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TESTING FOR WHITE NOISE
UNDER UNKNOWN DEPENDENCE
AND ITS APPLICATIONS TO
DIAGNOSTIC CHECKING FOR
TIME SERIES MODELS

XIAOFENG SHAO
University of lllinois at Urbana-Champaign

Testing for white noise has been well studied in the literature of econometrics and
statistics. For most of the proposed test statistics, such as the well-known Box—Pierce
test statistic with fixed lag truncation number, the asymptotic null distributions are
obtained under independent and identically distributed assumptions and may not be
valid for dependent white noise. Because of recent popularity of conditional het-
eroskedastic models (e.g., generalized autoregressive conditional heteroskedastic
[GARCH] models), which imply nonlinear dependence with zero autocorrelation,
there is a need to understand the asymptotic properties of the existing test statis-
tics under unknown dependence. In this paper, we show that the asymptotic null
distribution of the Box—Pierce test statistic with general weights still holds under
unknown weak dependence as long as the lag truncation number grows at an appro-
priate rate with increasing sample size. Further applications to diagnostic checking
of the autoregressive moving average (ARMA) and fractional autoregressive inte-
grated moving average (FARIMA) models with dependent white noise errors are
also addressed. Our results go beyond earlier ones by allowing non-Gaussian and
conditional heteroskedastic errors in the ARMA and FARIMA models and provide
theoretical support for some empirical findings reported in the literature.

1. INTRODUCTION

A fundamental problem in time series analysis is to test for white noise (or lack
of serial correlation). For a zero-mean stationary process {u;} with finite vari-
ance o2 = var(u;), denote its covariance and correlation functions by R, (k) =
cov(us,ury) and p,(k) = R, (k)/o?,k € Z, respectively. Then the null and

alternative hypothesis are

Hy: p,(j)=0 forall j#0 and Hp: p,(j)#0 forsome j#0.
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Let f,(1) = )™ ez pu(k)e’™ be the normalized spectral density function
of u;. The equivalent frequency domain expressions to Hy and H; are

1 1
Ho: fu(w) = -—, wel[-m,xr) and H: fu(w)# +—,
2w 2w
for some w € [—7, 7).

In statistical modeling, diagnostic checking is an integrable part of model build-
ing. A common way of testing the adequacy of the proposed model is by checking
the assumption of white noise residuals. Systematic departure from this assump-
tion implies the inadequacy of the fitted model. Thus testing for white noise is an
important research topic, and it has been extensively studied in the literature of
econometrics and statistics.

The methodologies can be roughly divided into two categories: time domain
tests and frequency domain tests. In the time domain, the most popular test is
probably the Box and Pierce (1970) (BP) portmanteau test, which admits the
following form:

On = pa(h),
j=1

where m is the so-called lag truncation number (see Hong, 1996) and is (typi-
cally) assumed to be fixed. The empirical autocorrelation, pu(j), is defined as
Pu() = Ru(J)/ R (0) with R, (j) =n~" S ;4 (ur — i) () jy — it), where it =
n! >_1 u;. Under the assumption that {u,},c7, are independent and identically
distributed (i.i.d.), it can be shown that nQ, — p y2(m), where — p stands for
convergence in distribution. If {u,}}_, are replaced by the residuals from a well-
specified model, then the limiting distribution is still x> but the degree of freedom
is reduced to m —m’, where m’ is the number of parameters in the model. In the
frequency domain, Bartlett (1955) proposed test statistics based on the famous
Up and T), processes, and a rigorous theoretical treatment of their limiting distri-
butions was provided by Grenander and Rosenblatt (1957). Other contributions
to the frequency domain tests can be found in Durlauf (1991) and Deo (2000),
among others.

In the literature, when deriving the asymptotic null distribution of the test
statistic, most earlier works assume Gaussianity, and thus lack of correlation is
equivalent to independence. Lately there has been work that stresses the distinc-
tion between lack of correlation and independence. The main reason is that the
asymptotic null distributions of the previously mentioned test statistics were ob-
tained under i.i.d. assumptions on u#; and may not hold in the presence of nonlin-
ear dependence, such as conditional heteroskedasticity. For example, Romano and
Thombs (1996) showed that the BP statistic with y2 approximation can lead to
misleading inferences when the time series is uncorrelated but dependent. Francq,
Roy, and Zakoian (2005) also demonstrated that the BP test applied to the residuals
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of an autoregressive moving average (ARMA) model with uncorrelated but de-
pendent errors performs poorly without suitable modifications. Various methods
have been proposed to account for the dependence; see, e.g., Romano and Thombs
(1996), Lobato, Nankervis, and Savin (2002), Francq et al. (2005), and Horowitz,
Lobato, Nankervis, and Savin (2006), among others. At this point, it seems natu-
ral to ask: “Does there exist a test statistic whose asymptotic null distribution is
robust to the unknown dependence of u,?”” We shall give an affirmative answer in
this paper.

In a seminal paper, Hong (1996) proposed several test statistics, which measure
the distance between a kernel-based spectral density estimator and the spectral
density of the noise under the null hypothesis. Let

n—1 B
)=o)t Y KGi/ma)pu()e’”

j=—n+1

be the lag window estimator of the normalized spectral density function (Priestley,
1981), where K (-) is a nonnegative symmetric kernel function and m,, is the
bandwidth that depends on the sample size. With the quadratic distance, Hong’s
statistic is expressed as

Ti=n [ (fu(w)—Qn)")2dw

or, equivalently,

n
T, = Y, K*(j/mn)py ())-
j=l1
It is worth noting that the BP statistic can be regarded as a special case of Hong’s,
where K (-) is taken to be the truncated kernel K (x) = 1(]x| < 1). Under the
ii.d. assumptions on u; and 1/m, +m,/n — 0, Hong (1996) established the

asymptotic null distribution of 7y, i.e.,
nﬂl_(M(K)
V2D, (K)

where C,,(K) = ¥!Z{ (1= j/m)K?(j/mp), Du(K) = Xi=7 (1= j/m)(1 = (j +
1)/n)K*(j/m,), and N (0, 1) stands for the standard normal distribution. Under
some additional assumptions on K (-) and m,,, (1) holds with C,(K) and D, (K)
replaced by m,C(K) and m, D(K), respectively, where C(K) = [;° K?(x)dx
and D(K) = [;° K 4(x)dx. Later Hong and Lee (2003) established the preceding
result assuming #, to be martingale differences with conditional heteroskedas-
ticity of unknown form. One of the major contributions of this paper is to show
that Hong’s test statistic is still asymptotically valid under general white noise as-
sumption on u,. Further, we establish that when replacing u, by #,, the residuals
from the ARMA model with uncorrelated and dependent errors, the asymptotic

—p N(,1), (6))]
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null distribution of 7}, still holds. Our assumptions and results differ from those in
Francq et al. (2005) in that m is held fixed in their asymptotic distributional theory,
whereas m = m(n) grows with the sample size n in our setting. From a theoretical
standpoint, the fourth cumulant of u; plays a nonnegligible role in the asymptotic
distribution of Q,, when m is fixed, whereas it turns out to be asymptotically neg-
ligible in 7;,, when m,, — oco. So in the latter case, the asymptotic null distribution
does not change under dependent white noise, i.e., the dependence is automati-
cally accounted for if m and n both grow to infinity. The theoretical finding is also
consistent with the empirical results reported in the simulation studies of Francq
et al. (2005), where the empirical size of the BP test is seen to be reasonably close
to the nominal one when 7 is large and m is relatively large compared to 7.

Recently there has been considerable attention paid to testing goodness of fit
for long memory time series models. Here we only mention some representa-
tive work. Extending the Hong (1996) idea, Chen and Deo (2004a) proposed
a generalized portmanteau test based on the discrete spectral average estimator
and obtained the asymptotic null distribution for Gaussian long memory time se-
ries. Following the early work by Bartlett (1955), Delgado, Hidalgo, and Velasco
(2005) studied Bartlett’s 7, process with estimated parameters, and a martingale
transform approach was used to make the null distribution asymptotically distribu-
tion free. In a related work, Hidalgo and Kreiss (2006) proposed using bootstrap
methods in the frequency domain to approximate the sampling distribution of
Bartlett’s T, statistic with estimated parameters. In these two papers, the asymp-
totic distributional theory heavily relies on the assumption that the noise processes
are conditionally homoskedastic martingale differences.

In the last decade, the fractional autoregressive integrated moving average
(FARIMA) models with generalized autoregressive conditional heteroskedastic
(GARCH) errors have been widely used in the modeling literature (see Lien and
Tse, 1999; Elek and Mérkus, 2004; Koopman, Oohs, and Carnero, 2007). In the
modeling stage of a FARIMA-GARCH model, it is customary to fit a FARIMA
model first and then fit a GARCH model to the residuals. It is crucial to specify the
FARIMA model correctly because the model misspecification of the conditional
mean often leads to the misspecification of the GARCH model; see Lumsdaine
and Ng (1999). Thus diagnostic checking of FARIMA models with unknown
GARCH errors is a very important issue. Note that Ling and Li (1997) and Li
and Li (2008) have studied the BP type tests for FARIMA-GARCH models as-
suming a parametric form for the GARCH model. To the best of our knowledge,
there seems to be no diagnostic checking methodology known or theoretically
justified to work for long memory time series models with nonparametric condi-
tionally heteroskedastic martingale difference errors. In this paper, we shall fill
this gap by proving asymptotic validity of Hong’s test statistic when we replace
the unobserved errors by the estimated counterpart from a FARIMA model.

We now introduce some notation. For a column vector x = (x, ..., xq)’ e RY,

let |x| = (Zgzlsz)l/z. For a random vector &, write & € LP (p > 0) if ||{]], :=
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[E(IEI1P)VP < 0o and let || - || = || - ||l2. For & € £! define projection operators
Pré =E(&|Fx) —E(E| Fk—1), k € Z, where Fi = (..., ex—1, &x) with {&;},c7 being
i.i.d. random variables. Let C > 0 denote a generic constant that may vary; denote
by —, convergence in probability. The symbols O, (1) and o, (1) signify being
bounded in probability and convergence to zero in probability, respectively. The
paper is structured as follows. In Section 2 we introduce our assumptions on u;
and establish the asymptotic distributions of 7, under the null and alternative
hypotheses. Section 3 discusses the case when u, are not directly observable. Here
we consider the ARMA and FARIMA models with dependent white noise errors
in Sections 3.1 and 3.2, respectively. Section 4 concludes. Proofs are gathered in
the Appendix.

2. WHEN uy IS OBSERVABLE

Suitable structural assumptions on the process (u,) are certainly needed. Through-
out, we assume that (i,) is a mean zero stationary causal process of the form

MIZF("'agf—lagt)a (2)

where ¢; are i.i.d. random variables and F is a measurable function for which
u; is well defined. Further we assume that u, satisfies the geometric-moment
contraction (GMC) condition (Hsing and Wu, 2004; Shao and Wu, 2007; Wu
and Shao, 2004). Let (¢} )kez be an i.i.d. copy of (ex)kez;: letu, = F(...,&", &,

€1,...,&n) be a coupled version of u,. We say that u,, is GMC(a), a > 0, if there
exist C > 0and p = p(a) € (0, 1) such that
E(lun —u,|*) < Cp", neN. A3

The property (3) indicates that the process {u, } forgets its past exponentially fast,
and it can be verified for many nonlinear time series models, such as the threshold
model, the bilinear model, and various forms of GARCH models; see Wu and Min
(2005) and Shao and Wu (2007).

Besides conditional heteroskedastic models, which imply lack of correlation
because of the martingale difference structure, there are a few commonly used
models (see Lobato et al., 2002) that are uncorrelated but are not martingale dif-
ferences. We shall show that these models satisfy the GMC property under appro-
priate assumptions.

Example 2.1. Bilinear model (Granger and Anderson, 1978)
U =& +ber_1u;2,

where &, are i.i.d. N (0, 082) and |b| < 1. According to Example 5.3 in Shao and
Wu (2007), u; is GMC(a), o > 1, if

0 1
E <1,
(b(‘f[ O) |
o
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where for a p X p matrix A, |A|, = sup, o |Azla/|zla, @ = 1, is the matrix norm
induced by the vector norm |z|, = (2}”:1 Izjl"‘)l/“.

Example 2.2. All-pass ARMA(1,1) model (Breidt, Davis, and Trindade, 2001)
U =Pu;_1+¢ —¢_l€t—1,

where || < 1 and & ~ iid(0,07). Note that u; = & + 352, (¢/ — ¢/ >)er—;.
Because |¢| < 1, u; is GMC(a) if &, € L*. In view of Theorem 5.2 in Shao and
Wu (2007), the all-pass ARMA(p, p) model also satisfies GMC(a) provided that
& € L*.

Example 2.3. Nonlinear moving average (MA) model (Granger and Terisvirta,
1993)

Ur = ﬁ'?z—l«?t—z + &,

where &; ~ iid (0, 032) and S € R. It is easily seen that u, is GMC(a) if &, € L.

To obtain the asymptotic distribution of 7},, the following assumption is made
on the kernel function K () and is satisfied by several commonly used kernels in
spectral analysis, such as the Bartlett, Parzen, and Tukey kernels (see Priestley,
1981, pp. 446-447).

Assumption 2.1. Assume that the kernel function K : R — [—1, 1] has com-
pact support on [—1, 1] and is differentiable except at a finite number of points
and symmetric with K (0) = 1, max,¢[—1,11|K (x)| = Ko < oo.

The assumption that K (-) has compact support can presumably be relaxed at
the expense of a longer and more technical proof; see Chen and Deo (2004a).
Here we decide to retain it to avoid more technical complications.

THEOREM 2.1. Suppose Assumption 2.1 and (3) hold with o. = 8. Assume that
logn = o(m,) and m, = o(n'/?). Under Hy, we have

nT, —m,C(K)

D& —p N(,1). ()]

Remark 2.1. As pointed out by a referee, the eighth moment condition on u,
is fairly strong and it excludes some interesting GARCH models, such as the in-
tegrated GARCH model. In addition, the permissible parameter space for the reg-
ular GARCH(r, s) model is quite small under the eighth moment assumption. At
this point, we are unable to relax this assumption as it seems necessary in our tech-
nical argument. Nevertheless, the preceding result suggests that the asymptotic
null distribution of the Hong (1996) statistic is unaffected by unknown (weak) de-
pendence. From a technical point of view, the asymptotic null distribution of the
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BP statistic depends on the fourth cumulants of u, because the number of lags m
is fixed. In contrast, for Hong’s statistic, as m, — oo, the fourth cumulant effect
appears to be asymptotically negligible. For a fixed m, our result in Theorem 2.1
is not applicable.

The condition on the bandwidth is less restrictive than it looks. I am not aware
of any theoretical results on the optimal bandwidth choice for 7, in the hypothesis
testing context. In terms of estimating the spectral density function, the optimal
bandwidth is m, = Cn!/> if the kernel (e.g., Parzen kernel) is quadratic around
zero and m,, = Cn'/3 if the kernel (e.g., Bartlett kernel) is linear around zero. Note
that the problem of testing for white noise bears some resemblance to testing lack
of fit (or specification testing) in the nonparametric regression context. The latter
problem has been well studied in the literature, and the data-driven bandwidth
choice for the smoothing type test has been addressed in Horowitz and Spokoiny
(2001) and Guerre and Lavergne (2005), among others.

For the optimal choice of the kernel function, we refer the reader to Hong
(1996) for more details. The consistency of 7, is stated in the following
theorem.

THEOREM 2.2. Suppose Assumption 2.1 and (3) hold with o. = 8. Assume that
1/my, +my/n — 0. Under Hy, we have

«/m_n nT, —m,C(K)
n ( v2m, D(K) )

1
—p 5 2 Pa(i)/ QDK
J#0

Proof of Theorem 2.2. It follows from the argument in the proof of Theorem 6
of Hong (1996) by noting that R, (j) < Cr/ for some r € [0, 1) and the absolute
summability of the fourth cumulants under GMC(4) (see Wu and Shao, 2004,
Prop. 2). We omit the details. u

Remark 2.2. In related work, Chen and Deo (2006) considered the variance ra-
tio statistic to test for white noise based on the first differenced series and proved
that when the horizon k satisfies 1/k +k/n = o(1), the asymptotic null distribu-
tion of the variance ratio statistic is also robust to conditional heteroskedasticity
of unknown form. Their result is akin to ours in that the asymptotic null distri-
bution of the test statistic is nuisance parameter free and the horizon k in the
variance ratio statistic plays a similar role as our bandwidth m,. However, in
their conditions (A.1)—(A.6), the white noise process is assumed to be a sequence
of martingale differences with additional regularity conditions imposed on the
higher order moments (up to eighth); compare Deo (2000). Under our frame-
work, the white noise process does not have to be martingale difference under
the null. This has some practical implications because there are nonlinear time
series models that are uncorrelated but are not martingale differences, as shown
in Examples 2.1-2.3. From a technical point of view, the relaxation of the mar-
tingale difference assumption, which was imposed in Hong and Lee (2003) and
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Chen and Deo (2006), is a very nontrivial step and is made feasible with the novel
martingale approximation techniques; see the Appendix for more discussion.

Remark 2.3. For the BP test statistic, K(x) = 1(Jx] < 1) and C(K) =
D(K) = 1. Thus the statement (4) reduces to {n 2;";1 P2(j) —mu}/2my = p
N (0, 1). In the implementation of the BP test, we use the critical values based
on y2(m,) and compare them with the realized value of nz;"z"l pA,f (j), whereas
in Hong’s test, the critical values are based on the standard normal distribution.
Loosely speaking, the two procedures are asymptotically equivalent, because as
m, — o0, the central limit theorem implies y2(m,) & N (m,, 2m,). This suggests
that the use of the BP test is valid in the presence of unknown weak dependence
when m,, is relatively large compared to 7.

3. WHEN u; IS UNOBSERVABLE

In practice, the errors {u;};=1 2. n are often unobservable as a part of the model
but can be estimated. Hong (1996) studied the residuals from a linear dynamic
model that includes both lagged dependent variables and exogenous variables. In
principle, our results can be extended to the residuals from any parametric time
series model with uncorrelated errors, including the setup studied by Hong (1996).
Instead of pursuing full generality, we shall treat the residuals from ARMA and
FARIMA models in Sections 3.1 and 3.2, respectively. This is motivated by recent
interest in ARMA models with dependent white noise errors (see Francq and
Zakoian, 2005; Francq et al., 2005, and the references therein) and goodness of
fit for long memory time series models (see Section 3.2 for more references).

3.1. ARMA Model

Consider a stationary ARMA time series generated by
(I—o1B—---—apB")X; =+ 1 B+---+ ;B )u, 5)

where B is the backward shift operator, {u;} is a sequence of uncorrelated random
variables, and A = (a1,...,ap,f1, ..., ﬁq)’ is an unknown parameter vector. Let
Ppa()=1—aiz—---—apz” and yp (z) = 1+ fr124- -+ B,z be autoregressive
(AR) and MA polynomials, respectively. Denote by Ao = (10, ..., %p0, f10, - - -,
Pq0) the true value of A and assume that A is an interior point of the set

Qs = {A e RP19; the roots of polynomials ¢ (z) and y (z) have moduli
> 144}

for some ¢ > 0. Following Francq et al. (2005), we call (5) a weak ARMA model
if (u;) is only uncorrelated, a semistrong ARMA model if (u;) is a martingale
difference, and a strong ARMA model if (u;) is an i.i.d. sequence.
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Denote by A, = (&1,,,...,&,,,,,,31,1,...,ﬁq,,)/ the estimator of A. Then the

residuals it;, t = 1,2, ..., n, are usually obtained by the following recursion:
’2[ =X; _&lnXt—l — _&ant—p _ﬂlnﬁt—l - _,Bqnﬁt—qs
t=1,2,...,n,
where the initial values (Xo, X_1,..., X1-p) = (ilo, ..., it1—¢)" = 0. Following

Francq et al. (2005), we test
Hy : (X;) has an ARMA(p, q) representation (5)

against the alternative

Hj : (X;) does not admit an ARMA representation,
or admits an ARMA (p’, ¢’) representation with p’ > p org’ > gq.

If p and g are correctly specified, we would expect the estimated residuals to
behave like a white noise sequence under Hy. The following theorem states the
asymptotic null distribution of the test statistic T, = ;’: K 2(j/my) pAL% ().

_ THEOREM 3.1. Suppose the assumptions in Theorem 2.1 hold. Assume that
Ap—Ao= 0, (n_l/z). Then, under Hy,

nTy, —m,C(K)

ampyz e NOD:

The proof of Theorem 3.1 follows the argument used in the proof of
Theorem 3.2 in the Appendix and is simpler. We omit the details. Note that as
a common feature of the smoothing type test, the use of the residuals {i,} in place
of the true unobservable errors {u;} has no impact on the limiting distribution.

Remark 3.1. In the simulation studies of Francq et al. (2005), it can be seen
that when m is large relative to n, the level of the BP test is reasonably close to
the nominal one. Here our result provides theoretical support for this phenomenon
because if we let K be the truncated kernel, the resulting test statistic is exactly the
same as BP’s. As mentioned in Remark 2.3, the difference between the use of the
x>-based critical values as done in the BP test, and the use of the N (0, 1)-based
critical values for Hong’s test is asymptotically negligible because the number of
model parameters (i.e., p + ¢) is fixed and m, — oo. Therefore, it seems fair to
say that the use of the BP test is still justified when the lag truncation number m
is large, as the unknown dependence in u; does not kick in asymptotically.

As mentioned in Francq et al. (2005), weak ARMA models can arise from
various situations, such as transformation of strong ARMA processes, causal rep-
resentation of noncausal ARMA processes, and nonlinear processes. In what fol-
lows, we demonstrate that the GMC condition for the noise process in the weak
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ARMA respresentation can be verified for the two leading examples in Francq
et al. (2005).

Example 3.1

Consider the process
Xi—aX,—1=¢&—be_1, a#be(-1,1),

where &, are i.i.d. random variables with E(e;) = 0 and ¢, € L%, a > 1. Let
Y; = Xo;. Then V; —a®Y,_1 =& = u; — Qu;_1, where 0 € (—1,1), & = &2 +
(a —b)ey—1 — abey—p, u; is white noise, and u; = Ry, + Ry +0&—1, where
Ry = —abey— +60%e2—a+e2 + (a—b)ey—1 +0[(a —b)ex—5 —abey—¢] and
Roy =3,530"u,—;. It is easily seen that & and Ry, satisty GMC(a). By Theorem
5.2 in Shao and Wu (2007), Ry, also satisfies GMC(«). Therefore, u; is GMC(«).

Example 3.2

Consider the process
X =& —e-1, || > 1.

Letu, =%, ¢_iX (—i. Then X; admits the causal MA(1) representation: X; =
u; — ¢ Vu;_1. Because X, is GMC(a), u; is also GMC(a) by Theorem 5.2 in
Shao and Wu (2007).

Remark 3.2. To study the local power of T7,, we follow Hong (1996) and
define the local alternative Hy, : fu,(w) = (271)_1 +ayg(w) for w € [—z, 7],
where a, = o(1). The function g is symmetric and 27z -periodic and satisfies
JZ. g(w)dw = 0, which ensures that f,, is a valid normalized spectral density
function for large n. Let u(K) =2z [*, g2 (w)dw/(2D(K))"/2. It can be shown

that under H,, with a,, = m,11/4/n1/2,

nTy, —m K
S 0 N (KL ) ®
provided that Ap—Ag= Op (n_%) and the assumptions in Theorem 2.1 hold. Be-
cause the proof basically repeats the argument in the proof of Theorem 4 in Hong
(1996), we omit the details. It is worth mentioning that the asymptotic distribution
(6) under the local alternative still holds for 7},, whereas a similar result for 7>,
(see Section 3.2 for the definition) in the long memory case may still hold but the
proof seems tedious and is thus not pursued. Compared to the BP test with a fixed
m, Hong’s test is locally less powerful in that the BP test has nontrivial power
against the local alternative of order n~!/2. On the other hand, the BP test only
has trivial power against nonzero correlations at lags beyond m, whereas Hong’s
test is able to detect nonzero correlations at any nonzero lags asymptotically.
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3.2. FARIMA Model

In this section, we extend our result to the goodness-of-fit problem for long mem-
ory time series. A commonly used model in the long memory time series literature
is the FARIMA model:

(1=B) ¢pA(B)Y: = yr(B)uy, (7

where d € (0, %) is the long memory parameter. Let 6 = (d, A”)" and denote by
0o = (do, A’ its true value. Assume that 0 lies in the interior of @5 =[A1, A2] x
Qs, where 0 < Ay < A < 1.

Testing goodness of fit for short/long memory time series models has attracted
a lot of attention recently. Most tests were constructed in the frequency domain,
and they can be roughly categorized into two types: spectral density—based test
and spectral distribution function—based test. Tests developed by Hong (1996),
Paparoditis (2000), and Chen and Deo (2004a) are of the first type, and they usu-
ally involve a smoothing parameter and have trivial power against n~!/2 local
alternatives. The advantage of this type of test is that the asymptotic null distribu-
tions are free of nuisance parameters. For the second type, see Beran (1992), Chen
and Romano (1999), Delgado et al. (2005), and Hidalgo and Kreiss (2006), among
others. Typically, the tests of this type avoid the issue of choosing the smoothing
parameter, and they can distinguish the alternatives within n~!/2 neighborhoods
of the null model. However, a disadvantage associated with this kind of test is that
the asymptotic null distributions often depend on the underlying data generating
mechanism and are not asymptotically distribution free. The martingale trans-
form method (see Delgado et al., 2005) and the bootstrap approach (Chen and
Romano, 1999; Hidalgo and Kreiss, 2006) have been utilized to make the tests
usable in practice. So far, the tests proposed by Chen and Deo (2004a), Delgado
et al. (2005), and Hidalgo and Kreiss (2006) have been justified to work for
long memory time series models. However, the authors assumed either Gaussian
processes or linear processes with the noise processes being conditionally ho-
moskedastic martingale differences, which excludes interesting models, such as
FARIMA models with unknown GARCH errors.

Because dj € (O, %), the process Y; is invertible. We have the following autore-
gressive representation:

o0

Ur = z ex(00)Yr—.
k=0
Given the observations Y;,r = 1,2, ...,n, we follow Beran (1995) and form the

residuals by

t—1
=" ej(On)Yi—j, t=1,2,...,n, )

Jj=0
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where én is an estimator of #. Similar to the ARMA case, the null and alternative
hypotheses are

Hy : (Y;) has a FARIMA(p, d, q) representation

and

Hj : (Y;) does not admit a FARIMA representation,
or admits a FARIMA (p’,d, q’) representation with p’ > porq’ > q.

The test statistic is 75, = 2;;1 Kz(j/m,,)ﬁlg(j), where {ii;}}_, are from (8).

THEOREM 3.2. Suppose that the assumptions in Theorem 2.1 hold. Assume
that 6, — 6y = O, (n~Y?). Then under Hy we have

nTs, —m, C(K)

ampyz e NOD:

Theorem 3.2 is a new contribution to the literature, even for the model (7) with
i.i.d. errors. Here we can take the Whittle pseudo-maximum likelihood estimator
as 6,. The root-n asymptotic normality of the Whittle estimator for long memory
time series models with general white noise errors has been established by Hosoya
(1997) and Shao (2010).

Remark 3.3. The Hong (1996) statistic has been reformulated in the discrete
form by Chen and Deo (2004a), who showed asymptotic equivalence of the two
statistics for Gaussian long memory time series. Note that the applicability of the
Chen and Deo (2004a) test statistic has only been proved for the Gaussian case.
The latter authors conjectured that their assumptions can be relaxed to allow long
memory linear processes with i.i.d. innovations. The work presented here partially
solves their conjecture, and our results even allow for dependent innovations.

A limitation of our theory is that we need to assume the mean of Y; is known. In
practice, if the mean is unknown, we need to modify our i, (cf. (8)) by replacing
Y, with ¥, — Y,, where ¥, =n~! Z’le Y;. It turns out that our technical arguments
are no longer valid with this modification except for the case dy € (0, %) with ad-
ditional restrictions on m,. The main reason is that the sample mean of a long
memory time series converges to the population mean relatively slowly at the rate
of n(1/2=d0)  The larger d is, the slower it becomes. When dj € [%, %), the effect
of mean adjustment becomes asymptotically nonnegligible. As pointed out by a
referee, the Chen and Deo (2004a) frequency domain test statistic is mean invari-
ant, and so no mean adjustment is needed. It might be possible to extend the theory
presented in Chen and Deo (2004a) directly to the case of dependent innovations,
but such an extension seems very challenging and is beyond the scope of this pa-
per. In the short memory case, i.e., dy = 0, the mean adjustment does not affect the
asymptotic null distribution of the test statistic 77,. In other words, Theorem 3.1
still holds if we use the mean adjusted residuals in the calculation of 77,,.
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Remark 3.4. It seems natural to ask if a central limit theorem for statistics
based on Bartlett’s 7, process can be obtained under GMC conditions on the
errors. Although it might be possible to obtain a nonpivotal asymptotic null dis-
tribution under GMC conditions, the martingale transformation method used in
Delgado et al. (2005) and the frequency domain bootstrap approach in Hidalgo
and Kreiss (2006) may no longer be able to take care of the estimation effect for
the long memory model with unknown conditional heteroskedastic errors. The
main reason is that the validity of both approaches relies on the assumption that
the fourth-order spectrum of the innovation sequence is a constant, which happens
to be true for conditional homoskedastic martingale differences (see Shao, 2010).
In the case of conditional heteroskedastic errors, I am not aware of any feasible
tests based on Bartlett’s 7}, process. Further study along this direction certainly
would be interesting.

4. CONCLUSIONS

In this paper, we showed that the Hong (1996) test is robust to conditional het-
eroskedasticity of unknown form in large-sample theory and is applicable to a
large class of dependent white noise series. Further, when applied to the residu-
als from short/long memory time series models, the asymptotical null distribution
is still valid. The main focus of this paper is on the theoretical aspect, although
the empirical performance is also very important. The finite-sample performance
of Hong’s test statistic has been examined by Hong (1996) and Chen and Deo
(2004b), among others, to assess the goodness of fit of time series models with
i.i.d. errors. It was found that the sampling distribution of the test statistic is right
skewed, and the size distortion can presumably be reduced by adopting a power
transformation method (Chen and Deo, 2004b) or frequency domain bootstrap ap-
proach (Paparoditis, 2000). The performance of the aforementioned test statistics
along with size-correction devices has yet to be examined for time series mod-
els with dependent errors. An in-depth study is certainly worthwhile and will be
pursued in a separate work.
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TECHNICAL APPENDIX

Throughout the Appendix, u; is assumed to be an uncorrelated stationary sequence with
the representation (2). For convenience of notation, let k,,; = K (j/my). Denote Z;, =
urug_j and D; p =322, Pr(Zj;). Note that for each j € N, D; i is a sequence of station-
ary and ergodic martingale differences. For a, b € R, denote a Vb = max(a,b) and a Ab =
min(a, b). Let .7-'1/ = (¢;,...,¢j) and F{ = (...,&"_ |, 6, €1,....&), t € N. For X € cl,
denote P/ X = E(X|F]) —E(X|F/_,). Letuf = F(...,é_1,&(,€1, ..., k), k € N. Denote
by J4 (k) = llug —ujlla. k €N, a > 1 the physical dependence measure introduced by Wu
(2005). According to Wu (2007), we have [|PoZjilla < C(d24 (k) + b2 (k — )1(k = j))
ifu; € £2%, and &, (k) < Crk for some r € (0, 1) provided that u; is GMC(a), a > 1.

One of the major technical contributions of this paper is to replace the martingale dif-
ference assumption in Hong and Lee (2003) by the GMC condition under the white noise
null hypothesis. This is achieved by approximating the double array sequence Zlfl:. ji+1 Zjt
using its martingale counterpart Y\ i+ Dj; for j =1,...,my. Note that the martingale
approximation for the single array sequence u; has been well studied (see, among others,
Hsing and Wu, 2004; Wu and Woodroofe, 2004; Wu and Shao, 2007), but the techniques
there are not directly applicable. The major difficulty is that in our setting the martingale
approximation error has to be bounded uniformly in j = 1,...,m, and the application of
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the martingale central limit theorem after martingale approximation requires very delicate
analysis because of the presence of dependence.

We separate the proofs of Theorem 2.1 and Theorem 3.2 along with necessary lemmas
into Sections A.1 and A. 2, respectively.

A.L Proof of Theorem 2.1.  Let0; . o =|PoZj,lla, @ > 1,and ©; o =322, 60; .
The following lemma is an extension of Theorem 1(ii) in Wu (2007). Because the proof
basically repeats that in Wu (2007), we omit the details.

LEMMA A.l. Assume that u; € 52“, o > 2. For0 <a, < b, <n, we have

2 bp—an+1

Y, Zi=Di)| <C Y, 0%,
k=1

r=ay

(24

Part (i) of Lemma A.2, which follows, states the variance and covariances of the approx-
imating martingale difference D; ; and may be of independent interest.

LEMMA A.2. Assume that u; is GMC(8).
(i) For j >0, we have

E(Djz,k) —g* +cov(ut2, u?_j) + 2 cum(ug, tj, U—j, ug—;),
k#0,keZ

and E(DjDj 1) = (1/2) Xxezlcum(uo, u—j, ug, ug_jr) + cum(uo, u_jr, ug,
ug—j)} when j # j > 0.

(ii) Let D} = 52, Pi(uju;_ ). Then | Dj = D i la < C(p* =71 (k = j) +1j — k]
1(k < j)). : .

(iii) Let Djj =E(Dj il(eks---sek—i+1)), | € N. Then || Dj = Dj lla < C(p" =/ 1 >
D=1 < j).
Here the positive constant C appeared in (ii), and (iii) is independent of j.

Proof of Lemma A.2.
(i) It follows that when j = j’ > 0,

[e0)
]E(Djz,k)Z S cov(Zjt, Zjtk) =var(Zj) + Y, cov(up—j, s yklsrk—j)
k=—o0 kA0, keZ

:a4+cov(ut2,u[2_,~)+ Z cum(uq, U, u_j,ug_ ;)
’ k+0,keZ

and when j # j' > 0,

E(D; xDj 1) = (1/HE{(Dj i + Djr )* = (Dj x — Djr 1)*)

= (1/4) Y {cov(upu;_j+urtt;_jr, uypptyph—j + i pkitppk—jr)
keZ

—cov(uptty—j =gy jr, Up i fUppk—j — Ukl f—jr)}
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=(1/2) Z {cov(upuy—j, up gty g—jr) +Cov(uiuy_jr,uyqpttytf—j)}
keZ

=(1/2) 2 {cum(uq, u—j, ug, ug_jr) +cum(uo, u_jr, ug, ug—;)}.
keZ

(ii) In general, for V; = J (..., &1, &), we have E(V;|F}) = E(V/|F}) when > k. So
fora > 1,

IE(V:1F) —EV/IF) Nl < IEVeF) = EV/1F) la + IEV:F) —EV/ 1 F
= 2||Vt - Vz/”aa
which implies that
IPxVe =P Villa < 41Ve=V{la- (A1)

Note that D; ; = 322, Py (usu;— ;) and D;k =37 P,’c(u;u;_j). Then when k <t <

k+j—1, Pe(usus—;) = u;— jPrus and Pl/c("‘;”;—j) = u;_jPI/(u;. So by the Cauchy-
Schwarz inequality and (A.1),

k4j—1
IDjx=Djslla< X lug—jPrur —up_;Prutlly
t=k
o0
/ ’ !
+ 2 IPr (uruer—j) — Py gy _ )4
t=k+j
k+j—1
<C zk {lws—j =y j I8+ I Prue = Pruglig)
1=
o0
+C Y Mgy j —upuy_jllg
t=k+j
k+j—1 ) © .
<C Y ('A< H+pIHC Y '+ )
1=k t=k+j

< Clp Lk = ) +1j —kILGK < ))).
As to (iii), applying the fact that E(D; ;lej, ..., &1) = E(D},l |F7), we get
1Djk = Djklla = 1Dj1 = Djtlla = 1Dy ~EDjpler.....e1)ll4
= E((Dj 1 = Dj )IFD)lla < I1Dj1 = Dj yll
< Cl' ™A= H+1j =1L < ).
The proof is complete. n

Proof of Theorem 2.1. Because Ry, 0)= o4 Op (n~1/2), we have

ny my
A — 52 . 1/2
n Y KPRy =no ™Y K2 R2() +op(my ).
=1 =1
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Let G, = nzm"l n/R (j), where R, (j) =n~— 2’11=|j|+1 uru;_| . Note that R.(j) -
Ru(j) = (1 = j/myia —n= VST —n=lyn_ jpie} for j > 1. Under GMC(2)
= - n 1

i = 0p(n™ ), X KBSy + 307 T )2 = O(nmy). Consequently, n
k’%j (Ru(j) — Ry (J))2 = 0p(1). Then it suffices to show

j 1

Gp—a*m,C(K)

~ 2
We shall approximate G, by G, = ijl k?lj (ZZ: i+ Dj’k) . By the Cauchy-—

Schwarz inequality,

my 2 my k2 2

IGn—Gnlz_Z ( Yy (z k_Dj,k)> x Y —L ( Y Zi+ j,k)) ,
j=1 " \k=j+1 j=1 " \k=j+1

where the second term on the right-hand side of the inequality is easily shown to be

Op(my) in view of the proof to be presented hereafter. As to the first term, we apply

Lemma A.1 and get

2 2
1 my C my o0 o
Z 2 Zixk-Dip|| <=3 Y <ZII7’onkII>
j=11lk=j+1 M i=1h=1 \k=h
2
C my o0 o0
<=3 <Z (04(k) + 04 (k — j)L(k > j)))
M iZ1h=1 \k=h
C my oo o0
<=3 <2 (04(k) +04(k — j)L(k > j)))
T iZ1h=1 \k=h
Cm o0 C my Nk
< > kogk)+— 2 2 > 4k —j)
k=1 M k=1n=1 j=1

< Cmn/n =o(1).
~ 12 .
So Gy =Gy +op(my’ ™). Write

2
Gp=n""! S K> 3 D;
n="n 2 nj 2 Jik

j=1 k=j+1
m k—1
1Y 82 2 +2n~ 12k i > DjiDj,=Gi,+G
nj k Jj.kHjr =Yln 2n-
J=1 k=j+1 J=1 k=j42r=j+1

Under the assumption that u; is GMC(8), it is easy to show that u, is GMC(4), which
implies that |cov(u, R t ])| < Cr/ for some r € (0,1). So by Lemma A 2,

mp
E(G,)=n"" Y k,%j (n—7) <a4+cov(u,2,u,2_j)+ D cum(uo,uk,u_j,uk_j)>
j=1 k0

ny
=o* 2 kri+0(1) =a*m,C(K)+0(D),
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where we have applied the absolute summability of the fourth joint cumulants under

GMC(4) (Wu and Shao, 2004, Prop. 2). Let ﬁj)k =E(Dj klek>ek—15---»Ek—i+1), Where
[ =1, =2m,;. By Lemma A.2 and the assumption that logn = o(m,),

sup |IDjx—Djilla=0m"") foranyx > 0. (A.3)

1Sj5mn

Write

mpy n - ~ -
Gin=n""Y ks s b D7 +n 12k Y, (D =D7) =Giin+Gions
j=1 " k=j+1 j=1 " k=j+1

where var(G11,) = O(m%/n) = o(my) by the [,,-dependence of Bj’k and by (A.3),

mpy n

I1G12all < = an, 2 1D} = D7 Il = o(1).
— k=j+

So (A.2) follows if we can show that C~;2n/(208mnD(K))1/2 —p N@©O,1).
Write

S T+ Y S0y

k=j+2r=j+1 k=bmu+lr=j+1 k=6m,+1r=k—2l,+1

B | my 5 6m, k-1 n mp+1 k—1
Gy, =2n 2 knj X
j=1
n k=21,

+ Y > ) Dj i Dj = Uy + Uy + U3y + Usyy. (Ad)
k=6m,+1r=m,+2

We proceed to show that Uy, = op ( 1/2) k =1,2,3. Note that the summands in Uy,
form martingale differences. So

k=1 (r=1)Amy 2

Z ki‘lj 21 Dj,ij,r
]=

4 6m,,

E(UE,) = 5 2 =0(m)/n?) = o(my).

Regarding Uy, we let Us, = 2n_121_1 nj P 6m,1+lzr /+1 D] D ~’,. It is easy to
show that Us,, — U2n = 0p(1) in view of (A.3). Further, by Lemma A.2,

n my+1 my+1

N 4 ~ .~
2 2
EUp)=—5 X Y 2 S S By R, by )
k,k'=6m,+1j,j'=1 r=j+lr'=j+1
4(140(1)) n mpy 5 5 my+1 B B . .
D YD Y HT VD YR G N
k=6m,+1j,j'=1 r={+Dv({'+D)

= O(mi/n) =o(mp).
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Thus Uy, = 0p (m,l,/ 2). Concerning U3, because it is a martingale, we have

) 4 n my ) k—1 2
EU3) =3 2 | Xk X DixDir
k=6mg+1|j=1 ° r=k=2ly+1
C n my k—1 2
=3 X (X X Dby
k=6mp+1 \j=1|r=k =20 +1
C n mpy k—1 2
% (85 el
k=6mn+1 \j=1|r=k 20, +1 .

Because Dj ,’s are martingale differences for each j, we apply Burkholder’s inequality
(Hall and Heyde, 1980) and get
1/2
cc ( 02 ) < cmll?
r=k—=20,+1

Note that the constant C in the preceding dlsplay does not depend on j. So E(Ug ) <

k—2I,
Cmn/n = o(my). Let Uy, = 20~ 12_1 ank —6m, 12— m’+2 jkD]r Because

Usy — Usy = 0p(1) by (A.3), it remains to show Uy, /(20 8m, D(K))'/? — p N(0,1) in
view of (A.4).
. — k=21
Write Us,, = n lzzzémn +1 Vs Where Vi := 23, 7 +22’"_"1 knj DjxDj ,. Then
{Vyk} forms a sequence of martingale differences with respect to }—k By the martingale
central limit theorem, it suffices to verify the following conditions:

k—1 k—1 5
Dy,
r=k—20,+1

D:

|| =€
r=k=2l,+1

4

o2(n) == E(U2,) =208m, D(K)(1+0(1)), (A.5)
i E(V, 1(|Vnt| > encr(n)))—o(az(n)n) €>0, (A.6)
t=6my,+1
o 2()n"? i V2 —=p 1, where V2 = E(VAIF_)). (A7)
t=6my,+1

By Lemma A.2 and (A.3), we have

n

2my=n"2 Y EWV2)

k=6m,+1
4 n k=21, np - - -
=53 %Y BBy WD, Dy ) (A8

" k=6my+1r,r'=m,+2j,j'=1
4 n k=21, m,

== Y X Y lkyjkiyEDjxDj )ED;, Djr )

T k=6m,+1r=m,+2j,j'=1

n k=21, my

4
=5 2 X 3 kykeyE(DjaDy 0ED; Dy ) +o(l)
N k=6m,+1r= mu+2j,j'=1 .
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21
4 n k=21, my, 2 5
== Y Y Y kyED;ED],)(1+0(1)
= p= omu+1r=m,+2j=1
=20 mnD(K)—I-o(mn).
For (A.6), again by Burkholder’s inequality, we get
k=21, m, 4 S k=2, \*
E(Vop) = 2 Dk kniDjxDjr | <Cmy S E( Y, DjiDj,
r=mu+2j=1 j=1 r=mp+2
3 s, ’ 42,
<Cm; Z]E( k)E > Di,| <Cmyk
j= r=mpup+2
72 -2 2
which implies (A.6). To show (A.7), we let V,; =n 2 =6m,+1 Vm,where
5 t—2I, my B
Vnt=4 2 Z knj n/ ( llfl 1) D
rr'=my+2j,j =1
Then we can write
—» 2 4 n =21, my 2 2
Vi—o’(m=— Y > 2 knjkn/ (A9)
== om,+1r,r'=m,+2j,j'=

{E([Dj,tDj',z - Dj,rDj/,szz—l)5j,rf5j',r'

+[E(Dj,,Dj/,,|.7-',_1)—E(D FTh )| By
+ [E( Dy Djr o1 7= IH)—IE(D 0] Dy Dy
+E(Dj,, Dy t)[ . —E(Dj Dy )]

+E(Dj Dy JED; Dy 1) } =02 n) = S Ji =020,
k=1

By a similar argument as in (A.8), Js,, = az(n)(l +0(1)). So (A.7) follows if we can
show a_z(n)J;m =op(l) fork=1,...,4. By (A.3), J1, = 0p(mp). As to Jp,, it follows
from Lemma A.2 and (A.3) that uniformly in j, j' = 1,2,...,my,

IE(D;,¢ Djr 1| F1—1) = E(Dj Dy | FIZL DI
=|IE(Dj,sz/,1|7’l-1)—E( ,-,sz/,nfi Hil
<IE((Dj1Djry = D}y Dy PIF— DIl + IE(D; 1 Djr y —

<2||DjyDjy =D} D}y Il < Cp™ = 0(n ™) forany x > 0

D IAHI

So Jo, = o0p(my). Lemmas A.3 and A.4, which follow, assert that J3, = 0p(m,) and
Jan = 0p(my,), respectively. Thus (A.7) holds, and the conclusion follows.
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LEMMA A.3. Under the assumptions in Theorem 2. I the random variable J3, =4/ n?

n =21, my D. D: D
z"l‘:6m,,-§—lZr,r’:mn-i-Zz i'=1 n] n//[E( tDI ll H—l) (D],IDJ/J)]D]JD.I/"’/

as defined in (A.9) is op (mn)

Proof of Lemma A.3. Let M(j, j’;1) =E(Dj;Djs ;| F, l+1) E(Dj,Dj: ;) and
B 4 n t—2I, my 5 5
Bp=— 2 Y Y ki ki M J's0)Dj Djr .

Wt =6mpy+1r,r =my+2j,j'=1

It is easy to see that J3,, = J3, + op(my) in view of (A.3). For notational convenience, de-

. =21 . =21 ., oF
note Hp (j, 1) = zjzm: 42 Djrand Hz(j.1) = 2§=m’; 12 Zjr- Write T3y = J31, + J300 +

J33,, Where

4 . . .
Bin=— 3 kykp MG J0Hp G0 = Hz G 0)Hp (1),
t=6m,+1j,j'=1

4 . ; .
3o =— 2 Z knj ,,j/M(j Js0HZ(,0)(Hp(j',1) = Hz (j', 1)),
t=6m,+1j,j =1

n

4 ; .
33 =— D Z kn] ,,,/M(J JiDHZ(j.0OHZ(j',1).
t=6m,+1j,j'=1

We shall first prove J31, = 0p (mn). Because M(j, j’,t) is I,,-dependent with respect to ¢,
we obtain by the Cauchy—Schwarz inequality

5 C n nA(t+ly) mpy
EU5,) <5 2 > S HpGi.t) —Hz (10l
" 1=6mn 1 =Oma DV E~1) j1, 1 2. 3=

x ||Hp (2. t") = Hz (o | 4 || Hp G- O |4 [|HD G 1) 4 -

Because the summands in Hp(j, ) form martingale differences, we apply Burkholder’s
inequality and obtain

2

t=2I,

||HD(J,I)||4<C]E< > D]%r) <ci®,  j=12...,m,. (A.10)
r=my,+1

Applying Lemma A.1 and the fact that dg (k) < Cr¥ for some r € (0, 1), we get

mpy
> IHp(i.0)—Hz(j1.D)ll4

J1=1
my  [t—5m,—1 5 1/2
<C z 2 ®j1,k1,4

J1=1 k=1

m, [t—5m,—1 oo 12 32
<Ccy ( > D @) +dgh— j)1(h = jl))) <Cm;/”. (A.11)
j1=1 ki=1 h=k;
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Therefore, in view of (A.10) and (A.11), we obtain IE(J321”) < Cmg/n2 = o(m%). To show
J30, = 0p(my), we note that

t—2I,
C o
IHz (. 0ll3 = > E(Zjr, ZiryZjrs Zjry)
r ,r2,r2,r4:mn+1
t—2I,
= > {cov(Zjry, Zjry)eov(Zjry, Zijr,)

F1s72,12, =Ny +1
+cov(Zjy,, Zjry)eoV(Zjry, Zjry)

+COV(er1 > er4)COV(er2a er3)

+Cum(er1 > er2> erx > Z]r4)} (A'lz)

Because {u;} are uncorrelated and the kth (k = 2,3, ..., 8) joint cumulants are absolutely
summable under GMC(8) (see Wu and Shao, 2004, Prop. 2), it is not hard to see that
1Hz(j, 1) ||2 < Cr2. Following the same argument as in the derivation of IE(J321 2> We can
derive E(J322n) = o(m%), and so J3p, = op(my).

It remains to show that J33, = o) (m,). Note that

I n nA(t+ly,) my t=2I, t'=2l,

EUR) <5 Y )y 2 2

1=6mu+1t'=6m,+1)V({t'=ln) j1,j{, j2, j5=171.r2=mn+2r] rh=m,+2

N

c = nA(t+)
D Y Hy,(1,1).

t=6m,+1t'=6m,+1)v({'—l,)

<

X)E(Z Z; Z-//Z-//) 7
n

Jir Ljara i 2 jary

Following (A.12), we can write E(ij Ziyry Zis {Zjﬁfé) as a sum of four components,

i
which implies H,(t,t') = 2?21 Hp, (t,t"). For Hy,(t,t"), it follows from the absolute
summability of the fourth cumulant that

my =21, =21,

Hy,(1,1") = 2 Z Z HCOV(“h’“fZ)COV(”rl—jw“rz—jz)

J1sdts s o= 10 r2=my+ 2 rh=my +2
Feum (ury,py —jy sty try—jy ) }

X {COV(ur{ ’uré)cov(uri_j{ ’uré—jé)

eyttt i) |
<Cml(tvi)?.

By the same argument, we have Hy, (1,1') < Cm2 (1 v 1')?, k = 2,3. Regarding Hy, (t,1),
we apply the product theorem for the joint cumulants (Brillinger, 1975) and write

cum(ij,ijrz,Zj]/,]/,Zié,é) zzcum(uij,ij € 1)1) ...cum(uij,ij € vp),
[
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where the summation is over all indecomposable partitions v = v U---Uv), of the follow-
ing two-way table:

ry ri—ji
o rn—j
o
ré ré —jé.

Again by the absolute summability of kth (k = 2, ...,8) cumulants, we get Hy, (t,t) <
Cm,zl(t v 1')2. Therefore, E(J323n) < Cm?,/n = o(m%) and J33, = op(my). Thus the
conclusion is established. n

LEMMA A.4. Under the assumptions in Theorem 2.1, the random variable Jy, =4/ n?

=21, my 2 S O
z;l:6m,,+l Zr,r/=mn+2 Zj k k E( Dj’,[)[Dj,rDj’,r’_E(Dj,rDj/,r/)} as

J'=1"nj"nj’
defined in (A.9) is op(mp).

Proof of Lemma A.4. Write Jy,, = J41, + J42,,, Where

4 n t—21,
J41n=n7 Y
t=6mu~+1r,r'=m,+2
nmy 5 2 ~ ~ N N
x Z. ki ik i/ B(Dj ¢ Djr D) r Djr yr —E(Dj » Djr )],
JJ'=1#)
4 n t=2l, my 4 5 B . . .
Jam = —3 S > 2 kyEWDF )ID; Dy o —E(Dj , Dj ).
t=6m,+1r,r'=m,+2j=1
Note that

=2, =21, mp mp

E(f)=00"h 3 Y > > Y Kk

11, 0=6my+1ry r{=my+2r2,rs=m+2 j1, j{=1, 1#]] j2. J5=1. 2 #J5
2
anjz /E( J1.t1 ] tl)E( 2,12 ]21‘2)

1)

x {eov(D jLre Jz,rz)cov( ity Djg

~+cov( Jl’rl’Djé,ré)COV(D]/ s jz,rz)

+Cum( J1, rlapj{,r{9Dj2,r2a JZ’r/)}

By Lemma A.2 and (A.3), the first two terms in braces in the preceding expression con-

tribute O (my). Because cum(Dj, r,, D]/ v ,D]2 o)) D itor ﬁ) vanishes when any two neigh-
boring indexes (say, (r1, rl), (rl,rz), and (r2, r2) if r| > r{ >ry > ré) are more than [,

apart, the third term is 0(12/}1) = o(m%). So J41, = 0p(my). Concerning J4,, we have
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Jaon = Ja21n + Jaoon, Where

n t=2l, my,

Ji1n = % > X X kijE(Djz,r) [bj%r _E(sz,r)}’

t=6mp+1r=m,+2j=1

n t—2l, r—1  my

tow=5 35S SkE(0]) (BB BB

n’ t=6mp+1r=m,+3r'=m,+2j=

Because D , 18 [n-dependent, we can easily derive ]E(J421n) = O(m3 /n), which implies
Jin = op (mn) Let

n =21,

Iow=" Y Y Y S Ew2),,0,

t=6mp+1r=m,+3r'=m,+2j=1

Then by (A.3), Jy22n — Jazon = 0p(1). Because for each j, { 2;;%’; 43 2:,_=lmn+2 Dj;Dj }

form martingale differences with respect to F;_5;, , we get

2
my n =21, r—1
s corm S e £ %S wotnn,)

j=1 t=6mu+1r=m,+3r'=m,+2

Cm, Mn n =21, r—1 2
<ef 3 ('S S nn)
+1

r=mu+3r'=m,+2

2
=21 r—1
Cmn mp n =2y 2
2 2 2 E Dj,r 2 Dj,”/ >
j=lt=6bm,+1r=m,+3 r'=my+2
where we have applied the fact that for each j, {2:,;1 iy 42 Dj rDj s} is a sequence of mar-

tingale differences with respect to F-. By the Cauchy—Schwarz inequality and Burkholder’s
inequality,

5 r—1 2
E Dj,r 2 Dj,r’ <C

r'=m;+2

2

r—1
2 Dj

r'=mp+2

<C(r—my—2).

4

Thus E(j4222n) < Cm,zl/n = o(m,zl); in other words, Jiy, = op(mp). The proof is
complete. n

A.2. Proof of Theorem 3.2. Throughout this section, we let u;(f) = 2,‘(’10 e (9)
Y and ity = X4 ex On)Yipo t = 1,2, ..., n. Write iy = ug + Ay, Where An; = A1, +
—1 A
Aonts 1 == 252, € (00) Yi—i = Z52 Wi, 1t —ic» and Aoy = 33— (e (On) — ex (60)) Yy .-
Denote ey, (0) = dex(0)/30m, and eg:(m, my) () = 8%¢x(0)/00m, 0, for any my,
my € {1,2,...,p+¢q+ 1} and assume that they are the same as those expressions in
Lemma A.7 later in this section without loss of generality.

LEMMA A.5. Under the assumptions in Theorem 3.2, we have
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(i) n S k2 (])—na_4zm_”1kr2uR2(])+op(m,ll/z) and
(i0) S k2 (R2G) = R2G)) = op (). where Ry () =n~VSI_ ity

Proof of Lemma A.5. To prove (i), it suffices to show that

n 2
> ﬁl> =2+ 0,(n~"/?). (A13)

n
Ry(©)=n"1Y a? - (n_l
=1 t=1
To this end, let Gy, = n—lzt utdig, Gop =073 103, and G3, =n~ 1YL
43, Because n =1 Y1 u? — 02 = 0,(n~1/?), (A.13) follows if we can show Gy, =
0p(n=1/2), Gy = 0p(n~1/?), and G3, = O, (n~'). Note that

n o0

2 -2
E(Gln) =n 2 2 ‘//k,t q/k/,t/IE(utu,/u_ku_k/)
t,t'=1k,k’'=0

2NN 2 4,2 % N

=n""Y > Wi 0 0o DD WV reum(ug, up,u g, u_gr)
t=1k=0 t,t'=1k,k’'=0

= 0(logn/n* +n~Y) =0(n™"),

where we have applied the fact that 2}(’10 1;/,? ;= O(t_l) (see Robinson, 2005) and the
absolute summability of the fourth cumulants. Because E(Gy,) = O(logn/n), Go, =

Op (n_ 1/2) To show Ga,=op(n~ 1 ), we apply the mean-value theorem and get e (9,1) -
1 — A - A
ex (@) = St e, @) (O = 05 where B = 60 + i (O — 6p) for some

Pr € (0,1). Then

n t—1

nGy =Y, Y (exOn)—ex00)) (e On) — err (00)Ye—i Yi—p
1=1k,k'=0

q ~ ~ / ! _
_ Z (elgm])_géml)) (Qrsml)—e(gml)) ek;ml(gkn)ek/;m/l
m

X On)Yr—kYr—p-

When 6, € ©5, by Lemma A.7, for any (my,m)e{l,....p+q+ 112,
n t—1 B B

2 2 |ek;m| (akn)“ek/;m’l O IEY— Y| = O(n).

=1k,k'=0

Because 6, — 0y = OP(n_%), we have P(0, ¢ ©s) — 0. Consequently nGs, = nG3,1
(On € ©5) +nG3,1(0, ¢ O5) = Op(1). Therefore part (i) is proved.

As to part (ii), write Ry (j) — Ry (j) = —n~'d (z’,:{ RS Y ﬁ,) +(1=j/n)i2,
where it = n~! Zt | . Following the argument for part (i), it is straightforward to show
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that i = 0, (=12 and 7, K2 (S0 i+ 3 ﬁ,) = Op(nmy).Son X" k2, (Ry
() — Ru ()2 = op(1). Applying the Cauchy—Schwarz inequality, part (ii) follows. n

Proof of Theorem 3.2. By Lemma A.5, we only need to show that

nS ke R () = o tma C(K)

208m, D(K))!/?

—>p N(@©O,1).

Note that RZ(j) — R2(j) = (Rz (j) — Ru(/)* +2Ru (/) (R; (j) — Ry (j)). By Theorem 2.1,
it suffices to show that

n 2 ki (Ry () = Ru(1))* = 0p (1),

because it implies n 31" krzu Ru()(Ry(j) = Ru(j)) = 0p (my 12 ) by the Cauchy—Schwarz

inequality. To this end, we note that

2 2
my C M n n
n z k (R ) - Ru(])) < = 2 < 2 ilt"t—j) + ( 2 /12ntut—j>

iz t=j+1 r=j+1

n 2 n 2
+< Z ut/ll(t—j)) +< Z uM-Zn(t—j))
t=j+1 1=j+1
n 2
+ X Ant An(t—j)

1=7+1
=:C(L1p+ Loy + L3y + Lap + Lsy).

We proceed to show that L, = ap(l),k =1,...,5. First,

1 mp n o0 2
E(L1,)=n" ZE< 2 ZWk,tu—k“t—j>

j=1 t=j+1k=0

my n 00 00

—I’l_l Z Z Z Z ‘//k,tWk/,t’E(u—ku—k/ut—jMt/—j)

J=16,0=j+1k=0k'=0

L n 00 00
=n 2 2 Z Z ‘//k,tl//k/,t’{COV(M—kau—k’)COV(Ut—j:“t’—j)

Jj=1t,t'=j+1k=0k"=0
+eum(u_g, u_gr,up—j,up—j)},

where the first term is (04/n)2 ]+1 >0 ‘//k , = O(mplogn/n). Applymg Propo-

sition 2 in Wu and Shao (2004) we have leum (u g, u_gryuy—j, up—j)| < Crive'—j+kvi

for some r € (0, 1). So the second term in E(L,,) is bounded by

n

]mn o0 00 ;. ,
Cn— 2 2 Z 2 |l//k,t‘//k/,t’|rtw —itkvk = O(mp/n).

J=11,0/=j+1k=0k'=0

Following the same argument, we get E(L3,) = O (my,/n) = o(1).
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To show Ls, = 0p(1), we note that

Cm,, n 2 n 2 n 2
LSnSZE ( Z /ﬁMl(r—j)) +< Y ilz/%(r—j)) +< Y izmh(r—j))

t=j+1 r=j+1 r=j+1

2
n
+( Y izmizn(r—j)> =:C(Ls1p+Ls2y + Ls3p + Lsay). (A14)
1=j+1

As to Lsy,, we have

mpy
IE(L51n)— = Z 2 EC 1t 21a=prie-j))
;_ltz/ Jj+1
l npy n o0

=- 21 /Z . ka _ Vot Ve Vs Vit~
=1t,t/=j+1ki,kp,k3,ka=

X B U —jytt —ju—fy)

1 my n o0

= y oy > Wky ot Vo, t Vit — j Why o' — j {COV(U gy U_k,)
J=1t,t'=j+1ky,ka,k3,kq4=0

X COV(U —fey s U—fey) FCOV(U ) » U3 )COV (U —fey s U, ) +COV(U 15 U—f,)

X COV(U—fey U—fy) + CUM(U—f) 5 Uy, U3, U—fey) }-

Because Zlfio 1//]3 ;< Ct~! (cf. Robinson, 2005), the first three terms in the preceding

display are O (mp logzn /n) under the null hypothesis. By Proposition 2 in Wu and Shao
(2004), |cum (s _j, , Uy > U—fy» U—fy)| < Crmax(ky.ka.k3 kg)—min(k1,k2.k3.k4) for some r e

(0, 1). Thus the fourth term in the preceding display is bounded by

C my n o0 X
- Z > > Wy Wiyt Vs = j Wiy o' — I
n j=lt,t/=j+1k;>ky>k3>ks=0

C npy

hy+h
<—= Z z Z Z |l//k2+h1,ll//k2,t’| Z |l//k4+h';,l JVky,t'— jlr 1+h3
j=1t,t'=j+1hy,h3=0ky=

Y S - -3 o),

j=ltt'=j+1 h1,h3=0

Lemma A.6, which follows, asserts that Lsy, = 0,(1), and the same argument leads
to Ls3, = 0p(1). Following the some line as in the derivation of G3, (see Lemma A.5),
we can derive Ls4, = Op(mp/n) = op(1). Thus Ls, = op(1), and a similar and
simpler argument yields Ly, = o0,(1), k = 2,4. We omit the details. The conclusion is
established. u

LEMMA A.6. Under the assumptions in Theorem 3.2, the random variable Lsy, =
2
nlsm (2?:j+1 ,11,,12,,(,_”) as defined in (A.14) is 0 (1).
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Proof of Lemma A.6. We apply a Taylor’s expansion for each k and obtain

g+

G —ex @)=Y (0("“) 0" etom, @)
ml_l
p+q+1 N . _
+ 3 @ =m0 — 68" Ver. mymy) Gen)
my,my=1

where Gy, = 0 +ay (6, —0p) for some oy € (0,1). By Lemma A.7, |ey.,, (6p)| < Ck—1—¢
and supge@; lek; (my,my) (@) < Ck~17¢ for some € > 0. Denote ex(0p) = e and ey,
(00) = ek m, - Because ep () = 1, we have

n

L52n— z S A An Ao - Ao
—111,1‘2 j+1

1 "Mn n

00 —j—1n—j-1
= Z Z Z 2 Z Vit Vo, o=k U~k
izt h=j+1ki k=0 ks=1 k4=1

X (ekg (én) — €3 (90))(€k4 (él’l) — €y (90))Yt1 —Jj—k3 Ytz—j—k4

n co  ti—j—ln—j-1

nmy
2 Z 2 2 Z Wky ty Vg, U—ky U=k Yoy — j—ks Yy — j—ky
j=1t1,t0=j+1k1,ko=0 kz3=1 kq4=1

p+q+1 prg+1 B
x < Z (9(1n|) 0(m1)) €hyzmy T Z (e’gml) _Héml)) €ks; (my,m2) Gkzn)
my=1 my,mpy=1
. pg+l
» (Hr(sz) _gémz))) ( z (er(lms) _g(gm3)) Chgims
m3=1
prg+l 3
+ 2 (9;5’”3) _eém3)) €ky; (m3,my) (0k4n)
m3,maq=1

4
x (0}5’7“) - g(gm)) ) = h; Lsohn.

Write Yy = Zl(zioak”t—k- To show Ls31, = 0p(1), it suffices to show that for any (m,
m3)e(l,...,p+q+1)%
n—j—ln—j-1
Lsy1y = Z 2 Z ‘//kl,tl Vioy 2 2, Chyimy Chysmali—ki U—ky
j=1t1,t0=j+1ki,kr= k=1 kq=1

XYt —j—ks Y- j—kq
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oo H—j=lh—j—-1 oo

on n
:Zl Z 2 2 Z 2 Vit Yoty
J=lt,0h=

Jr=j+1k1,ko=0 kz=1 ka=1 hy,hp=0
X Qpy Qhy Chssmy €hysmzU—ky U—ky Uty — j—kz—hy Uty — j—ka—h)
=op (nz)
Note that

. mp n n 00 f—j—l—j—1t—j'~1
E(L5,)= 2 X )y > DYDY
Ji'=ltn=j+1 =)' +1ki ky, ki ,ky=0 k3=1 ks=1 K}=1
th—j'—1 00
x 2 )y Vit Via,to Vi o) Vit Wy Gho A Oty €hssmy Chasms
Ki=1 hy,hyoht; hy=0

x eké;m] ek:‘;m3
xE (”—kl U—foUty—j—k3—hiUty—j—kg—ho U — k| U — i, Ue] — j/ —K, =
Ly

mpy n n o0
sc Y X X )y
o' =10 =41 = 1 kg kK Ky =0k3 kg Ky Ky =1 hy oy =0
—1—=

/ / €

x ‘Wku,n Vk.to H Ykl 1] VKbt || %1 Ghy Hahq ap
where
o= |E(u—k1 U—fy Ut —j—kz—h utz—j—k4—/’l2u—ki u—kéuti—j’—ké—h/luté—j/—k:‘—h/zﬂ

2cum(uij,ij S gl)...cum(uij,ij €gp)
8

In the preceding equation, X is over all partitions g = {g; U---U gp} of the index set
{_kl:tl _.] _k3 _hl: _k/lati _.]/_k:/; _h/p _k27 5} _J _k4_h2a _kéa [é _J/_kg/‘,_h,z}
Because E(u;) = 0, only partitions g with #g; > 1 for all i contribute. We shall divide all
contributing partitions into the following several types and treat them one by one.

1. #g1 =#gp =#g3 =#g4 = 2. One such term is

COV(M_kl > utl —j—k}—h] )COV(M—](Q 5 M[{ —j’—ké—h’l )COV(M_](Z > utz—j—k4—h2)
X COV(M_ké, uté—j/—k:‘—hlz)’
which is nonzero when —k =11 — j —k3 —hy, =k} =1] = j' =k = h|, =ky =tp — j —
kg —ho, and —ki =t} — j' —ky — h’,. Define aj, = 0 if h < 0. Then for any fixed g € Z,
4 2 =1l =] 4 2 h y 8
S olanapyql < Zflozoa% := 84 < oo. For any fixed t1,1],1,1, j, j', k3, ka, k5, k), by
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the Cauchy—Schwarz inequality,

o]

by ‘Wkl,tl Va1 H Vie ) Vi, 1) || Hky+11— j—k3 Ak +ta — j—ka
Jet g K} =0
12
< 2 2 2 2 2
x ’“ki Tl [ AL T [ U )Y Via.n Vien Vi i Vi1 Sa
ki Ky K5 =0

= 0((nn)~1?).

So this term is O(m%nz) = 0(n4). Similarly, all nonvanishing terms involve four restric-
tions on the indexes k1, ky, k|, k5, b1, ho, |, iy once we fix t1, 1], 12, 15, J, j', k3, kg K5,
ké’l. The contributions from these terms are of order 0(n4).
2.#g1 =#gy =3,#g3 = 2. A typical term is
Cum(u—kl s ul‘] —j—k3—h1 > u—ki )Cum(u[i _j/_ké_h/l > u—k2> utz—j—k4—h2)

X COV(M_ké, uté_]/_k:‘_hlz)

So for any fixed 11, 1], 12,15, j,j’,k3,k4,k§,kﬁl,

o0
> ‘l//kl,tl Vi oy iy lleum g gy —j—kg—hy > U —) (A.15)
k1K), h1=0
< max(—ky,t—j—k3—hy,—k})—min(—ky,t; — j—k3z—hy,—k})
<C z ‘Vlkl,th/k/l | LI =] =k3=h1, =k LI =] =k3=hi,=ky})
ki k) b =0

Consider the case —kﬁ > —k| > t; — j — k3 — hy. Then the corresponding term in (A.15)
is

o0
—1/2
¢ z |‘//klv[| V/kl—sl,t{asz+k1+ll—j—k3|rsl+sz = 0((I1t1) / ),
s1,82,k1 =0

where we have applied the Cauchy—Schwarz inequality and the fact that Zl‘fio q/]% ;=

O(t_l). Other cases can be treated in a similar fashion. So (A.15) is O ((tlt{)_l/z).
Similarly, we can show that

l -1/2
> "//kzalzah’lahzcum(“t{—j/—kg—h/l sU—ky» Mt2—j—k4—h2)’ =0 (12 )
1 iy ky=0

and
o

I—1/2
ap Yyt /COV(M_/,M/_-/_/_/)’:0(([) )
y hZ‘_()’ hs Pks, 15 ky > M1y —j —ky—h5 2

22727

Thus these terms contribute O(m%nz) = 0(n4).

3. #g) =gy = 4; #g) = 4,#gy = #g3 = 2; #g) = 5,#gp = 3; #g) = 6,#g =2, and
#g1 = 8. Following a similar argument as the second case, it is not hard to see that the
contributions of all these terms are 0(n4).
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So Lsp1, = 0p(1). Under the assumption that u; is GMC(8), it is not hard to show that
]E(Yt4) < 00 and sup;cpy ]E/lzllt < 00; compare the derivation of E(Lsy,) in the proof of
Theorem 3.2. Together with Lemma A.7, we have E|L57,, |1(9n €Bs5)=0 (mn/nl/z) =
o(1), and so Lspp, = 0p(1). Similarly we derive Lsog, = 0p(1), k = 3,4. Now the proof
is complete. n

The following lemma is an extension of Lemma A.1 of Francq and Zakoian (2000) to
the FARIMA model.

LEMMA A.7. Forany @ € ®5and any (m{,mp) €{l,...,p+q+ 1}2, there exist abso-
lutely summable sequences (ex(0))k>0, (€x;m, ONi>1, and (ek;(m,,my)(0))k>1 such that
almost surely

S our @) ]
ur(0) = 2 ex(0)Yi—i, 50’ _ Z ek, O,y
k=0 my P
and
621,4,(,9) 00
; NY;_p.
0, 00m, z‘ €k (my,m2) () Yi—k

Further, there exists an € > 0, such that

sup lex (@) = 0K, sup legm, ) = 0*(™'7), and
0e®; 0B

SUp leg; gy my) @) = O™,

0eB®s

Proof of Lemma A.7. Letting X; = (1 — B)dYt, then ¢p (B)X; = wa(B)u;. By
Lemma A.1 in Francq and Zakoian (2000), there exist sequences (cx(A))k>0, (Ckim,
(A)i>1,and (¢k; (my,my) (M) >1 such that

o0 o0
ur(A) =" cj(M)X—j, our(N)/oAm; =Y, Cjmy (M) Xi—j,
j=0 =

and
azut (A)/aAnﬂaAmz z Cj;(my,mn) (N)X,— Jj-
Jj=

Further, there exists an r € [0, 1) such that

sup [c; (M) =0@7),  sup |¢jim, (M) = 00,
ANeQs AeQy

sup |cj. A= O(rj).
Acy Jjimy,my)
Note that X; = 2?;)0 ¢s (d)Yi—g, where ¢ps (d) =T (s —d) /{T' (—d)T (s + 1)}. Therefore, we
getu (0) =372 ex(0)Y;—i, where e, (0) = 2;.‘:0 ¢j (A)@y— j(d). The conclusion follows
from the definition of ®s and the fact that d € (0, 1/2). n



