FunFi, is notinvertible ifk < p. Then, following Shao (2010), we construct the self-
normalizerQy(e) = N2 3N, ., 2(B: - Bn)(B: — Bn)’ using the recursive OLS estimators, where

€ € (0,1) is a trimming parameter. Define the SN quantity

ACCEPTED MANUSCRIPT
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Tn = NBn - B) 1Qn(€)) (B - B)- ©)

Here,Qn(e) is an estimate oF, but unlike the HAC method, the major role of this self-normalizer
is to remove nuisance parameters in the limiting distribution of the SN quantityather than
as a consistent estimator of the true asymptotic varidihc@/ith stationary errors, the same self-
normalizer does this job well, providing pivotal limiting distributions fbg. However, under
our framework of nonstationary errors, the self-normal2g(e) cannot completely get rid of the

nuisance parameter in the limiting distributionaf, as seen from the next section.

3 Inference

For the regressdf,,, we impose the following assumptions.

(R1) For allr € [¢1], Q = rt for F(s)F(s)dsis well-defined andQ; ! exists, and further,

infrcre1) det@Qr) > 0 and sup 4 IQllF < oo.

(R2) Foreach =1,...,p, fj(s) is piecewise Lipschitz continuous with at most finite number of

breaks.

The assumptions (R1)-(R2) are satisfied by commonly used trend functions stj¢§ ass™ for

some nonnegative integer f;(s) = sin(2rs) or cos(zs). The assumption iRf 1 det@;) > 0

in (R1) excludes the collinearity of fixed regressors and is basically equivalent to the assumption
(C4) in Zhou and Shao (2013), and the trimming parameter (0, 1) has to be chosen appro-
priately. The assumption (R1) appears slightly weaker than Kiefer et al. (2000)’s Assumption 2,
Lnr]™ Zt@f FinFin = Q + 0p(1) for somep x p matrix Q, which is identical for allr € (0, 1].
Although, in general, Kiefer et al. (2000) allows for dynamic stationary regressors whereas our
framework targets for fixed regressors, our method can be extended to allow for dynamic regres-

sors by conditioning on the regressors. Since our work is motivated by the trend assessment of
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macroeconomic series, it seems natural to assume the regressor is fixed. The assumption (R2)

allows for structural breaks in trend functions.

Tueorem 3.1 Assume (R1)-(R2).
(i) Let the error process$u;,} be generated from (Al). The recursive OLS estim,’ém,q of B

converges weakly, i.e., U _ .
N2 Nr](Bnrg — B) = C(1)Q B (1),

where B, (1) = [ F(9w(s)dB(9).
(i) Assume (A2) for the error proce$s; ,}. Then

N2 Nr](Bine; — ) = TQ B, (1),

where B, (r) = for v(S)F(S)dB(S).
(iii) Define Ty as in (3) andBg(r) = Be(r) if (A1) andBg(r) = Be,(r) if (A2). It follows from

the continuous mapping theorem that
Tn = Le = Be(1Y QO Q1 B (1),
whereQ(e) = [ {Qr*Be(r) - rQ;*Be(LHQr"Br(r) — rQ; Be (L)) dr.

Remark 3.1 For a technical reason, the above functional central limit theorem has been proved
on DJ[e, 1] for somee € (0, 1) instead of orD[0, 1]. For most of the trend functions that include
polynomials™ with T > 1/2 or sin(2rs), this e has to be strictly greater than 0. However, for some
trend functionse can be set as 0. In particular, when the trend function is a constant mean function,
thenQ, = 1 forr € (0,1], Be(r) = fordB(s) = B(r), andBg,(r) = for v(S)dB(s). Our proof goes
through where = 0. In any case, the choice of trimming parametes captured by the first order

limiting distribution in the same spirit of the fixdalapproach (Kiefer and Vogelsang, 2005).

Remark 3.2 If the trend function has breaks, the trimming parameteas to be rather carefully
chosen so that the condition (R1) can be satisfied. For example, if we use a linear trend function

with a jump in the mean, i.eX;, = by + b1(t > tg) + bs(t/n) + Uy, with a break point atg, then
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11



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

Q =rt for F(s)F(s)’dsis singular forr € [0,tg/n]. However, as long as we choose- tg/n so
that Q; is invertible, the choice of trimming parameter does not seentféztathe finite sample

performance much, as we can see in the simulation reported in Section 4.3.

The limiting distribution£¢ in Theorem 3.1 is not pivotal due to the heteroscedasticity of the
error process and non-constant naturépf If the error process is stationary, thexs) = w in
(Al) andv(s) = vin (A2) would be cancelled out, and the only unknown part in the limiting
distribution isQ;. If Q, = Q, r € [¢, 1] for somep x p matrix Q, thenQ would be cancelled
out in the limiting distribution, which occurs in the use of the SN method for stationary time
series with a constant regressor; see Lobato (2001) and Shao (2010). In our case, the part that
reflects the contribution from the temporal depender@@,) or I', does cancel out. However,
the heteroscedasticity remains evejf = Q, and the limiting distribution still depends on the
unknown nuisance parametes(s), v(s); s € [0, 1]}.

Estimating unknown parameters fi seems quite challenging due to the estimation(s),
v(s), and integral of them over a Brownian motion. Instead of directly estimating the unknown
parameters, we approximate the limiting distributigp using the wild bootstrap introduced in
Wu (1986). Although there has been some recent attempts to use the wild bootstrap to the trend
assessment with nonstationary errors (for example, Xu (2012) for the linear trend model and Zhao
and Li (2013) for the constant mean model), this article seems to be the first to apply the wild
bootstrap to the SN-based quantity. The main reason the wild bootstrap works for the SN method
in such settings is that the part due to the temporal dependence, whi¢hasldio capture with
the wild bootstrap, no longer exist in the limiting distributidiz of the SN-based quantity so
that L can be consistently approximated by the wild bootstrap. In contrast, without the self-
normalization, the unknown nuisance param@gr) orI" still remains in the limiting distribution,

and thus, the wild bootstrap is not consistent in this case.
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LetU, = Xin — F{,rﬁ,\, denote the residuals. We first generate the resampled resigyats

U nW,, WhereW, is a sequence of external variables. Then we generate the bootstrap responses as
Xin=FlBu+U, t=1...,n

Based on the bootstrap sampka (. X;)f_,, we obtain the OLS estimatgk, = (X, Ft,nFt’,n)_l
(Z{‘Zl Ft,nX;‘jn). Then the sampling distribution ®¥2(8y — ) is approximated by the conditional
distribution of N*/2(8;, — Bx) given the dataX,, and L¢ can be approximated by its bootstrap

counterpart. We assume

(B1) {(Wi, are iid withE(W,) = 0 and var{\t) = 1, {W];_, are independent of the data, and
E(W,) < .

In practice, we can sampl{&\};., from the standard normal distribution with mean zero or use the
distribution recommended by Mammen (1993). Notice that there is no user-determined parameters,
which makes the wild bootstrap convenient to implement in practice.

Let By, = (2 Pt FenFin) - 2P FoX;, be the OLS estimate using the fitMr] +

p— 1 of the bootstrapped sample: (., X; )., The following theorem states the consistency of the

wild bootstrap.

Tueorem 3.2 Assume (R1)-(R2) and (B1).

(1) If {u;n} is generated from (Al), we have
N"2INr](B}nr, = Brn) = Q'Brp.(r)  in probability,

where Bp,(r) = {D(1)}¥? for w(s)dB(s) andD(1) = 3324 -

(i) If {u;n} is generated from (A2), we have
N"Y2[Nr](Bry,, - Brn) = Qi 'Br,(r)  in probability,

where B,(r) = [ v(9)dB(9).

(i) 1t follows from the continuous mapping theorem that
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o V(O —1/ % o D
Tn = N(By - Bn) {2 (6)} 1(ﬁN -Bn) — Le
in probability, whereQ;,(e) = N2 3N ., 22(3; - Bi)(B; — i) and Lr as defined in Theorem 3.1.

Remark 3.3 Notice that the wild bootstrap cannot successfully replicate the original distribution
without the normalization, unleg?(1) = D(1) orT" = 1, because the wild bootstrap cannot cap-
ture the temporal dependence of the original error series. However, in the limiting distribution of
N-Y2|N rJ(’B\LNu —p), the part that reflects the long run dependefxé) orI', can be separated from

the rest, for both data generating processes (Al) and (A2). This property makes it possible to con-
struct a self-normalized quantity, whose limiting distribution depends only on the heteroscedastic

part (captured by the wild bootstrap), not on the temporal dependence part.

Remark 3.4 Hypothesis testing can be conducted following the argument in Zhou and Shao
(2013). Let the null hypothesis gy : R8 = A, whereR is ak x p (k < p) matrix with rank

kandA is ak x 1 vector. Under the null hypothedtt, we have
o~ —~ D
Tanr = N(Bn — B)R{RON ()R} 'R(BN — B) — Ler,

where Ler = Br(1Y Q'R {RQ(e)R}RQBr(1), and the test can be formed by using the boot-

strapped critical values, owing to the fact that
3k A* > ’ 3k - A* - D
Tar = N(By = Bn) RIRQU (R T'R(By — Bn) — Ler

in probability under the assumptions of Theorem 3.2. For example, if wedetl, 1 = 0, and

R be a vector of 0’'s except for thgh element being 1, we can construct a confidence interval or
test the significance of individual regression fiméentb;. Let/?ti be thejth element of3.. The
100(1-a)% confidence interval fdp; is constructed aSN, {CF,1 MNESN LNEJt (,BtJ ﬁNJ) }1/2
whereCr,; 1, is the (1- e)th quantile of T8 |, T\ = N3(B\!) - Bn,)?/ Stk e BB - BN,
ﬁ*(') is the jth element of the OLS estimate gfusing theith bootstrapped sample, aldis the

number of bootstrap replications.
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RemArRk 3.5 Our method is developed in the same spirit of Xu (2012), who focused on the mul-

tivariate trend inference under the assumption that the trend is linear and errors follow ap) VAR(

model with heteroscedastic innovations. In particular, Xu’'s class 4 test used the studentizer first

proposed in Kiefer et al. (2000) and the wild bootstrap to capture the heteroscedasticity in the inno-

vations. Since the KVB method and the SN method are closely related (see Rho and Shao (2013)

for a detailed comparison), it seems that there are some overlap between our work and Xu (2012).

However, our work dters from Xu’s in at least three important aspects.

1)

(2)

The settings in these two papers ar@adent. Xu (2012) allows for multivariate time series

and is interested in the inference of linear trends, whereas ours is restricted to univariate
time series. Our assumption on the form of the trend function and the error structure are
considerably more general. In particular, we allow for more complex trend functions as
long as it is known up to a finite dimensional parameter. In addition, thegpREdel with
heteroscedastic innovation used in Xu (2012) is a special case of our (Al), i.e., linear process
with heteroscedastic innovations. Also Xu’s method does not seem directly applicable to the

modulated stationary process (A2) we assumed for the errors.

The wild bootstrap is applied tofferent residuals. In Xu’'s work, he assumed VAIRétruc-

ture for the error process with knowm He needs to estimate the VAR(model to obtain

the residuals, which are approximately independent but heteroscedastic. His wild bootstrap
is applied to the residuals from the VAR(model, and is expected to work due to the well-
known ability of wild bootstrap to capture heteroscedasticity. By contrast, we apply the wild
bootstrap to OLS residuals from the regression model and our OLS residuals are both het-
eroscedastic and temporally dependent. The wild bootstrap is not expected to/caiptice
temporal dependence, but since the part that is due to temporal dependence is cancelled
out in the limiting distribution of our self-normalized quantity, the wild bootstrap success-

fully captures the remaining heteroscedasticity and provides a consistent approximation of
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4

3)

the limiting distribution. Note that our method works for errors of both types, but it seems
that Xu's method would not work for the modulated stationary process as assumed in (A2)

without a nontrivial modification.

Xu’s class 4 test without prewhitening is in a sense an extension of Kiefer et al. (2000) to
the linear trend model, whereas our method is regarded as an extension of SN method to the
regression setting. In time series regression framework, Rho and Shao (2013) showed that
there is a dierence between the SN method and the KVB method; see Remark 3.1 therein
and also Section 2 for a detailed explanation. It is indeed possible to follow the KVB method
in our framework and we would expect the wild bootstrap to be consistent to approximate
the limiting distribution of the studentized quantity owing to the separable structure of the
errors. To save space, we do not present the details for the KVB studentizer in our setting.
Finite sample comparison between our method and Xu’s class 3 and 4 tests are provided in

Section 4.2.

Simulations

In this section, we compare the finite sample performance of our method to other comparable

methods in Zhao (2011) and Xu (2012) for (i) constant mean models, (ii) linear trend models,

and (iii) linear trend models with a break in the intercept. For the constant mean models, Zhao’s

method is applicable only when the errors have periodic heteroscedasticity. On the other hand, Xu’'s

method can only be used for the linear trend models when the errors are from an AR process. In

the cases where neither Zhao’s nor Xu’s methods can be directly applied, we compare our method

to the conventional HAC method. Although it has not been rigorously proven that the traditional

HAC method works in our framework, we can construct a HAC-type estimator that consistently
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estimated/ in (2). Define

n (t1+lh-1)vn t t t t\/
7 _ 1~ 2\~ — 1 2
e e () ()
t1=1 tr=(t1—In+1)AL
wherek(s) is a kernel function that is defined as Qsf > 1 and 1 ifs = 0, |, is the bandwidth
parameter, and;, is the OLS residual, i.€Ui, = Xin — F{,ﬁN- This HAC-type estimat&’\mn can

be shown to be consistent for appropriately chdgeand the inference is based on
THAC = n(Bn - B) (QN' Vi, QW) (Bn - B), 4)

whereQy = n"* X1, FoF{,, and they? approximation. In fact, in the linear trend testing context,

this statistic is almost identical to the Class 3 test without prewhitening in Xu (2012).

4.1 Constant Mean Models

Consider the linear model

Xt,n:/,t-i-ut’n, t=1,...,n, (5)

whereyu is an unknown constant. Without loss of generalityydet 0. Note that for this constant
mean models our method is completely bandwidth free, since the trimming parameter can be set
to be 0, as mentioned in Remark 3.1.

We conduct two sets of simulations foifidirent kinds of error processes. The first simulation
follows the data generating process in Zhao (2011), where the error praggss modulated
stationary and has periodic heteroscedasticity. Consider the model (A2)(tyih = cos(3tt/n)

and

1/2

(M1) ny=& - E(&), &=0l&1l+(1-6%)"a, 10/ <1,

(M2) = ¥X0aj&j, & =(j+1)¢/10, > 1/2,
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where, g are independent standard normal variables in M1. We consider M2 with tilereht

kinds of innovations: M2-1 denotes M2 with standard normal innovations, and M2-2 stands for
M2 with t-distributed innovations witk = 3, 4,5 degrees of freedom. We used 10000 replications
to get the coverage and interval length with nominal level 95% and sampla sizZE50. In each
replication, 1000 pseudoseries of iM(0, 1) W; are generated. The coverage rates and interval
lengths of Zhao’s method (Zhao) and our method (SN) are reported in Table 1. Note that our
method does not require any user-chosen number in this particular exampieiartde table is

only for Zhao’s method. With our choice ®ft/n), Zhao'’s ‘k-block asymptotically equal cumu-
lative variance condition” holds fan = 25,50, 75, . . ., which means that whem = 15 and 30 in

M1 and M2-1, the conditions in Zhao (2011) are not satisfied. For the model M2=225 is used

for Zhao's method.

Zhao (2011) provided a comparison with some existing block-based bootstrap methods and
showed that his method tends to have more accurate coverage rates. Our method is compara-
ble to Zhao's based on our simulation. For the nonlinear threshold autoregressive models M1, it
seems that our method delivers slightly less coverage especially when the dependence is strong
and slightly wider confidence intervals compared to Zhao’s method with correctly spetified
However, for the linear process models M2, our method has better coverage and slightly narrower
intervals whery is small, i.e., when dependence is too strong so that the short-range dependence

condition (A2) (iii) does not hold.

In the second simulation, the errasg, are generated from (A1) with an AR(1) model. legt
be generated from iitN(0, 1). For (Al),un = pU-1n + w(t/N)&, t = 1,...,n, which satisfies the
condition (A1) (i) and (iii), by lettingc; = p'. For w(s), we consider the single volatility shift
model

w9 =i+ (05 -od)l(s>71), se[0,1], T€(0,1). (6)
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We let the location of the breake {0.2, 0.8}, the initial variancer% =1, and therati@ = oy/o; €

{1/3, 3}. This kind of break model and the choice of parameters were used in Cavaliere and Taylor
(2007, 2008a,b). Here, sample size= {100 250} and the AR cofficientp € {0,0.5,0.8}, and

2000 replications are used to get the coverage percentages and average interval lengths. For the
wild bootstrap {W}i , are generated from iidl(0, 1), and we use 1000 bootstrap replications. We

also try the two-point distribution in Mammen (1993) for the bootstrap and get similar simulation
results (not reported).

Since this error structure do not show any periodicity, Zhao’s method is no longer applicable.
We use the HAC-type quantity introduced in (4) to make a comparison with our method. However,
the performance of the HAC-based method is sensitive to the user-chosen patgnieterhoice
of which is often dfficult. For the purpose of our simulation, we choose the oracle optimal
favoring the HAC method. Specifically, since we know the tijewe choosd, such that =
argminllvmn — V|2, where|| - ||z stands for the Frobenius norm. Note that this choicé, a$
not feasible in practice. For the choice of the kernel, we use the Bartlett kernela(se.=
(2 -19)1(l9 < 1), which guarantees the positive-definitenesﬁ@rt.

The results are presented in Table 2. The columns under the HA€pfesent the result using
the HAC-type quantity witH, /2, and 2. Whenp = 0, the optimal bandwidths chosen for the
HAC estimators aré = 1, so we do not have any values for the column correspondiﬁ@to

If p = 0, all methods perform very well, which is expected because the error process is simply
iid with some heteroscedasticity. The wild bootstrap without the self-normalization is also con-
sistent becaus€(1l) = 1. However, as the dependence increases, the performance of all methods
gets worse. lfp # 0, the wild bootstrap without the self-normalization is no longer consistent
and thus produces the worst coverage. Of the three types of methods considered (SN-WB, WB,
HAC), the SN method with the wild bootstrap delivers the most accurate coverage probability. For
the case of moderate dependepce 0.5, the SN-WB method still performs quite well, while the

HAC-type method shows some undercoverage. When the temporal dependence strengthens, i.e.,
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p = 0.8, the SN-WB method delivers the best coverage. For the HAC-type method, note that the
optimal bandwidth is chosen to minimize the distance from the true covariance matrix. However,
this choice of the bandwidth may not coincide with the bandwidth that produces the best coverage;
as can be seen for the case® = (0.2, 3) or (1, 6) = (0.8,0.33), where Ptends to produce better
coverage thah. The interval lengths for the SN-WB method are somewhat longer than those of
HAC methods, but considering the gain in coverage accuracy, this increase of interval length seems

reasonable.

4.2 Linear Trend Models

In this subsection, we are interested in inference on the linear treridcteat from a linear trend

model
Xt,n = b1 + b2(t/n) + Ui, t=1,...,n. (7)

Without loss of generality, ldt; = 0 andb, = 5. The error procesay ,} follows the same setting
as in the second simulation of Section 4.1, except thgt is either generated from AR(1) or
MA(1), i.e.,
AR(1): Un = pUt-1n + Etns
MA() :  Ugp = O&i1n + Etn,
whereg;, = w(t/n)&, & iid N(0, 1), andw(s) as in (6).
For this setting, Xu (2012)’'s methods can be used. In fact, Xu’s Class 3 test is almost identical
to the HAC-type method in (4). Xu’s Class 4 test is a fixedersion of his Class 3 test, and it
is closely related to our method, as mentioned in Remark 3.5. For this reason, we compare our
method with Xu’'s Class 3 and 4 tests. In addition to his original statistics, Xu further applied the

prewhitening. In our simulation, we examine finite sample performance of the following methods;
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“SN-WB(e)” Our method with various values for the trimming parameter

“WB” Wild bootstrap without self-normalizatign

“F3” Xu’s Class 3 test without prewhitening wif? limiting distribution,
“PW3” Xu’s prewhitened Class 3 test wi§ff limiting distribution

“iid” Xu’s prewhitened Class 3 test with the iid bootstrap

“WB” Xu’'s prewhitened Class 3 test with the wild bootstrap

“F4” Xu’s Class 4 test without prewhitening with the wild bootstrap
“PW4” Xu’s prewhitened Class 4 test with the wild bootstrap

For Xu’s Class 3 tests we need to choose the truncation parameter. Following Xu, we used Andrews
(1991)’s bandwidth selection for AR(1) or MA(1) model with Bartlett kernel. In the implementa-
tion of the wild bootstrap for Xu’s method, we assumed the true order of the AR structure of the

error process is known.

Remark 4.1 It should be noted that a direct comparison of our method and Xu’'s methods is not
fair. We gave some advantages to Xu’s methods in two aspects. The first aspect is that we assume
the knowledge of the true error model, VAR(1), following Xu (2012), which may be unrealistic

in practice. Xu’s methods can take advantages of this knowledge of the true model; one advan-
tage is that their bootstrap samples are generated following the correctly-specified data generating
process, and the other advantage is that his Class 3 tests can be based on the most (theoretically)
efficient choice of the bandwidth parameters. In contrast, our method does not rely on parametric
assumption on the error structure, so knowing the true data generating process does not provide
useful information in the implementation of our method. The second aspect is that some of Xu’s
methods use another layer of correction, prewhitening. The prewhitening can be Higlolywe

when the true order is known. The only tests that our method is directly comparable with are Xu’s
original Class 3 test (F3) and Class 4 test (F4), for which the advantage from knowing the true

model may still exist.
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Table 3 presents the finite sample coverage rates of 95% confidence intervals of the linear
trend codficient b, of (7), along with the mean interval lengths in parentheses, for the AR(1)
models. Comparing our method with the HAC method (Xu’s Class 3 test without prewhitening),
our method always have more accurate coverage rates regardless of the choice of the trimming
parametee. Not surprisingly, prewhitening is veryfective in bringing the coverage level closer to
the nominal level. Xu'’s Class 4 test seems to provide the best coverage rates, for both prewhitened
and nonprewhitened versions.

However, Xu’'s methods and his prewhitening are based on the assumption that the errors are
from an AR model with a known lag. When the errors are not from an AR model, then the
performance may deteriorate. As can be seen from Table 4, where the errors are generated from
an MA model, in some cases Xu’s tests, except for his test 3, tend to provide over-coverage,
especially whewd = 3. On the other hand, our SN-WB method tends to provide more stable results.
Furthermore, in our unreported simulations, when the order of the VAR model is misspecified,
Xu’s methods can be sensitive to the form of misspecification. Thus when the true model of the
error process is not VAR or true order of the VAR model is not known, Xu’s methods may not be
advantageous.

In this linear trend assessment setting, we need te us@ so that our method is theoretically
valid. As can be seen in Tables 3, if the dependence is weak or moderat@gr 0.5), the choice
of e does not fect the coverage accuracy much, ane 0.1 or above seems appropriate. However,
the dfect of € is more apparent when the dependence is stronger, i.e., whe0.8. It seems
thate € {0.2,0.3,0.4} are all reasonable choices here, considering the amount of improvement in
coverage percentage. Notice that even when our choieasohot optimal, the SN-WB method
delivers more accurate coverage than the HAC method. In terms of the interval length, there
is a mild monotonic relationship betweerand interval length. The largeris, the longer the
interval tends to become. As a rule of thumb in practice, we car es.2, 0.4] if the temporal

dependence in the data is likely to be strong, otherwise, we can also=t€el, which was also
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recommended by Zhou and Shao (2013) undeffarmint setting.

4.3 Linear trend models with a break in intercept

This section concerns the linear trend models with a break in its mean level at a known point,
Xin = by + DA(t/Nn > s) + bs(t/n) + w, t=1,....0, (8)

wheres, € (0,1) indicates the relative location for the intercept break, which is assumed to be
known. Without loss of generality, let, = 0.3, b; = 0, b, = 2, andbs; = 5, which was modified
from the model we fit in the data illustration in Section 5. Our interest is on constructing confidence
intervals for the break parametbs. For the error procesgs,}, we use the AR(1) model, as
introduced in the second simulation of Section 4.1. Because of the general form of the trend
function, neither Xu’s nor Zhao's methods work in this setting. Here we compare the HAC-type
method defined in (4) with our SN-WB)method, and the wild bootstrap alone. For the HAC-type
method, the bandwidth parameter is chosen following Andrews (1991)’s suggestion for the AR(1)
model, so in a sense, this HAC-type method takes some advantage of the knowledge of the true
model.

Table 5 presents the empirical coverage rates for 95% confidence interals Biie mean
interval lengths are in parentheses. When there is no temporal dependenee; Deall methods
work well. When there is moderatg & 0.5) or strong f = 0.8) dependence, the wild bootstrap
is no longer consistent. In this case, the HAC method with Andrews’ bandwidth parameter choice
also shows some departures from the nominal level, converging to its limit much slower than our
method. In this setting, our SN-WB method provides the most accurate coverage rates. Even the
worst coverage of our SN-WB method for a rangeetsf under examination seems to be more
accurate than the HAC method in all simulation settings. Notice that for this kind of linear trend
model with a break in the intercept, the trimming parameterour method should be chosen so

thate > s,. See Remark 3.2 for more details. In this simulation, ssce 0.3, we choose to be
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0.35,0.4, 0.5, 0.6, and 0.7. The results does not seem to be sensitive to the choice of this trimming

parameter.

5 Data Analysis

In this section, we illustrate our method using the logarithm of the U.S. nominal wage data, which
was originally from Nelson and Plosser (1982) for the period 1900-1970 and has been intensively
analyzed in econometrics literature, including Perron (1989). The latter author argued that this
series has a fairly stable linear trend with a sudden decrease in level between 1929 and 1930 (the
Great Crash). In this section we examine his assertion for an extended dataset for the period 1900-
1988, provided by Koop and Steel (1994). The left panel of Figure 1 presents the data fitted with

the linear trend model with one break in the intercept
Xin = by + bA(t > 30) + bs(t/n) + wn, t=1,...,n=89 (9)

Here the second regresstt > 30) represents the break at year 1929. From the residual plot
on the right panel of Figure 1, the error appears to exhibit some degree of heteroscedasticity.
Our inference method, which is robust to this kind of heteroscedasticity and weak temporal de-
pendence, is expected to be more appropriate than other existing methods, the validity of which
hinges on the stationarity of the errors. Table 6 reports the 180 confidence intervals with

a = 0.01,0.05,0.1, for the three ca@cients using our method. For the wild bootstrap, we used
1000 pseudo serig®\V}; , drawn from iidN(0, 1). For the choice of the trimming parametekVe

usee = 0.4,0.5,0.6. Note that since there is a break in the regressor 8836 0.34, e cannot

be less than 0.34, see Remark 3.2. As can be seen in Table 6, the resulting confidence intervals
are not very sensitive to the choice of the trimming parametén fact, the confidence intervals
unanimously suggest that the linear trend is significantly positive, i.e., the nominal wage is lin-
early increasing at significance level 1% with a 99% confidence interval of about [3.6,6], and the

decrease at the Great Crash is significant at 5% level but not at 1% level.
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6 Conclusion

In this paper we study the estimation and inference of nonstationary time series regression mod-
els by extending the SN method (Lobato, 2001; Shao, 2010) to the regression setting with fixed
parametric regressors and weakly dependent nonstationary errors with unconditional heteroscedas-
ticity. Due to the heteroscedasticity and non-constant regressor, the limiting distribution of the SN
guantity is no longer pivotal and contains a number of nuisance parameters. To approximate the
limiting distribution, we apply the wild bootstrap (Wu, 1986) and rigorously justify its consistency.
Simulation comparison demonstrates the advantage of our method in comparison with HAC-based

alternatives. The necessity of self-normalization is also demonstrated in theory and finite samples.
The two kinds of heteroscedastic time series models we consider in this article are natural

generalizations of the classical linear process and the stationary causal process to capture uncon-
ditional heteroscedasticity often seen on the data. However, it is restricted only to the short-range
dependence as seen from our condition (A1) (ii) and (A2) (iii). When there is long-range depen-
dence, it is not clear if the SN method is still applicable. This can be an interesting topic for future
research. Furthermore, the OLS is a convenient but notffecieait estimator of the regression
parameter when the errors exhibit autocorrelation and heteroscedasticity. How to come up with a
more dficient estimator and perform the SN-based inference is worthy of a careful investigation.
Finally, our method assumes a parametric form for the mean function so it is easy to interpret and
the prediction is straightforward. However, a potential drawback is that the result may be biased if
the parametric trend function is misspecified. We can avoid this misspecification problem by pre-
applying Zhang and Wu (2011)’s test to see if a parametric form fits the data well. The inferential
procedure developed here can be readily used provided that a suitable parametric form is specified.
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7 Supplementary Materials

Technical Appendix: Proofs of Theorems 3.1 and 3.2. (pdf file)

References

Andrews, D. W. K. (1991). Heteroskedasticity and autocorrelation consistent covariance matrix

estimation.Econometrica 5&), 817-858.
Billingsley, P. (1968).Convergence of Probability Measuradew York: Wiley.

Bunzel, H. and T. Vogelsang (2005). Powerful trend function tests that are robust to strong serial
correlation, with an application to the prebisch-singer hypothesmurnal of Business and

Economic Statistics 2381-394.

Busetti, F. and R. Taylor (2003). Variance shifts, structural breaks, and stationarityJmstsal
of Business and Economic Statistic§41510-531.

Canjels, E. and M. W. Watson (1997). Estimating deterministic trends in the presence of serially

correlated errorsThe Review of Economics and Statistic§2§9184—200.

Cavaliere, G. (2005). Unit root tests under time-varying varian&&nnometric Reviews £3),

259-292.

Cavaliere, G. and A. M. R. Taylor (2007). Testing for unit roots in time series models with non-

stationary volatility.Journal of Econometrics 14R), 919-947.

Cavaliere, G. and A. M. R. Taylor (2008a). Time-transformed unit root tests for models with

non-stationary volatilityJournal of Time Series Analysis 29, 300-330.

Cavaliere, G. and A. R. Taylor (2008b). Bootstrap unit root tests for time series with nonstationary

volatility. Econometric Theory 44), 43-71.

ACCEPTED MANUSCRIPT
26



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT
Dahlhaus, R. (1997). Fitting time series models to nonstationary procédseg\nnals of Statis-
tics 251), 1-37.

Fitzenberger, B. (1998). The moving blocks bootstrap and robust inference for linear least squares

and quantile regressiondournal of Econometrics &§2), 235-287.
Hamilton, J. D. (1994)Time Series Analysi$rinceton University Press.

Harvey, D. I., S. J. Leybourne, and A. M. R. Taylor (2007). A simple, robust and powerful test of
the trend hypothesislournal of Econometrics 142), 1302—-1330.

Kiefer, N. M. and T. Vogelsang (2005). A new asymptotic theory for heteroskedasticity-

autocorrelation robust test&conometric Theory Z6), 1130-1164.

Kiefer, N. M., T. Vogelsang, and H. Bunzel (2000). Simple robust testing of regression hypotheses.
Econometrica 6@8), 695—-714.

Kim, C.-J. and C. R. Nelson (1999). Has the U.S. economy become more stable? A Bayesian
approach based on a Markov-switching model of the business cCllokeReview of Economics

and Statistics 8(11), 608—616.

Koop, G. and M. Steel (1994). A decision-theoretic analysis of the unit-root hypothesis using

mixtures of elliptical modelsJournal of Business and Economic Statistic§1)295-107.
Lahiri, S. N. (2003).Resampling Methods for Dependent DaSpringer.

Lobato, I. N. (2001). Testing that a dependent process is uncorrelddednal of the American

Statistical Association 94855), 1066—1076.

Mammen, E. (1993). Bootstrap and wild bootstrap for high dimensional linear mddesAnnals

of Statistics 2(1), 255-285.

ACCEPTED MANUSCRIPT
27



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

McConnell, M. M. and G. Perez-Quiros (2000). Output fluctuations in the united states: What has
changed since the early 1980’8Pnerican Economic Review @), 1464-1476.

Nelson, C. R. and C. I. Plosser (1982). Trends and random walks in macroeconmic time series :

Some evidence and implication¥ournal of Monetary Economics (Z), 139-162.

Newey, W. and K. D. West (1987). A simple, positive semi-definite, heteroskedasticity and auto-

correlation consistent covariance matrigconometrica 58), 703—708.

Paparoditis, E. and D. N. Politis (2002). Local block bootstrapomptes Rendus Mathema-
tique 33%11), 959-962.

Perron, P. (1989). The Great Crash, the oil price shock, and the unit root hypotBesisomet-
rica 57(6), 1361-1401.

Politis, D. N., J. P. Romano, and M. Wolf (199%ubsamplingNew York: Springer.

Priestley, M. B. (1965). Evolutionary spectra and non-stationary proce3semal of the Royal

Statistical Society: Series B @), 204-237.

Rao, S. S. (2004). On multiple regression models with nonstationary correlated errors.

Biometrika 913), 645-659.

Rho, Y. and X. Shao (2013). Improving the bandwidth-free inference methods by prewhitening.
Journal of Statistical Planning and Inference 143), 1912-1922.

Romano, J. P. and M. Wolf (2006). Improved nonparametric confidence intervals in time series

regressionsJournal of Nonparametric Statistics (4§, 199-214.

Sensier, M. and D. van Dijk (2004). Testing for volatility changes in U.S. macroeconomic time

series.The Review of Economics and Statistic§336833—-839.

ACCEPTED MANUSCRIPT
28



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

Shao, X. (2010). A self-normalized approach to confidence interval construction in time series.

Journal of the Royal Statistical Society: Series B3j2343-366.

Sherman, M. (1997). Subseries methods in regressmurnal of the American Statistical Associ-

ation 92439), 1041-1048.

Stock, J. and M. Watson (1999). A comparison of linear and nonlinear univariate models for fore-
casting macroeconomic time series. In R. Engle and H. White (Edsijtegration, Causality
and Forecasting: A Festschrift for Clive W.J. Grangep. 1-44. Oxford: Oxford University

Press.

Vogelsang, T. (1998). Trend function hypothesis testing in the presence of serial correlation.

Econometrica 6@L), 123—-148.

Wu, C. F. J. (1986). Jackknife, bootstrap and other resampling methods in regression analysis

(with discussion).The Annals of Statistics 14), 1261—-1350.

Wu, W. B. (2005). Nonlinear system theory: Another look at dependeRteceedings of the
National Academy of Sciences of the United States of Amerid@d)24150-14154.

Xu, K.-L. (2008). Bootstrapping autoregression under non-stationary volatitgonometrics

Journal 1X1), 1-26.

Xu, K.-L. (2012). Robustifying multivariate trend tests to nonstationary volatililpurnal of

Econometrics 16@), 147-154.

Xu, K.-L. and P. C. Phillips (2008). Adaptive estimation of autoregressive models with time-

varying variancesJournal of Econometrics 142), 265—280.

Zhang, T. and W. B. Wu (2011). Testing parametric assumptions of trends of a nonstationary time

series.Biometrika 983), 599-614.

ACCEPTED MANUSCRIPT
29



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

Zhao, Z. (2011). A self-normalized confidence interval for the mean of a class of nonstationary

processesBiometrika 981), 81-90.

Zhao, Z. and X. Li (2013). Inference for modulated stationary proce®3emoulli 191), 205—
227.

Zhou, Z. and X. Shao (2013). Inference for linear models with dependent edausnal of the

Royal Statistical Society: Series B(2}, 323-343.

Zhou, Z. and W. B. Wu (2009). Local linear quantile estimation for nonstationary time s€hes.

Annals of Statistics 38B), 2696—-2729.

ACCEPTED MANUSCRIPT
30



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

Table 1: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the meam (5), whereu is set to be zero. The error processes are from Zhao
(2011)’s setting with periodic heteroscedasticity. The method in Zhao (2011) and our method are
compared. The interval lengths of the confidence intervals are in the parentheses. The number of
replications is 10,000, and 1,000 pseudoseries with{i@dl 1) are used for the wiltbootstrap.

M1 m=15 m=25 m=30
0 0 0.2 05 0.8 0 0.2 05 0.8 0 0.2 0.50.8
SN 95.0 94.7 949 937
(0.29) (0.29) (0.32) (0.40)
Zhao 952 95.3 957 94.6 952 94.8 951 947 952 950 95.3 955

(0.25) (0.26) (0.28) (0.34) (0.28) (0.29) (0.31) (0.40) (0.30) (0.30) (ABZR)

M2-1 m=15 m=25 m=30

e 25 201 1.01 0.7 25 201 101 0.7 25 201 1.00.7

SN 945 939 94.2 957

(0.04) (0.04) (0.09) (0.15)

Zhao 95.2 943 94.1 955 947 942 959 97.2 95.1 95.2 96.4 97.8
(0.03) (0.04) (0.07) (0.13) (0.04) (0.04) (0.09) (0.127) (0.04) (0.05) ((A.@P)

M2-2 k=5 k=4 k=3

4 25 201 101 0.7 25 201 101 0.7 25 2.01 1.007

SN 94.3 94.0 94.0 96.1 946 939 941 96.2 942 934 94.2 96.0
(0.048) (0.06) (0.11) (0.19) (0.05) (0.06) (0.12) (0.20) (0.06) (0.07) (0.14) (0.24)

Zhao 95.0 949 956 97.3 95.1 945 959 974 94.8 94.7 95.7 97.6
(0.05) (0.06) (0.12) (0.22) (0.05) (0.06) (0.13) (0.24) (0.06) (0.07) (0(A.=2P)
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Table 2: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the meam (5), whereu is set to be zero. The error processes exhibit nonpe-
riodic heteroscedasticity; (A1)-AR(1) with single volatility shift (6). The number of replications is
2000, and 1000 pseudoseries withN@0, 1) are used for the wildootstrap.

Model SN-WB W i HAC (I)
n T 0

| /2 2
100 0.2 0.33 9463 94511 94.811) - 94511
100 0.2 3

94.80.2) 94.80.2) 94.90.2) - 94.80.2)
100 0.8 0.33 94.8.7) 93.50.6) 93.60.6) - 93.90.6)
100 0.8 3 94.8.4) 94.80.4) 95.00.4) - 94.50.3)
250 0.2 0.33

95.@.8) 94.710.7) 94.80.7) - 94.80.7)
250 0.2 3

95.(0.1) 94.80.1) 94.80.1) - 95.00.1)
250 0.8 0.33

95.0.4) 94.90.4) 94.90.4) - 95.00.4)
250 0.8 3 94.80.3) 95.00.2) 95.20.2) - 94.80.2)

i

S o©o OoOob
PRPRRPEP RPPPRPPRP

100 0.2 0.33 05 93@24) 70.81.2) 87.518) 84.51.6) 87.41.8)
100 02 3 05 9485 73.60.2) 89.00.3) 83.20.3) 90.50.4)
100 0.8 0.33 05 93@.4) 72.50.7) 88.81.0) 81.70.9) 90.01.0)
100 0.8 3 05 93./H8) 71.904) 88.70.6) 85.10.5) 88.40.6)

250 0.2 0.33 0.5 94{.6) 74.20.8) 91.61.2) 88.71.1) 91.51.2)
250 0.2 3 05 95.(0.3) 73.502) 91.10.2) 86.10.2) 92.30.2)
250 0.8 0.33 0.5 94@.9) 74.00.5) 91.60.7) 87.60.6) 93.30.7)
250 0.8 3 05 93.H.5) 73.503) 91.60.4) 89.00.4) 91.80.4)

oMo O 01 01O

100 0.2 0.33 0.8 90.8.4 45.11.7) 80.53.7) 75.13.2) 79.13.7) 13
100 0.2 3 0.8 92.2.1) 45.60.3) 82.60.7) 74.710.6) 84.10.8) 11
100 0.8 0.33 0.8 90@.0) 47.91.00 83.82.1) 76.Q1.7) 84.22.1) 11
100 0.8 3 0.8 89.8.9 45.60.6) 80.21.3) 75.41.1) 79.01.3) 13

250 0.2 0.33 0.8 93@.7 46.91.1) 87.32.7) 80.82.3) 87.92.8) 15
250 0.2 3 0.8 93.87) 48.80.2) 87.40.5) 80.60.4) 90.q0.5) 15
250 0.8 0.33 0.8 93.@.1) 47.10.6) 89.31.5) 82.01.3) 90.51.6) 15
250 08 3 0.8 92&.3) 47.90.4) 87.00.9) 80.80.8) 87.60.9) 15

ACCEPTED MANUSCRIPT
32



Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

ACCEPTED MANUSCRIPT

Table 3: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the linear trend model (7) withlf,) = (0,5), (A1)-AR(1), single volatility

shifts. The number of replications is 2000, and 1000 pseudoseries witidid) are used for the

wild bootstrap.

Model SN-WB ) WEB Xu-Class3 Xu-Class4
n r 6 p 0 01 02 03 05 0.7 F3 PW3 iid WB F#£W4

1000.20.33 0 94.894.794.795.094.995.3 94.0 94.2 95.2 95.694.8 94.5 94.9
(3.4) (34) (35) (3.7) (4.2) (46) (32) (32) (34) (34) (33) (3.9 (4.0

1000.2 3 0 96.596.295.295.295595.7 943 94.094.894.194.0 96.0 96.5
(1.0) (1.0) (L.1) (1.1) (1.2) (1.2) (0.9) (0.9) (0.9) (0.9) (0.9) (1.0) (L.1)

100 0.80.33 0 95.095.094.895.295.196.0 93.7 92.7 94.0 94.2945 94.8 95.3
2.7) (27) (28) (2.8) (3.0) (30) (27) (26) (28) (2.8) (28 (29 (3.0

10008 3 0 96.094.394.093.994.8955 948 94.396.095.094.1 94.0 94.8
1.2) (1.3) (1.3) (1.4) (15) (1.6) (11) (11 @1 (1.1) (11 (@3) (1.3

2500.20.33 0 95494.895.094.895.295.2 950 94.7 953955952 945 94.7
21) (22) (22) (23) (26) 2.9 (21) (1) (1) (21) (21) (25) (25)

2500.2 3 0 96.394.995.395.095.295.3 95.0 947 95.394594.8 95.8 96.0
(0.6) (0.6) (0.7) (0.7) (0.7) (0.8) (0.6) (0.6) (0.6) (0.6) (0.6) (0.6) (0.6)

2500.80.33 0 95.994594.294594.894.8 95.0 94.094.8 95.095.4 94.2 94.8
L7 (1.7) (1.8) (1.8) (1.8) (1.9) (17) (1.7) (1.8) (1.8) (1.8) (1.8) (1.8)

25008 3 0 96.095.095.895595995.6 956 95.095.394894.9 957 96.2
(0.8) (0.8) (0.8) (0.9) (0.9) (1.0) (0.7) (0.7) (0.7) (0.7) (0.7)  (0.8) (0.8)

100 0.20.330.5 91.892.993.494.093.793.7 73.7 87.6 93.8 95.1945 945 94.7
(5.9) (6.3) (6.6) (7.0) (7.9) (86) (36) (5.1) (6.6) (6.9) (6.7) (8.0) (8.1)

1000.2 3 05 91.093594.394.294.693.9 71.7 84.295.094.294.2 95.9 96.6
(1.6) (19 (21) (21) (22) (23) (1.0) (1.3) (1.8) (1.8 (1.8) (21) (2.1)

100 0.80.330.5 90.992.793.393.393.894.3 725 84.292.294.7945 949 955
(45) (49) (5.2) (5.3) (5.6) (57) (3.0) (3.9 (54) (56) (5.6) (5.9) (6.4)

1000.8 3 0.5 90592592.893.193.7945 74.0 87.495.294.794.0 94.0 94.9
(2.0) (23) (25) (2.6) (2.8) (3.0) (1.2) (17 (22) (23) (22) (27) (2.6)

250 0.20.330.5 93.594.093.994.294594.8 75.3 91.1 95.2 95595.3 94.2 95.0
(3.8) (42) (4.3) (45) (5.0) (5.6) (2.4) (36) (42) (43) (42) (49 (5.0

2500.2 3 05 92494495.794594.895.0 73.2 89.395.6 94.794.8 95.8 96.2
(1.1) (1.3) (1.4) (1.4) (1.4) (15) (0.6) (1.0) (1.2) (1.1) (1.1) (1.3) (1.3)

250 0.80.330.5 92.893.693.893.794.094.2 749 89.294.294994.8 93.8 94.7
(3.0) (33) (34) (35) (36) (36) (20) (29 (35) (35 (35 (3.7) (3.8)

2500.8 3 0.5 93.294.795.295.195595.0 74.3 91.295.095.094.9 95.7 96.4
(1.3) (15) (1.6) (1.7) (1.8) (1.9) (0.8) (1.2) (1.4) (1.4) (1.4) (1.7) (1.6)

100 0.20.330.8 83.488.390.191.692.090.6 48.1 77.490.594.092.9 94.0 94.2
(11.5) (13.1) (14.3) (15.7) (17.8) (18.8)  (4.9)  (9.8) (15.4) (17.7) (16.9) (19.9) (21.7)

100 0.2 3 0.8 76.685589.791.290.889.5 42.6 69.093.991.891.6 93.6 95.0
7)) 3.7) (44) @7) (5.0) (51) (13) (24) (12.2) 4.3) (44) (5.3) (5.4)

100 0.80.330.8 80.787.289.290.090.590.6 47.1 70.2 88.6 94.894.3 93.7 95.3
8.1) (9.7) (10.7) (11.3) (12.0) (122) (3.8)  (6.6) (13.1) (14.1) (13.4) (13.8) (18.3)

100 0.8 3 0.8 80.488.089.691.190.790.9 44.8 76.392.792.992.4 93.1 94.0
(3.8) (47) (54) (5.8) (6.5) (6.9) (1.7) (34) (55) (5.7) (55) (6.8) (6.6)

250 0.20.330.8 88.091.692.693.193.192.3 49.2 85.9 93.395.295.0 94.8 95.5
(8.4) (9.6) (10.1) (10.7) (12.0) (13.1) (3.3)  (7.7) (10.1) (10.9) (10.6) (12.4) (12.7)

250 0.2 3 0.8 83.792594.294.194.393.3 46.6 81.7 95.6 94.294.3 95.6 96.1
(2.0) (28) (32) (3.3) (3.4) (36) (0.9) (20) (29) (2.8) (29) (32) (3.3)

250 0.80.330.8 85.591.692.492.292.592.8 479 82.091.894.894.8 93.7 94.5
(6.1) (7.4) (7.8) (81) (8.3) (85 (27) (58) (8.3) (89) (88 (9.1) (10.2)

250 0.8 3 0.8 87.393.293.794.194.394.1 48.4 86.294.9 94.694.8 95.3 96.2
(2.7) (35) (38) (4.0) (43) (46) (11) (26) (35 (35 (35  (4.24.1)
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Table 4: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in
the parentheses) of the linear trend model (7) withlf,) = (0,5), (A1)-MA(1), single volatility

shifts. The number of replications is 2000, and 1000 pseudoseries witidid) are used for the

wild bootstrap.

Model SN-WB §) WEB Xu-Class3 Xu-Class4
n r 6 0 0 0.1 0.2 03 05 0.7 F3 PW3 iid WB F#£W4

1000.20.33 0 94.894.794.795.094.995.3 94.0 94.2 95.2 95.395.0 94.5 95.0
(34) (34) (35) (37) (42) (46) (32) (32) (34) (35 (34) (3.9 (4.0
1000.2 3 0 96.596.295.295.295595.7 943 94.094.895.294.7 96.1 97.2
(1.0) (1.0) (1.1) (1.1) (1.2) (1.2) (0.9) (0.9) (0.9) (0.9) (0.9) (1.0) (L.1)
100 0.80.33 0 95.095.094.895.295.196.0 93.7 92.7 94.094.294.6 94.7 95.3
(27) (27) (28) (28) (30) (3.0) (27) (26) (2.8) (28 (29 (29 (3.1)
5

1000.8 3 0 96.094.394.093.9 94.8 955 948 94.3 96.0 96.095.1 94.0 95.0
1.2) (1.3) (1.3) (14) 15 (1.6) @1 (11 (L1 (11) (11 (13) (13)

2500.20.33 0 95494.895.094.895.295.2 950 94.7 953955954 945 94.8
(1) (22) (22) (23) (26) (29 (21) (21) (1) (1) 1) (25 (25)

)
2500.2 3 0 96.394995.395.095.295.3 95.0 94.7 95.3 95.395.1 95.8 96.1
(0.6) (0.6) (0.7) (0.7) (0.7) (0.8) (0.6) (0.6) (0.6) (0.6) (0.6)  (0.6) (0.6)

6
7
2500.80.33 0 95994594.294594894.8 950 94.094.894.895.2 94.2 94.3
(17) (17) (18) (1.8) (1.8) (1.9) (1L7) (L7) (1.8) (1.8) (1.8) (1.8) (1.9)
5.

25008 3 0 96.095.095.895595.995.6 95.6 95.095.395.295.0 95.8 96.0
(0.8) (0.8) (0.8) (0.9) (0.9) (1.0) (0.7) (0.7) (0.7) (0.7) (0.7)  (0.8) (0.8)

100 0.20.330.5 93.294.094.294594594.7 839 91.496.997.697.1 95.2 955
(48) (5.0) (52) (5.4) (6.1) (6.7) (36) (4.3) (5.8) (6.1) (6.0) (6.1) (6.5)

1000.2 3 0.5 94.895.095.294595.094.9 84.2 89.497.6 98.497.8 96.6 97.9
(1.4) (15) (1.6) (L7) (1.7) (1.8) (1L.0) (L1) (1.6) (1.6) (1.5) (1.6) (L.7)

100 0.80.330.5 93.894.594.294.394.895.2 83.5 89.096.2 96.396.7 95.2 96.3
(37) (4.0) (41) (42) (4.4) (45 (29 (35 (47) (50) (5.2) (45) (5.2)

100 0.8 3 0.5 93.893.893.293.494.295.2 85.2 90.6 97.7 98.497.7 94.2 96.0
(17) (1.8) (1.9) (20) (22) (23) (12) (1.4) (1.9) (20) (1.9 (1) (2.1)

250 0.20.330.5 94594.694.694.895.094.9 85.7 93.597.597.898.0 94.7 955
(3.0) (32) (33) (34) (38) (43) (23) (29 (3.6) (37) (37 (387 (3.8)

2500.2 3 05 95295.096.195.294.7955 855 92.097.897.897.5 96.1 96.8
(0.9) (1L.0) (1.0) (1.1) (1.1) (1.2) (0.6) (0.8) (1.0) (1.0) (1.0) (0.9 (1.0

250 0.80.330.5 94.894.094.093.894.794.8 85.4 92.196.897.297.5 94.2 94.7
(24) (26) (26) (26) (27) (28) (1.9 (24) (3.0) (31) (3.1 (2.8) (2.9)

250 0.8 3 0.5 94.895.095595.295.8955 85.2 93.097.898.297.5 95.9 96.5
(11) (12) (12) (1.3) (1.3) (14) (0.8) (1L.0) (1.2) (1.2) (1.2) (1.2) (L1.3)

100 0.20.330.8 93.394.394.2 94
(5.7) (6.0) (6.2) (6.5)

.394.894.8 820 90.897.6 98.498.0 95.2 95.9
100 0.2 3 0.8 94.594.795.1 94.

) (8.0) (41) (5.1) (7.4) (7.9) (7.8) (7.4) (8.0)
4795.0 81.6 88.498.398.898.2 97.2 98.2
) (22) (11 (1.3) (2.0) (2.2) (20) (2.0) (2.2)
45953 82.1 87.896.797.598.1 954 96.5
(53)  (33) (40) (6.1) (6.6) (6.8) (55) (6.8)

)
42951 83.2 90.398.499.098.4 94.8 96.5
) (28)  (14) (L7) (24) (2.6) (24) (25 (2.6)

9

3

69

(1.6) (1.8) (1.9) (2.0) (2.1

100 0.80.330.8 93.594.294.194.29
(4.4) (4.7) (48) (5.0)

100 0.8 3 0.8 93.294.093.493.4

3
7
2
2
(5.2
(2.0) (22) (23) (24) (2
8
@
@
0
&
(

9
6
250 0.20.330.8 94.794.7 94.3 94.
(36) (38) (3.9) (4.1) (4
250 0.2 3 0.8 95.095.396.095.0
(1.0) (1.2) (1.2) (1.3)
250 0.80.330.8 94.394.293.894.
(29 (31) (3.1) (32) (3.

250 0.8 3 0.8 94.795.095.595.1
(1.3) (1.4) (15) (1.5)

94.895.0 835 93.398.4 984984 94.8 95.8
6) (5.1) (26) (35 (46) (4.7) (47) (45) (4.7)
94.895.2 834 91.7 98.298.498.2 96.1 97.2
3) (14)  (07) (09 (13) (1.3) (1.3) (1.1 (1.2)
94.395.0 83.4 91.6 97.8 98.098.0 94.4 95.8
3) (33) (22) (2.8) (38) (4.0) (4.0) (3.4) (3.7)
%;3.7 95.3 83.0 93.098.6 98.798.7 96.2 96.9

16) (1.7) (0.9) (1.1) (1.5) (1.6) (1.5) (LHL5)
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Table 5: Percentages of coverage of the 95% confidence intenal§oéan lengths of the interval
in the parentheses) of the linear trend model with a break in intercept (8)wjthp(bs) = (0, 2,5),
(Al1)-AR(1), single volatility shifts. The number of replications is 2000, and 1000 pseudoseries

Downloaded by [University of Illinois at Urbana-Champaign] at 13:12 01 October 2014

with iid N(O, 1) are used for the wilootstrap.

Model SN-WB €)

n r 6 p 03504 05 0.60.7 WB  HAC

1000.20.33 0 94594594.394.894.8 94.0 93.0
(55 (55) (56) (5.7) (5.9) (39) (3.8)

1000.2 3 0 94.694.795.095.095.4 944 945
(11 (11) (11) (1.0) (1.0) (0.6)  (0.6)

100 0.80.33 0 95.095.095.195.395.5 945 93.6
(24) (24) (24) (25 (25 (19 (1.9

10008 3 0 94.294.294.394.794.7 93.3 93.2
(2.0) (20) (20) (2.0) (22) (1.3) (1.3

250 0.20.33 0 95.695.695.595595.1 942 94.2
(36) (36) (36) (3.6) 37) (25) (25)

2500.2 3 0 95.095.095.094.894.8 945 94.6
(0.7) (0.7) (0.7) (0.6) (0.6) (0.4)  (0.4)

250 0.80.33 0 95.895.895.895.995.8 94.3 94.0
(15) (15) (15) (1.5) (1.5) (1.2) (L1.2)

25008 3 0 95.095.094.895.195.6 942 94.2

100 0.20.330.5
100 0.2 3 0.5
100 0.80.330.5
100 0.8 3 0.5

250 0.20.330.5
2500.2 3 05
250 0.80.330.5
25008 3 0.5

100 0.20.330.8
100 0.2 3 0.8
100 0.8 0.330.8
100 0.8 3 0.8

250 0.20.330.8
2500.2 3 0.8
250 0.80.330.8
25008 3 0.8

(1.3) (1.3) (1.3) (1.3) (1.4) (0.8) (0.8)

93.793.893.893.393.0 73.1 84.6
(10.1) (10.1) (10.1) (10.3) (10.6)  (4.3)  (5.7)

93.993.893.894.0935 719 874
(2.0) (20) (20) (2.0) (1.9 (0.7) (1.0
93.793.793.793.5935 719 849
(45) (45) (45) (45) (45 (21) (2.8)

93.293.293.293.193.0 72.1 84.3
(36) (36) (3.6) (37) (4.0) (14 (L9

95.195.295.294994.7 73.4 88.5
(6.8) (6.8) (6.9) (7.0) (7.2) (2.8) (4.2
94.094.093.894.094.3 72.0 895
(1.3) (1.3) (1.3) (1.3) (1.2) (05)  (0.7)
95.495.495.295.095.0 74.2 88.8
(2.9 (29) (29) (2.9) (2.9) (1.4) (2.1)

94594594594.795.2 725 885
(2.4) (24) (24) (25) (2.7) (0.9  (1.4)

91.091.091.090.890.1 479 725
(20.2) (20.2) (20.3) (20.8) (21.3)  (5.6)  (9.8)

90.890.991.091.089.8 42.9 71.4
(4.4) (4.4) (43) (42) (41) (1.0)  (1.8)

93.293.293.092.692.0 46.0 74.9
9.3) (9.3) (9.3) (9.3) (9.3) (2.8)  (4.9)

092.592.492.292.4925 474 729
(7.3) (7.3) (7.3) (7.6) (8.0) (1.9) (3.3

03.793.793.994.094.1 489 819
(15.4) (15.4) (15.5) (15.8) (16.2)  (3.9)  (8.4)

91.892.092.092.0924 452 82.1
(31) (31) (30) (3.0) (2.9) (0.7) (1.5

93.593.593.493.893.3 486 82.8
6.7) (6.7) (6.7) (6.7) (6.7) (1.9) (4.2

03.593.593.493.694.2 48.0 81.2
(55) (55) (55) (5.7) (6.1) (1.3) (2.8)
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Table 6: The 100(1¥)% confidence intervals for the parameters in the model (9) for the nominal
wage series. The estimated fic@ents are shown in the parenthesis.

b.(5.91) by(-0.63) bs(4.83)

@ € Lower Upper Lower Upper LowetJpper
0.4 545 6.37 -1.45 0.18 3.64 6.02

0.01 05 550 6.31 -148 0.21 3.62 6.04
0.6 557 6.25 -149 0.22 3.72 5.93

04 563 618 -110 -0.17 4.13 5.53
0.05 05 565 6.17 -114 -0.13 416 5.49
0.6 567 6.15 -112 -0.15 419 547

04 570 6.12 -1.03 -024 429 537
0.10 05 571 6.11 -1.04 -023 435 531
0.6 573 6.09 -104 -0.23 4.355.30
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Figure 1: The nominal wage series fitted with a break at 1929 (the Great Crash) and the corre-
sponding residuals.
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