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a b s t r a c t

To test for the white noise null hypothesis, we study the Cramér–von Mises test statistic that is based
on the sample spectral distribution function. Since the critical values of the test statistic are difficult to
obtain, we propose a blockwise wild bootstrap procedure to approximate its asymptotic null distribution.
Using a Hilbert space approach, we establish the weak convergence of the difference between the sample
spectral distribution function and the true spectral distribution function, as well as the consistency of
bootstrap approximation under mild assumptions. Finite sample results from a simulation study and an
empirical data analysis are also reported.
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1. Introduction

This article is concerned with testing if a sequence of
observations is generated from a white noise process. Testing for
white noise, or lack of serial correlation, is a classical problem in
time series analysis and it is an integral part of the Box–Jenkins
linear modeling framework. For example, if the series is white
noise, then there is no need to fit an ARMA-type linear time
series model to the data, which is mainly used to model nonzero
auto-correlations.We consider a stationary real-valued time series
Xt , t ∈ Z. Denote by E(Xt) = µ and γ (k) = cov(Xt , Xt+k). Then
the null and alternative hypothesis are

H0 : γ (k) = 0, k ∈ N versus H1 : γ (k) ≠ 0
for some k ∈ N.

Let

f (w) = (2π)−1
∞−

k=−∞

γ (k)e−ikw, w ∈ [−π, π] and

F(λ) =

∫ λ

0
f (w)dw, λ ∈ [0, π]

be the spectral density function and spectral distribution function
respectively. Under the null hypothesis, f (λ) = γ (0)/(2π) is a
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constant over [−π, π]. There is a huge literature on thewhite noise
testing problem and the existing tests can be roughly categorized
into two types: time domain correlation-based tests and frequency
domain periodogram-based tests. One of the challenges for the
existing methods is that the asymptotic null distributions of the
test statistics have been obtained under the independent and
identically distributed (iid) assumption, and they may be invalid
when the series is uncorrelated but dependent. The distinction
between iid and uncorrelated dependence is important in view of
the popularity of conditional heteroscedastic models (e.g. GARCH
models) as used in econometric and financial time seriesmodeling.
Also there are other nonlinear processes that are uncorrelated but
not independent; see Remark 2.2 for more examples.

The discrepancy in asymptotic null distributions can be
attributed to the unknown dependence of the series, which leads
to severe size distortion if we use the critical values of the
asymptotic null distribution obtained under iid assumptions. This
phenomenon was first discovered for the popular Box and Pierce’s
(1970) (BP, hereafter) portmanteau test by Romano and Thombs
(1996), who advocated the use of nonparametric bootstrap and
subsamplingmethods to approximate the sampling distribution of
the BP test statistic. Also see Lobato (2001), Lobato et al. (2002)
and Horowitz et al. (2006) for more recent contributions along
this line. The BP test statistic and its variants only test for zero
correlations up to lag m, where m is a prespecified integer, so
they have trivial power against correlations at lags beyond m.
Recently, Escanciano and Lobato (2009) proposed a data-driven
BP test for serial correlation. Their work is interesting as it avoids
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any user-chosen number (say, m), does not involve the use of
bootstrap and is shown to have good size and power performance.
However, the asymptotic null distribution of their test statistic was
established under the martingale difference assumption and it is
unclear whether the limiting theory for their test still holds under
the weaker white noise hypothesis. For time series models that are
white noise but are not martingale difference, see Remark 2.2.

The main focus of this paper is on the test statistic that is based
on the sample spectral distribution function Fn(λ) =

 λ

0 In(w)dw,
where

In(w) = (2πn)−1
n−

t=1

|(Xt − X̄)eitw|
2

is the periodogram and X̄ = n−1∑n
t=1 Xt is the sample mean.

The earlywork on spectra-based tests dates back to Bartlett (1955),
who proposed famous Up and Tp processes in the frequency do-
main. A rigorous asymptotic theory was obtained by Grenander
and Rosenblatt (1957) for the iid processes. More recent develop-
ments can be found in Durlauf (1991), Anderson (1993) and Deo
(2000), to name a few. On one hand, it has been well-established
in the literature that the spectra-based test belongs to the test of
omnibus type, and it has nontrivial power against local alterna-
tives that are within n−1/2-neighborhoods of the null hypothesis.
On the other hand, as demonstrated in Deo (2000), the spectra-
based test no longer has the usual asymptotic distribution under iid
assumptionwhendependence (e.g. conditional heteroscedasticity)
is present. To account for unknown conditional heteroscedasticity,
the latter author proposed a modified test statistic and justified
its use for a subclass of GARCH processes and stochastic volatil-
ity models. However, the validity of Deo’s modification heavily re-
lies on certain assumptions on the data generating process, which
exclude some other commonly used GARCH models (e.g. EGARCH
model) and uncorrelated nonlinear processes. Also those assump-
tions are difficult to check in practice.

In this paper, we propose a blockwise wild bootstrap approach
to approximating the asymptotic null distribution of the spectra-
based test statistic. The blockwise wild bootstrap is a simple
variant of the well-known wild bootstrap (Wu, 1986) in that
the auxiliary variables are generated in a blockwise fashion. We
establish the consistency of the bootstrap approximation using
the Hilbert space approach, which allows us to get the limiting
distribution of the Cramér–von Mises statistic. Assisted with the
blockwise wild bootstrap, our test is asymptotically valid for a
verywide class of processes, including GARCH processes of various
forms and other uncorrelated linear or nonlinear processes.

We now introduce some notation. For a column vector x =

(x1, . . . , xq)′ ∈ Rq, let |x| = (
∑q

j=1 x
2
j )

1/2. Let ξ be a random
vector. Write ξ ∈ Lp (p > 0) if ‖ξ‖p := [E(|ξ |

p)]1/p < ∞ and
let ‖ · ‖ = ‖ · ‖2. The positive constant C is generic and it may
vary from line to line. Denote by ‘‘→D’’ and ‘‘→p’’ convergence
in distribution and in probability, respectively. The symbols OP(1)
and op(1) signify being bounded in probability and convergence to
zero in probability, respectively. The paper is structured as follows.
In Section 2, we present the spectra-based test and establish the
weak convergence of the difference between the sample spectral
distribution function and its population counterpart. Section 3
proposes a blockwise wild bootstrap approach and proves its
consistency.We illustrate the finite sample performance of the test
using a Monte Carlo experiment and real data sets in Section 4.
Section 5 concludes. Proofs are gathered in the Appendix.

2. Test statistics and asymptotic theory

To illustrate the idea, we note the relationship In(w) = (2π)−1∑n−1
k=1−n γ̂ (k)e−ikw , where γ̂ (j) = n−1∑n

t=1+|j|(Xt−X̄)(Xt−|j|−X̄) is
the sample auto-covariance function at lag j = 0, ±1, . . . ,±(n −

1). Write Fn(λ) =
∑n−1

j=0 γ̂ (j)Ψj(λ) and F(λ) =
∑

∞

j=0 γ (j)Ψj(λ),
where Ψj(λ) = sin(jλ)/(jπ)1 (j ≠ 0) + λ/(2π)1 (j = 0). Under
H0, F(λ) = γ (0)Ψ0(λ), so we can construct a test based on the
distance between Fn(λ) and γ̂ (0)Ψ0(λ), the latter of which is a
natural estimator of F(λ) under the null hypothesis. This leads to
the process

Sn(λ) =
√
n{Fn(λ) − γ̂ (0)Ψ0(λ)} =

n−1−
j=1

√
nγ̂ (j)Ψj(λ).

Let Yt = Xt − µ. Under the null hypothesis, we expect that Sn(λ)
weakly converges to a Gaussian process S(λ) in C[0, π] (the space
of continuous functions on [0, π]), where S(λ) has mean zero and
covariance function

cov{S(λ), S(λ′)}

=

∞−
j=1

∞−
k=1

∞−
d=−∞

cov(YtYt−j, Yt−dYt−d−k)Ψj(λ)Ψk(λ
′). (1)

The continuous mapping theorem yields the limiting distributions
of the following two well-known statistics:

Kolmogorov–Smirnov (K–S) statistic
sup

λ∈[0,π ]

|Sn(λ)| →D sup
λ∈[0,π ]

|S(λ)|, (2)

Cramér von–Mises (C–M) statistic

CMn =

∫ π

0
S2n(λ)dλ →D

∫ π

0
S2(λ)dλ. (3)

The covariance structure of S(λ) can be simplified considerably
if the series is iid Gaussian under H0, and one may be able
to exploit the Gaussian assumption to consistently approximate
the limiting distributions of the K–S and C–M statistics. But for
dependentwhite noise, such as aGARCHprocess, the critical values
of supλ∈[0,π ] |S(λ)| and

 π

0 S2(λ)dλ are typically hard to obtain. To
circumvent the difficulty, Deo (2000) proposed a modified version
of K–S and C–M statistics for the standardized version of Sn(λ),
where γ̂ (j) is replaced by its autocorrelation counterpart ρ̂(j) =

γ̂ (j)/γ̂ (0). He established the validity of the modified test statistic
under the assumptions that ensure asymptotic independence of
ρ̂(j) and ρ̂(k), j ≠ k. His method seems no longer (asymptotically)
valid if the asymptotic independence does not hold and also his
assumptions are hard to check in practice. Therefore, it is desirable
to comeupwith a general solution that is capable of approximating
the limiting null distributions of K–S and C–M statistics.

To facilitate asymptotic analysis, we shall adopt the Hilbert
space approach to establish the weak convergence of Sn. As
demonstrated in Escanciano and Velasco (2006), the Hilbert space
approach is superior to the usual ‘‘sup’’ norm approach in proving
the weak convergence due to its lack of theoretical complication
in general settings. In particular, the proof of the tightness using
the Hilbert space approach is simpler than that for the ‘‘sup’’ norm
approach. Here, we regard Sn as a random element in the Hilbert
space L2[0, π] of all square integrable functions (with respect to
the Lebesgue measure) with the inner product

⟨f , g⟩ =

∫
[0,π ]

f (λ)gc(λ)dλ,

where gc(λ) denotes the complex conjugate of g(λ). Note that
L2[0, π] is endowed with the natural Borel σ -field induced by
the norm ‖f ‖ = ⟨f , f ⟩1/2; see Parthasarathy (1967). The Hilbert
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space approach has been utilized in time series analysis by Politis
and Romano (1994), Chen andWhite (1996, 1998) and Escanciano
and Velasco (2006), among others. From both methodological
and technical perspectives, this paper is closely related to
Escanciano and Velasco (2006), who proposed a generalized
spectral distribution function type test for the null hypothesis
of martingale difference and adopt the wild bootstrap to get a
consistent approximation of the asymptotic null distribution. In
our testing problem, a blockwise wild bootstrap is necessary to
yield consistent approximation and our technical developments
are considerably different from theirs since our white noise null
hypothesis is weaker than their martingale difference hypothesis.

To obtain the weak convergence of Sn in L2[0, π], we need to
impose some structural assumption on the process Xt . Throughout,
we assume that

Xt = G(. . . , εt−1, εt), t ∈ Z, (4)

where G is a measurable function for which Xt is a well-defined
random variable. The class of processes that (4) represents is
huge; see Rosenblatt (1971), Kallianpur (1981), and Tong (1990,
p. 204). Let (ε′

k)k∈Z be an iid copy of (εk)k∈Z; define the physical
dependence measure (Wu, 2005) δq(t) = ‖Xt − X∗

t ‖q, q ≥ 1,
where X∗

t = G(. . . , ε−1, ε
′

0, ε1, . . . , εt), t ∈ N. For ξ ∈ L1 define
projection operators Pkξ = E(ξ |Fk) − E(ξ |Fk−1), k ∈ Z, where
Fk = (. . . , εk−1, εk).

Theorem 2.1. Assume the process Xt admits the representation (4),
Xt ∈ L4 and

∞−
k=0

δ4(k) < ∞. (5)

Further we assume that
∞−

k1,k2,k3=−∞

|cum(X0, Xk1 , Xk2 , Xk3)| < ∞. (6)

Then Sn(λ)−E{Sn(λ)} ⇒ S(λ) in L2[0, π], where S(λ) is amean zero
Gaussian process with the covariance specified in (1) and ‘‘⇒’’ stands
for weak convergence in the Hilbert space L2[0, π] endowed with the
norm metric.

Corollary 2.1. Under the assumptions of Theorem 2.1, (3) holds
under H0. Under H1, we have that

CMn

n
→p

∞−
j=1

γ 2(j)
∫ π

0
Ψ 2

j (λ)dλ. (7)

Thus the C–M test is consistent since at least one γ (j) ≠ 0 for
j = 1, 2, . . . under the alternative. The Hilbert space approach is
very natural for studying the asymptotic properties of the statistic
of Cramér–vonMises type. Unfortunately, it is not applicable to the
statistic of Kolmogorov–Smirnov type, since the ‘‘sup’’ functional is
no longer a continuous mapping from L2[0, π] to R. This is a price
we pay for the reduced technicality of the Hilbert space approach
as compared to the ‘‘sup’’ norm approach.

Remark 2.1. Note that

γ (k) = cov(X0, Xk) = E

−
j∈Z

PjX0

−
j′∈Z

Pj′Xk


=

−
j∈Z

E(PjX0PjXk).

By the Cauchy–Schwarz inequality, we have−
k∈Z

|γ (k)| ≤

−
j,k∈Z

|E(PjX0PjXk)|

≤

−
j,k∈Z

‖PjX0‖‖PjXk‖ =

−
j∈Z

‖P0Xj‖

2

.

By Theorem 1 of Wu (2005), ‖P0Xj‖ ≤ δ2(j) ≤ δ4(j) for j ≥ 0.
Therefore, the assumption (5) implies that

∑
∞

k=−∞
|γ (k)| < ∞,

i.e., Xt is a short memory process.

Remark 2.2. A natural question is how to verify the conditions
(5) and (6) for time series models. It turns out that both (5) and
(6) are implied by the GMC(4) condition; see Wu (2005) and Wu
and Shao (2004). Let (ε′

k)k∈Z be an iid copy of (εk)k∈Z; let X ′
n =

G(. . . , ε′

−1, ε
′

0, ε1, . . . , εn) be a coupled version of Xn. We say that
Xn is GMC(α), α > 0, if there exist C > 0 and ρ = ρ(α) ∈ (0, 1)
such that

E(|Xn − X ′

n|
α) ≤ Cρn, n ∈ N. (8)

The property (8) indicates that the process {Xn} forgets its past
exponentially fast, and it can be verified for many nonlinear time
series models, such as threshold model (Tong, 1990), bilinear
model (Subba Rao andGabr, 1984), various forms of GARCHmodels
(Bollerslev, 1986; Ding et al., 1993); see Wu and Min (2005) and
Shao and Wu (2007) for more details.

Recently, there is a surge of interest in conditional het-
eroscedastic models (e.g. GARCH models) due to its empirical rel-
evance in modeling financial time series. The GARCH process is
a martingale difference with time varying conditional variance,
so it is uncorrelated but dependent. In addition, there are a few
commonly used models that are uncorrelated but are not martin-
gale differences (MDS). Examples include all-pass ARMA models
(Breidt et al., 2001), certain forms of bilinear models (Granger and
Anderson, 1978) and nonlinear moving average models (Granger
and Teräsvirta, 1993); see Lobato et al. (2002). These models also
satisfy GMC conditions, as demonstrated in Shao (in press).

To study the local power, we define the spectral density under
the local alternative as

H1n : fn(w) = (2π)−1γ (0)(1 + g(w)/
√
n), w ∈ [−π, π], (9)

where g is a symmetric and 2π-periodic function that satisfies π

−π
g(w)dw = 0, which ensures that fn is a valid spectral

density function for large n. In this case, we have γn(j) = π

−π
fn(w)eijwdw = γ (0)1 (j = 0) + 1 (j ≠ 0)γ (0)/(2π

√
n) π

−π
g(w)eijwdw. So under the local alternative,

Sn(λ) =

n−1−
j=1

√
n{γ̂ (j) − γn(j)}Ψj(λ) +

n−1−
j=1

√
nγn(j)Ψj(λ),

where the first term converges to S(λ) in L2[0, π] and the
second term approaches γ (0)/(2π)

 λ

0 g(w)dw. This implies
CMn →D

 π

0 {S(λ) + γ (0)/(2π)
 λ

0 g(w)dw}
2dλ. It is not hard to

show that limn→∞ P(CMn rejects H0|H1n), which is the limiting
power of the C–M test, approaches 1 as ‖

 λ

0 g(w)dw‖ goes
to ∞. This suggests that the test has nontrivial power against
local alternative that is within n−1/2-neighborhood of the null
hypothesis.
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3. Nonparametric blockwise wild bootstrap

In this section, we shall use a blockwise wild bootstrap method
to approximate the limiting null distribution of CMn. We describe
the steps involved in forming bootstrapped statistic CM∗

n as
follows:

1. Set a block size bn, s.t. 1 ≤ bn < n. Denote the blocks by
Bs = {(s − 1)bn + 1, . . . , sbn}, s = 1, . . . , Ln, where the
number of blocks Ln = n/bn is assumed to be an integer for
the convenience of presentation.

2. Take iid random draws δs, s = 1, 2, . . . , Ln, independent of
the data, from a common distribution W , where E(W ) = 0,
E(W 2) = 1 and E(W 4) < ∞. Define the auxiliary variables
wt = δs, if t ∈ Bs, for t = 1, . . . , n.

3. Let γ̂ ∗(j) = n−1∑n
t=j+1{(Xt − X̄)(Xt−j − X̄) − γ̂ (j)}wt for

j = 1, . . . , n − 1. Define the bootstrapped process

S∗

n (λ) =
√
n

n−1−
j=1

γ̂ ∗(j)Ψj(λ).

4. Compute the bootstrapped test statistic CM∗

n =
 π

0 {S∗
n (λ)}2dλ.

5. Repeat steps 2 and 3M times and denote by CM∗

n,α the empirical
100(1−α)% sample percentile of CM∗

n based onM bootstrapped
values. Then we reject the null hypothesis at the significance
level α if CMn > CM∗

n,α .

Throughout the paper, we assume that b−1
n + bn/n → 0

as n → ∞. As seen from the above procedure, the blockwise
wild bootstrap is a simple variant of the traditional wild bootstrap
(Wu, 1986; Liu, 1988; Mammen, 1993), which was originally
proposed to deal with independent and heteroscedastic errors in
the regression problems. The main difference from the traditional
wild bootstrap is that the auxiliary variables {wt}

n
t=1 are the same

within each block of size bn and iid across different blocks. This
helps to capture the dependence between {(Xt − X̄)(Xt−j − X̄)} and
{(Xt ′ − X̄)(Xt ′−k − X̄)} for j, k = 1, . . . , n − 1 when t, t ′ belong
to the same block. Here we mention that the wild bootstrap has
been widely used in the context of specification testing to achieve
a consistent approximation of the limiting null distribution of the
test statistics that depends on the data generating mechanism;
see Stute et al. (1998), Li et al. (2003) and Escanciano and Velasco
(2006), among others. No centering such as the one appeared in
γ̂ ∗(j) has been used in the above-mentioned papers.

Let dw be any metric that metricizes weak convergence
in L2[0, π]; see Politis and Romano (1994). To describe the
convergence of CM∗

n , conditional on the sample, we adopt the
notion ‘‘in distribution in probability’’ introduced by Li et al. (2003).
Given the observations {Xt}

n
t=1 and a statistic ξn, L(ξn|X1, X2, . . .)

(i.e., the distribution of ξn given X1, X2, . . .) is said to converge
to L(ξ) in distribution in probability if for any subsequence ξn′ ,
there exists a further subsequence ξn′′ such that L(ξn′′ |X1, X2, . . .)
converges to L(ξ) for almost every sequence (X1, X2, . . .). Denote
by P∗, E∗, var∗ and cov∗ the probability, expectation, variance and
covariance conditional on the data.

Theorem 3.1. Assume (5) and

∞−
k1,...,kJ=−∞

|kj||cum(X0, Xk1 , . . . , XkJ )| < ∞, j = 1, . . . , J, (10)

for J = 1, . . . , 7. Under the null hypothesis, under any fixed
alternative hypothesis, or under the local alternatives (9), we have
that

dw[L{S∗

n (λ)|Xn}, L{S(λ)}] → 0 (11)

in probability as n → ∞, where L(S∗
n (λ)|Xn) stands for

the distribution of S∗
n (λ) given the sample Xn. Consequently,

the bootstrapped test statistic CM∗

n converges to
 π

0 S2(λ)dλ in
distribution in probability.

Summability conditions on joint cumulants (e.g. (10)) are
common in spectral analysis; see Brillinger (1975). For a linear
processXt =

∑
j∈Z ajεt−j with εj being iid, (10) holds if

∑
j∈Z |jaj| <

∞ and ε1 ∈ L8. If Xt admits the form (4), then (10) is true provided
that Xt satisfies GMC(8) (see Wu and Shao, 2004, Proposition 2).
The assumption of eighth moment condition is a bit strong, but
seems necessary in our technical argument.

Remark 3.1. If the process Xt is a sequence of martingale
differences satisfying the conditions of Theorem 3.1, then

cov{S(λ), S(λ′)} =

∞−
j,k=1

E(Y 2
t Yt−jYt−k)Ψj(λ)Ψk(λ

′)

(compare (1)) and taking bn = 1 (i.e., using traditional wild
bootstrap) still leads to a consistent bootstrap approximation to
the limiting null distribution of CMn. Since the proof is basically a
repetition of the argument in the proof of Theorem 3.1, we omit
the details.

Therefore, in view of Theorem 2.1, Corollary 2.1 and the
discussions at the end of Section 2, Theorem 3.1 suggests that the
bootstrap-assisted test (i.e. use bootstrapped critical values) has a
correct asymptotic level, is consistent, and has nontrivial power to
detect the alternatives tending to the null hypothesis at n−1/2 rate.

4. Finite sample performance

In the section, we shall investigate the finite sample perfor-
mance of our bootstrap-assisted test in comparison with three
other methods: (i) Deo’s corrected C–M test; (ii) The QK test
as proposed in Lobato et al. (2002) to account for dependence;
(iii) Subsampling-based test (Politis et al., 1999). Deo (2000) re-
ported through simulation studies that the uncorrected standard-
ized C–M test statistic has severe size distortion when conditional
heteroscedasticity is present, the corrected standardized C–M test
statistic retains the nominal size even when the correction is un-
necessary, and using the corrected statistic does not result in a
loss of power compared to its uncorrected counterpart. So we
do not include the uncorrected standardized C–M test statistic
in the comparison. For the QK test, a bandwidth parameter is
involved in the consistent estimation of asymptotic covariancema-
trix of the first K sample correlations. Here we adopt an auto-
matic procedure as used in Lobato et al. (2002), i.e., we employ the
AR(1) prewhitening on each series and select the bandwidth us-
ing formula (2.2) of Newey and West (1994) with weights equal
to one and lag truncation equal to 2(n/100)2/9. We consider K =

1, 5, 10. For the subsampling method, the key idea is to approxi-
mate the sampling distribution of CMn with the subsampling ana-
logue {CMl(t)}n−l+1

t=1 , where l is the subsample window width and
CMl(t) is the subsampled counterpart of CMn and is based on the
t-th subsample (Xt , . . . , Xt+l−1) for t = 1, . . . , n − l + 1. We let
l = ⌊

√
n/2⌋, ⌊

√
n⌋, ⌊2

√
n⌋, ⌊4

√
n⌋, where ⌊a⌋ stands for the inte-

ger part of a. Among these three methods, the theoretical validity
under general dependence assumption (including non-martingale
difference sequence) has been proved only for QK test. Presum-
ably one can show that the subsampling method also works un-
der certain mixing assumptions in view of its wide applicability.
Three series lengths (n = 100, 400 and 1000) are investigated.
For our bootstrap-assisted test, we let bn = 1, ⌊

√
n/2⌋, ⌊

√
n⌋

and ⌊2
√
n⌋. These choices deliver bn = 1, 5, 10, 20 for n = 100,

bn = 1, 10, 20, 40 for n = 400 and bn = 1, 15, 31, 63 for
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n = 1000. The following Bernoulli distribution is employed to gen-
erate δt :

P(δt = 0.5(1 −
√
5)) =

1 +
√
5

2
√
5

and

P(δt = 0.5(1 +
√
5)) = 1 −

1 +
√
5

2
√
5

.

500 bootstrap samples were taken in the calculation of empirical
rejection percentage.

4.1. Size

Let εt ∼ iid N(0, 1) unless specified and B denotes the
backward shift operator. To examine the empirical size, we
consider the following models:

M1: IID normal, Xt = εt .
M2: GARCH(1, 1), Xt = εtσt , where σ 2

t = 0.001 + 0.09σ 2
t−1 +

0.89X2
t−1.

M3: IGARCH(1, 1), Xt = εtσt , where σ 2
t = 0.001 + 0.09σ 2

t−1 +

0.91X2
t−1.

M4: EGARCH, Xt = εtσt , where log(σ 2
t ) = 1 + (1 + 0.8B)[0.5εt +

2{|εt | − E|εt |}].
M5: Non-MDS 1 (non-martingale difference): Xt = ε2

t εt−1.
M6: Non-MDS 2: Xt = ε2

t ε
2
t−1ε

2
t−2εt−3.

M7: All-pass ARMA(1, 1) model: Xt = 0.8Xt−1 + εt − (1/0.8)εt−1,
where εt ∼ t(10).

M8: Bilinear model: Xt = εt + 0.5εt−1Xt−2.

The models M1–M4 are martingale differences, whereas the
modelsM5–M8 are uncorrelated but are notmartingale differences.
The models M2 and M3 have been used in Lobato et al. (2001) in
the examination of the finite sample performance of a modified
Box–Pierce test. Among the non-MDS examples, M6 exhibits
stronger dependence than M5. The models M7 and M8 have been
investigated in Lobato et al. (2002) for QK test. Note that the
IGARCH modelM3 does not admit a finite second moment and the
GARCH model M2 admits a finite second moment but the fourth
moment is infinite; see Davidson (2004) and Ling and McAleer
(2002) for sufficient and necessary conditions on the existence of
higher order moments for GARCH models. According to examples
2.1 and 2.2 in Shao (in press), the models M7 and M8 both satisfy
GMC(8), so all the moment and weak dependence assumptions in
Theorems 2.1 and 3.1 hold. The GMC(8) property also holds for the
modelsM1,M5 andM6, as can be easily seen. For the EGARCHmodel
M4, Min (2004) showed that it is GMC(q) for any q ∈ N if εt ∼ iid
N(0, 1).

Table 1(a)–(c) shows the proportion (in percentage) of 5000
replications in which the null hypothesis was rejected at 1%, 5%
and 10% nominal significance levels for n = 100, n = 400 and n =

1000 respectively. For all sample sizes, Deo’s test delivers accurate
size for the models M1, M2, M3 and M7 but the size distortion is
noticeable for other models. Note that the asymptotic validity of
Deo’s test statistic requires the asymptotic independence of ρ̂(j)
and ρ̂(k), j ≠ k and that the distorted size for the model M4
might be due to the fact that this assumption does not hold for
M4 although it is a MDS. For the bootstrap-assisted test, the size
is accurate for the models M1–M3 at bn = 1 since as commented
in Remark 3.1, taking bn = 1 leads to consistent bootstrap
approximation when the series is a MDS. When bn gets large,
the size is more distorted at all levels, but the size distortion
decreases as n increases. For the modelM4, taking bn =

√
n (2

√
n)

corresponds to least size distortion when n = 100 (n = 1000).
For non-MDS models, the optimal bn in terms of size depends on
the model and sample size; compare the models M5 and M6. The

subsampling based test seems quite sensitive to the choice of the
subsampling width, with

√
n/2 a suboptimal choice for almost

all models at all sample sizes and 2
√
n corresponding to accurate

size for most models. The QK test performs reasonably well when
K = 1 for the modelsM1,M2,M3,M7 andM8, but less satisfactory
for other models. A plausible explanation is that the automatic
bandwidth selection procedure may not perform well in all the
situations. The QK test performs very poorly for K = 5, 10 when
n = 100, which indicates that the asymptotic approximation is
less accurate when K is relatively large. The size distortion of QK
at K = 5, 10 improves for some models as sample size increases,
but not uniformly. It is a little surprising to see that for some
models (e.g. M6) the size gets more distorted as sample size gets
larger. This might be related to the finite sample bias in the data-
driven bandwidth selection algorithm. In particular, the use of the
truncation lag 2(n/100)2/9 is somewhat arbitrary, and it may not
work well for all the models under examination. Hence, for some
models, the bias in the estimation of optimal bandwidth could
get large as sample size increases, thus affects the size negatively.
It is also worth noting that our bootstrap-based test performs
reasonablywell for themodelM3, especially at n = 1000, although
the second moment is infinite.

4.2. Power

We report the empirical powers of the above-mentioned tests
in a small Monte Carlo study. The following alternatives are
considered:

M9: MA(1), Xt = ut + ρut−1, where ut follows the GARCH model
M2 and ρ = 0.05, 0.1, . . . , 0.3.

M10: MA(1), Xt = ut + ρut−1, where ut follows the bilinear model
M8 and ρ = 0.05, 0.1, . . . , 0.3.

M11: ARFIMA(0, d, 0), (1 − B)dXt = εt , where d = −0.2, −0.15,
. . . , 0.2.

We present the size-adjusted power in Table 2(a), (b) and
(c) for the models M9, M10 and M11 at sample size n = 400.
For bootstrap and subsampling based tests, the calculation of
size-adjusted power does not appear to as obvious as that for
an asymptotic test. Here we use the technique described in
Dominguez and Lobato (2001),who proposed an alternativeway of
calculating size-corrected power for bootstrap tests. The extension
to subsampling based test is straightforward, so we omit the
details. As shown in Table 2, the power for the bootstrap-assisted
test seems not very sensitive to the choice of bn. It is comparable
to the power for Deo’s test and Q1 test, and is superior to that forQ5 and Q10 for all the examined alternatives. In a few cases, the
bootstrap-based test outperforms all the other alternativemethods
in power. In particular, our bootstrap test is more powerful than
the Q̃K for K = 1, 5, 10 for the FARIMA(0, d, 0) alternative
when d = 0.05, 0.1, 0.15 and 0.2 (i.e., in the long memory
region). For the subsampling method, larger subsampling width
corresponds to less power. The power for l =

√
n/2 is comparable

to those delivered by Deo’s corrected C–M test and our bootstrap
test, and the power corresponding to the other three widths
are substantially lower. However, the size distortion reaches the
largest when l =

√
n/2, so the small width is also not preferred.

In view of the overall size and power performance, it is fair to
conclude that the subsampling method does not perform as well
as the bootstrap-based test, which has very good size and power
properties provided that the block size is suitably chosen.
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Table 1
Rejection rates in percentage under the null hypothesis for sample sizes (a) n = 100, (b) n = 400 and (c) n = 1000. The symbols BOOT(l) and SUB(l) stand for the
bootstrap-assisted test and the subsampling based test with the bandwidth parameter equal to l. The largest standard error is 0.7%.

(a) n = 100 M1 M2 M3 M4

1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

Deo 0.6 5 9.6 0.8 4.8 10 0.8 4.8 10.1 0.2 2.1 6.9

BOOT(1) 1.1 5.8 10.8 1.3 5.4 10.9 1.4 5.6 10.9 0.4 3.4 11.0
BOOT(

√
n/2) 2.1 7.3 12.7 1.8 7.1 12.7 1.7 6.8 12.5 0.4 3.3 9.4

BOOT(
√
n) 4.2 9.3 15.0 3.5 8.5 14.6 3.2 8.6 14.6 1.0 4.5 10.4

BOOT(2
√
n) 11.8 15.2 21.1 10.0 13.7 19.1 10.2 13.6 19.0 5.2 9.7 13.2

SUB(
√
n/2) 3.7 12.6 26.2 3.6 11.6 27.5 3.7 11.9 28.0 2.9 26.5 60.8

SUB(
√
n) 2.4 7.1 15.4 2.1 6.3 14.6 2.0 6.1 14.9 0.9 5.8 30.3

SUB(2
√
n) 2.8 6.6 11.7 1.9 5.3 11.3 2.0 5.5 11.2 1.2 6.1 12.0

SUB(4
√
n) 3.9 8.1 12.5 3.2 7.1 12.2 2.9 6.9 12.4 2.5 8.1 13.3Q1 0.3 4.0 9.3 0.4 3.8 8.9 0.4 3.6 9.2 0.6 1.6 3.8Q5 0.1 1.8 5.3 0.3 1.7 5.2 0.2 2.0 5.4 3.0 3.9 4.6Q10 0.1 0.6 1.5 0.5 1.4 2.6 0.8 2.0 3.3 6.4 7.6 8.7

n = 100 M5 M6 M7 M8

1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

Deo 0.2 2.4 7.6 0.1 1.1 4.8 0.6 3.5 8.3 1.8 7.9 13.9

BOOT(1) 0.3 4.1 10.6 0.2 2.5 11.0 0.9 4.5 9.7 2.6 9.0 15.2
BOOT(

√
n/2) 0.6 4.0 11.0 0.1 1.3 7.2 1.7 6.6 12.1 3.3 9.7 16.6

BOOT(
√
n) 1.5 5.9 12.6 0.2 1.9 6.8 3.8 9.1 14.6 4.6 10.8 17.7

BOOT(2
√
n) 7.0 11.3 16.1 2.3 6.5 8.7 11.1 15.2 20.6 12.9 16.8 21.8

SUB(
√
n/2) 1.8 15.5 42.0 1.8 31.9 73.8 3.0 11.1 26.3 5.4 15.4 35.0

SUB(
√
n) 1.1 4.8 22.8 0.8 6.4 40.3 2.3 6.4 14.6 2.7 8.3 18.8

SUB(2
√
n) 1.6 5.8 11.4 1.1 6.9 14.0 2.9 6.1 11.5 2.7 7.1 12.1

SUB(4
√
n) 3.5 8.0 13.5 2.6 8.3 13.7 4.2 8.2 12.7 4.2 9.0 14.2Q1 0.3 1.6 5.5 0.9 1.1 2.7 0.3 3.6 8.4 1.1 6.5 13.3Q5 1.8 2.7 3.4 5.9 6.7 7.1 0.1 1.7 4.9 0.3 2.2 5.9Q10 5.5 7.1 8.2 14.6 16.0 17.1 0.1 0.6 1.8 0.6 1.6 2.7

(b) n = 400 M1 M2 M3 M4

1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

Deo 0.8 4.9 10.4 0.8 5 10.3 0.8 5 10.3 0.2 2.7 7.7

BOOT(1) 1.1 5.2 10.7 1.2 5.2 10.6 1.1 5.3 10.6 0.4 3.6 9.9
BOOT(

√
n/2) 1.6 6.2 12.2 1.3 5.6 11.2 1.4 5.6 11.4 0.5 3.6 10.1

BOOT(
√
n) 2.4 7.4 13.2 1.7 6.2 11.8 1.6 5.7 11.1 0.6 3.8 10.5

BOOT(2
√
n) 4.4 9.8 15.2 3.3 7.9 13.3 2.6 7.0 12.3 1.7 5.9 11.5

SUB(
√
n/2) 1.0 6.6 16.9 0.5 5.1 17.6 0.5 4.8 18.0 0.5 32.2 61.8

SUB(
√
n) 1.2 5.1 12.7 0.3 2.7 11.3 0.4 2.1 11.0 0.6 12.5 40.2

SUB(2
√
n) 1.8 4.9 10.4 0.5 2.2 6.8 0.4 2.1 6.9 0.8 3.9 8.5

SUB(4
√
n) 2.2 5.5 9.5 1.0 3.2 7.7 0.7 3.1 7.5 1.6 5.4 9.9Q1 0.7 4.5 10.4 0.5 4.4 10.0 0.5 4.1 9.6 0.2 1.9 6.3Q5 0.5 3.5 8.2 0.3 2.3 6.0 0.2 2.2 5.6 0.5 0.7 1.1Q10 0.3 1.9 4.9 0.2 1.0 2.8 0.2 1.0 2.9 1.0 1.3 1.7

n = 400 M5 M6 M7 M8

1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

Deo 0.4 4.1 8.8 0.1 1.6 5.7 0.7 4.1 9.1 2 7.4 13.9

BOOT(1) 0.6 4.9 10.4 0.1 2.7 11.3 0.9 4.5 9.2 2.5 7.7 14.3
BOOT(

√
n/2) 1.0 4.6 10.6 0.1 1.8 8.8 1.5 6.2 11.6 2.1 6.9 12.5

BOOT(
√
n) 1.2 5.9 11.5 0.1 1.9 8.4 2.2 7.0 12.3 2.6 7.3 13.2

BOOT(2
√
n) 2.6 7.7 13.8 0.4 3.4 8.5 4.0 8.9 14.3 4.2 9.1 14.6

SUB(
√
n/2) 0.2 11.6 33.9 0.5 47.1 81.6 0.8 6.0 16.3 0.6 7.8 21.9

SUB(
√
n) 0.2 4.9 21.6 0.6 15.7 53.3 0.6 4.4 11.9 0.6 4.1 14.2

SUB(2
√
n) 0.6 2.4 6.7 0.8 4.0 9.5 1.3 4.2 9.1 0.9 3.4 8.4

SUB(4
√
n) 1.3 3.9 8.2 1.3 5.2 11.3 1.8 4.5 9.1 1.7 4.5 8.4Q1 0.2 3.0 8.0 0.2 0.9 3.6 0.6 4.4 10.0 1.2 6.4 12.9Q5 0.1 0.4 1.2 1.0 1.2 1.4 0.6 3.3 7.2 0.5 3.2 7.2Q10 0.2 0.6 1.0 2.8 3.3 3.4 0.2 1.6 4.6 0.2 1.9 4.2

(continued on next page)

4.3. Empirical illustration

In this section, we apply all the aforementioned tests to the
780monthly returns on the CRSP-NYSE equal-weighted and value-

weighted portfolios from January 1926 to December 1990. This
data set has been analyzed by Deo (2000) and Durlauf (1991) using
the corrected and uncorrected standardized C–M test statistic
respectively. Table 3 reports the p-values for a range of block sizes
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Table 1 (continued)

(c) n = 1000 M1 M2 M3 M4

1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

Deo 1.1 5.1 10 0.8 4.6 10.4 1.1 5.3 10.6 0.2 2.8 7

BOOT(1) 1.2 5.3 10.4 1.1 4.8 10.4 1.3 5.7 10.7 0.4 3.4 9.4
BOOT(

√
n/2) 1.7 5.7 10.9 1.3 5.5 10.7 1.3 5.5 10.5 0.5 3.4 9.5

BOOT(
√
n) 1.9 6.8 12.0 1.4 5.8 10.8 1.4 5.5 10.4 0.6 3.4 9.7

BOOT(2
√
n) 3.0 7.7 13.0 1.9 6.5 12.1 1.5 5.3 11.1 1.0 4.5 10.1

SUB(
√
n/2) 0.9 5.6 13.3 0.1 3.8 16.3 0.0 3.6 17.4 0.1 34.4 62.2

SUB(
√
n) 0.9 4.9 11.3 0.0 2.3 11.7 0.1 1.7 11.8 0.2 17.3 45.7

SUB(2
√
n) 1.2 4.8 10.2 0.2 1.6 8.2 0.1 1.2 7.7 0.4 2.6 28.7

SUB(4
√
n) 1.4 4.7 9.1 0.4 2.0 5.7 0.2 1.7 5.6 0.9 3.9 8.1Q1 1.0 5.1 10.3 0.7 4.7 9.8 0.8 4.9 9.9 0.2 1.8 6.0Q5 0.7 4.4 9.4 0.3 2.4 6.2 0.3 2.0 4.7 0.1 0.2 0.5Q10 0.5 3.3 7.3 0.1 1.4 3.6 0.1 1.2 3.1 0.3 0.4 0.6

n = 1000 M5 M6 M7 M8

1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

Deo 0.7 4 9 0.1 2.1 6.8 0.8 4.6 9.4 2 8.4 14.6

BOOT(1) 0.9 4.6 9.7 0.2 3.4 10.8 1.1 4.8 9.4 2.4 8.4 14.6
BOOT(

√
n/2) 1.2 4.7 9.8 0.1 2.1 9.2 1.5 6.4 11.6 1.7 7.1 12.9

BOOT(
√
n) 1.3 5.2 10.6 0.1 2.3 8.6 2.0 7.1 12.2 2.0 7.6 12.9

BOOT(2
√
n) 2.1 6.6 12.0 0.4 2.6 8.6 2.9 8.7 14.0 3.0 8.7 13.8

SUB(
√
n/2) 0.0 8.4 29.3 0.3 51.5 82.7 0.6 5.2 14.1 0.3 6.4 18.6

SUB(
√
n) 0.1 4.8 18.8 0.4 25.2 63.5 0.8 5.0 11.7 0.5 4.6 13.9

SUB(2
√
n) 0.3 2.0 12.5 0.6 3.3 38.1 1.2 4.7 10.5 0.7 3.6 11.5

SUB(4
√
n) 0.8 3.0 7.1 0.8 3.9 9.1 1.4 4.2 9.3 1.2 4.0 8.5Q1 0.4 3.4 8.5 0.1 1.0 4.4 0.9 5.2 10.7 0.9 5.9 11.7Q5 0.0 0.6 2.1 0.3 0.4 0.4 0.6 4.1 8.4 0.9 4.2 8.8Q10 0.0 0.3 1.0 0.7 0.8 0.9 0.6 2.7 6.2 0.3 3.1 6.7

Table 2
Rejection rates in percentage under the alternative hypothesis for (a)M9 , (b)M10 and (c)M11 . The symbols BOOT(l) and SUB(l) stand for the bootstrap-assisted test and the
subsampling based test with the bandwidth parameter equal to l. The significance level is 5%.

n = 400 (a) (b)
ρ 0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3

Deo 10.4 28.5 55.4 80 94 98.6 12.9 37.3 69.6 90.4 98.4 99.8

Boot(1) 11.4 30.7 57.6 81.9 94.6 98.9 12.7 36.1 69.1 90.0 98.3 99.7
Boot(

√
n/2) 10.1 29.5 58.3 82.4 95.3 99.0 13.0 37.1 69.2 90.5 98.2 99.6

Boot(
√
n) 10.9 30.6 59.1 82.4 95.1 98.9 13.9 37.8 68.8 89.6 97.8 99.5

Boot(2
√
n) 13.7 33.0 60.0 82.9 94.9 98.8 15.4 39.3 69.4 89.1 97.1 98.9

SUB(
√
n/2) 12.5 32.8 58.8 82.4 94.5 98.8 10.6 31.5 62.1 84.7 95.5 99.0

SUB(
√
n) 8.4 24.3 48.7 70.9 86.4 93.2 7.7 24.6 50.9 74.3 88.1 93.6

SUB(2
√
n) 7.4 20.6 42.7 63.6 79.2 87.4 6.6 20.4 41.4 61.5 74.7 82.0

SUB(4
√
n) 7.5 20.0 40.1 60.7 75.9 84.8 7.9 21.4 39.3 56.7 67.4 74.3Q1 8.1 24.9 53.0 78.6 93.3 98.0 13.1 37.4 69.7 90.7 98.2 99.7Q5 6.3 13.9 32.6 56.9 78.0 90.4 7.1 19.0 40.4 66.4 84.9 93.2Q10 6.3 11.8 24.7 42.5 62.5 77.7 6.7 13.3 28.0 48.0 65.3 77.9

n = 400 (c)
d −0.2 −0.15 −0.1 −0.05 0.05 0.1 0.15 0.2

Deo 95.2 78.5 46.9 16.2 17.6 56.2 90.4 99.4

Boot(1) 95.5 78.7 47.6 16.9 17.6 56.4 90.4 99.4
Boot(

√
n/2) 96.1 81.1 50.9 18.3 17.2 52.5 87.7 98.6

Boot(
√
n) 96.0 81.8 51.4 19.5 18.9 52.8 87.3 98.6

Boot(2
√
n) 95.3 82.2 55.1 22.4 21.0 54.6 87.0 97.9

SUB(
√
n/2) 91.2 69.0 37.2 11.2 22.6 62.8 92.6 99.4

SUB(
√
n) 88.7 66.8 35.6 10.9 20.7 59.4 90.8 98.9

SUB(2
√
n) 83.9 62.6 33.4 11.2 18.2 52.3 84.9 97.0

SUB(4
√
n) 78.6 58.3 32.4 11.2 15.8 44.6 75.0 91.1Q1 94.1 78.4 48.0 17.4 15.2 49.0 84.4 98.0Q5 96.3 78.1 42.5 13.4 9.1 26.8 58.5 84.3Q10 92.4 67.8 33.4 11.4 8.3 19.6 42.2 64.7

bn = 1, 13, 26, 52, 104, with the latter four values approximately
equal to

√
n/2,

√
n, 2

√
n and 4

√
n respectively. We use 3000

Bootstrap replications. For the equal-weighted return, the p-values

of our bootstrap-assisted test are quite sensitive to the choice of
block size, with smaller p-values at bn = 1. A possible explanation
for this sensitivity is that the series may not be stationary, which
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Table 3
The p-values of four types of tests (Deo’s corrected C–M test, our bootstrap-assisted
test, the subsampling-based test and QK test) applied to the equal-weighted and
value-weighted returns for different block sizes. The symbols BOOT(l) and SUB(l)
stand for the bootstrap-assisted test and the subsampling based test with the
bandwidth parameter equal to l.

Equal-weighted Value-weighted

Deo (2.5%, 5%) (5%, 10%)
BOOT(1) 2.23% 9.5%
BOOT(13) 19.2% 26.2%
BOOT(26) 14.7% 15.8%
BOOT(52) 16.7% 20.8%
SUB(13) 3.8% 7.3%
SUB(26) 5.6% 6.9%
SUB(52) 8.9% 10.8%
SUB(104) 11.7% 11.5%Q1 5.9% 15.0%Q5 12.2% 23.1%Q10 86.1% 73.5%

is required in our theory. The sensitivity of p-values with respect
to block size can also be seen for the subsampling-based test.
The p-values of QK test suggest that the lag-1 autocorrelation is
marginally significant, and the autocorrelation at other lags (up
to lag 10) are all zero. For the value-weighted returns, we cannot
reject the null hypothesis at 5% level for all the tests at all the block
sizes, which is consistent with the result obtained by Deo (2000).

5. Conclusion

In summary, we propose a blockwise wild bootstrap procedure
to approximate the limiting null distribution of the C–M test
statistic. Since in practice we do not know the data generating
process of the series at hand, it seems preferable to use the
bootstrap-based test proposed here, which has been justified to
be widely applicable to a large class of uncorrelated nonlinear
processes. The comparison of our test with three other methods
in terms of the finite sample performance shows that our test
has overall good size and power with superiority ability to deal
with unknown dependence. In addition, it is encouraging to see
that the size and power of our bootstrap-based test is not very
sensitive to the choice of block size for large sample size. Through
an empirical illustration, we show that the evidence against the
white noise null hypothesis for the two series, which were tested
by Durlauf (1991) and Deo (2000), is considerably weakened after
accounting for unknown dependence. The problem of selecting
optimal block size remains open, and more work is needed in
that respect. It would be interesting to investigate if the block
size selection methodology proposed in the block bootstrap and
subsampling literature (cf. Hall et al., 1995; Bühlmann and Künsch,
1999; Politis et al., 1999) can be extended to our setting. We leave
it for future research.
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Appendix

Let γ̃ (j) = n−1∑n
t=1+|j| YtYt−|j| for j = 0, ±1, . . . ,±(n − 1).

Define S̃n(λ) =
∑n−1

j=1
√
nγ̃ (j)Ψj(λ). Denote by a ∧ b = min(a, b)

and a ∨ b = max(a, b); by Wh(j) =


Π
h(λ)Ψj(λ)dλ for any

h ∈ L2(Π), where Π = [0, π]; by Pj =


Π
Ψ 2

j (λ)dλ, j ∈ N.

Note that Pj ≤ Cj−2 uniformly in j ∈ N. Further we note that
Π

Ψj(λ)Ψk(λ)dλ = 0 when j ≠ k, j, k ∈ N.

Proof of Theorem 2.1. By Lemma 5.1, it suffices to show that
S̃n(λ) − E{S̃n(λ)} ⇒ S(λ). For each fixed K , 1 ≤ K ≤ n − 1,

S̃n(λ) =

K−
j=1

√
nγ̃ (j)Ψj(λ) +

n−1−
j=K+1

√
nγ̃ (j)Ψj(λ)

= S̃Kn (λ) + RK
n (λ).

Then we want to show

(a). For an arbitrary but fixed integer K the finite dimensional
distributions of S̃Kn (λ) − E{S̃Kn (λ)}, ⟨S̃Kn − E{S̃Kn }, h⟩, converge to
those of SK (λ), ⟨SK (λ), h⟩, for any h ∈ L2(Π), where SK (λ)

is a Gaussian process with zero mean and asymptotic projected
variances

σ 2
h,K = var[⟨SK , h⟩]

=

K−
j,k=1

∞−
d=−∞

cov(YtYt−j, Yt−dYt−d−k)Wh(j)Wh(k).

Note that

⟨S̃Kn − E{S̃Kn }, h⟩ = n−1/2
K−

j=1

n−
t=j+1

{YtYt−j − γ (j)}Wh(j)

= n−1/2
K+1−
t=2

t−1−
j=1

{YtYt−j − γ (j)}Wh(j)

+ n−1/2
n−

t=K+2

K−
j=1

{YtYt−j − γ (j)}Wh(j),

where the first summand above is op(1) since K is finite. For the
second summand, since

∑
∞

k=0 δ4(k) < ∞ and

‖P0(YtYt−j)‖ ≤ ‖YtYt−j − Y ′

tY
′

t−j‖ ≤ C{δ4(t) + δ4(t − j)},

we have that
∑

∞

k=0 ‖P0(YkYk−j)‖ < ∞ for any j = 1, . . . , K .
Consequently, the distributional convergence follows from Theo-
rem 1 in Hannan (1973) or Lemma 1 in Wu and Min (2005).

(b). For an arbitrary but fixed integer K the sequence {S̃Kn (λ)} is
tight.

S̃Kn (λ) − E{S̃Kn (λ)} = n−1/2
K−

j=1

n−
t=j+1

{YtYt−j − γ (j)}Ψj(λ)

= n−1/2
n−

t=2

(t−1)∧K−
j=1

{YtYt−j − γ (j)}Ψj(λ)

= n−1/2
K+1−
t=2

GK
n,t + n−1/2

n−
t=K+2

GK
n,t ,

where GK
n,t is implicitly defined. The tightness of n−1/2∑K+1

t=2 GK
n,t

follows from the fact that it is a finite sum and each summand
is tight. For the second term n−1/2∑n

t=K+2 G
K
n,t , we note that it

is a sum of stationary, mean zero random elements such that
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E‖
∑K

j=1{YtYt−j − γ (j)}Ψj(λ)‖2 < ∞. Thus it suffices to verify the
assumptions in Politis and Romano (1994) listed below:

(i) E‖GK
n,t‖

2 < ∞.
(ii) For each integer m ≥ 2, the random elements (GK

n,K+2,

GK
n,K+3, . . . ,G

K
n,K+m) converge in distribution to (GK

K+2,G
K
K+3, . . . ,

GK
K+m).
(iii) For each integer m ≥ 2, E[⟨GK

n,K+2,G
K
n,K+m⟩] →

E[⟨GK
K+2,G

K
K+m⟩] as n → ∞.

(iv) limn→∞

∑n
t=K+2 E[⟨GK

n,K+2,G
K
n,t⟩] =

∑
∞

t=K+2 E[⟨GK
K+2,

GK
t ⟩] < ∞, and the last series converges absolutely.
(v) var[⟨S̃Kn − E(S̃Kn ), h⟩] → σ 2

h,K .
Let GK

t = GK
n,t =

∑K
j=1{YtYt−j −γ (j)}Ψj(λ). Then (i), (ii) and (iii)

are trivially satisfied. For (iv), we have
∞−

t=K+2

|E[⟨GK
K+2,G

K
t ⟩]|

=

∞−
t=K+2

 K−
j=1

cov(YtYt−j, YK+2YK+2−j)Pj


≤

∞−
t=K+2

K−
j=1

Pj{|cum(Xt , XK+2, Xt−j, XK+2−j)|

+ γ 2(t − K − 2) + |γ (t − K − 2 + j)γ (t − K − 2 − j)|}
< ∞

in view of the assumptions (5), (6) and Remark 2.1.
Further we note that

var[⟨S̃Kn − E(S̃Kn ), h⟩] = n−1var


K−

j=1

n−
t=j+1

YtYt−jWh(j)



= n−1
K−

j,k=1

n−
t=j+1

n−
t ′=k+1

cov(YtYt−j, Yt ′Yt ′−k)Wh(j)Wh(k)

= n−1
K−

j,k=1

(n−j)∨(n−k)−1−
d=(j−n)∧(k−n)+1

cov(YtYt−j, Yt−dYt−d−k)Wh(j)Wh(k)

{(n − j) ∨ (n − k) − |d|} → σ 2
h,K .

Thus (v) is shown and this completes the proof of part (b).
(c). The process RK

n (λ) satisfies that for all ϵ > 0,

lim
K→∞

lim
n→∞

P(‖RK
n (λ) − E{RK

n (λ)}‖ > ϵ) = 0.

Under the assumptions (5) and (6), we have

E‖RK
n (λ) − E{RK

n (λ)}‖2
= n

n−1−
j=K+1

var{γ̃ (j)}Pj

≤ n−1
n−1−

j=K+1

n−
t,t ′=j+1

Pj{|cum(X0, X−j, Xt ′−t , Xt ′−t−j)|

+ |γ 2(t ′ − t)| + |γ (t ′ − t + j)γ (t ′ − t − j)|}

≤ C
∞−

j=K+1

j−2
→ 0 as K → ∞. �

Proof of Corollary 2.1. Under the assumptions of Theorem 2.1, it
follows from Lemma 5.1 and a straightforward calculation that
‖E{Sn(λ)}−

√
n
∑

∞

j=1 γ (j)Ψj(λ)‖ = o(1). Therefore, Sn(λ) ⇒ S(λ)

under H0 and (3) follows from the continuous mapping theorem.
Similarly, the assertion (7) also follows. �

Define S̃∗
n (λ) =

√
n
∑n−1

j=1 γ̃ ∗(j)Ψj(λ), where γ̃ ∗(j) = n−1∑n
t=j+1{YtYt−j − γ (j)}wt .

Proof of Theorem 3.1. By Lemma 5.2, it suffices to show that
(a) The process S̃∗

n (λ) has the same asymptotic finite projections
as the process Sn(λ). To this end, we decompose S̃∗

n (λ) as S̃∗
n (λ) =

S̃K∗
n (λ) + RK∗

n (λ), where S̃K∗
n (λ) =

√
n
∑K

j=1 γ̃ ∗(j)Ψj(λ). We shall
show that

(i). The finite dimensional distributions of S̃K∗
n (λ), ⟨S̃K∗

n , h⟩,
converge to those of SK (λ), ⟨SK (λ), h⟩ for any h ∈ L2(Π), in
probability conditional on the original sample. Write S̃K∗

n (λ) =

n−1/2∑(K+1)
t=2 GK∗

n,t + n−1/2∑n
t=K+2 G

K∗
n,t , where GK∗

n,t =
∑(t−1)∧K

j=1

[YtYt−j−γ (j)]wtΨj(λ). Note thatE[E∗
{n−1/2∑(K+1)

t=2 GK∗
n,t}

2
] = o(1)

since it only involves finite number of terms. It suffices to show the
asymptotic normality of ⟨n−1/2∑n

t=K+2 G
K∗
n,t , h⟩. Write

JK∗

n := n−1/2
n−

t=K+2

⟨GK∗

n,t , h⟩

= n−1/2
n−

t=K+2

K−
j=1

{YtYt−j − γ (j)}wtWh(j)

=

Ln−
s=1

n−1/2δs
−

t∈Bs∩[K+2,n]

K−
j=1

{YtYt−j − γ (j)}Wh(j)

=

Ln−
s=1

H∗

sn,

where H∗
sn is implicitly defined. Then

var∗(JK∗

n ) = n−1
Ln−
s=1

 −
t∈Bs∩[K+2,n]

K−
j=1

{YtYt−j − γ (j)}Wh(j)

2

.

In the sequel, we shall show that var∗(JK∗
n ) →p σ 2

h,K . To this end, we
calculate E{var∗(JK∗

n )} and var{var∗(JK∗
n )} as follows. First, we note

that

E{var∗(JK∗

n )}

= n−1
Ln−
s=1

−
t,t ′∈Bs∩[K+2,n]

K−
j,j′=1

cov(YtYt−j, Yt ′Yt ′−j′)Wh(j′)Wh(j)

→ σ 2
h,K .

Second,

var{var∗(JK∗

n )} = n−2

×

Ln−
s,s′=1

−
t1,t2∈Bs∩[K+2,n]

−
t ′1,t ′2∈Bs′ ∩[K+2,n]

K−
j1,j2=1

×

K−
j′1,j′2=1

C(t1, t2, t ′1, t
′

2, j1, j2, j
′

1, j
′

2)

×Wh(j1)Wh(j2)Wh(j′1)Wh(j′2), (12)

where C(t1, t2, t ′1, t
′

2, j1, j2, j
′

1, j
′

2) equals to

cov[{Yt1Yt1−j1 − γ (j1)}{Yt2Yt2−j2 − γ (j2)},
{Yt ′1

Yt ′1−j′1
− γ (j′1)}{Yt ′2

Yt ′2−j′2
− γ (j′2)}]

= cum(Yt1Yt1−j1 , Yt2Yt2−j2 , Yt ′1
Yt ′1−j′1

, Yt ′2
Yt ′2−j′2

)

+ cov(Yt1Yt1−j1 , Yt ′1
Yt ′1−j′1

)

× cov(Yt2Yt2−j2 , Yt ′2
Yt ′2−j′2

) + cov(Yt1Yt1−j1 , Yt ′2
Yt ′2−j′2

)

× cov(Yt2Yt2−j2 , Yt ′1
Yt ′1−j′1

)

= T1 + T2 + T3.
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By Theorem II.2 in Rosenblatt (1985), we have

T1 =

−
v

cum(Xij , ij ∈ v1) · · · cum(Xij , ij ∈ vp),

where the summation is over all indecomposable partitions v =

v1 ∪ · · · ∪ vp of the two-way table

t1 t1 − j1
t2 t2 − j2
t ′1 t ′1 − j′1
t ′2 t ′2 − j′2.

For example, one such term in T1 is γ (t2 − j2 − t1)γ (t ′1 − j′1 −

t2)γ (t ′2 − t ′1 − j′2)γ (t ′2 − t1 + j1). Under (10), it is easily seen that
its contribution to the sum (12) is of order o(1). The contributions
of other terms in T1 are also o(1) due to (10). For T2, we can write

T2 = {cum(X0, X−j1 , Xt ′1−t1 , Xt ′1−t1−j′1
)

+ γ (t ′1 − t1)γ (t ′1 − t1 − j′1 + j1)
+ γ (t ′1 − j′1 − t1)γ (t ′1 − t1 + j1)}
× {cum(X0, X−j2 , Xt ′2−t2 , Xt ′2−t2−j′2

)

+ γ (t ′2 − t2)γ (t ′2 − t2 − j′2 + j2)
+ γ (t ′2 − j′2 − t2)γ (t ′2 − t2 + j2)}.

When s = s′ in the summation of (12), the contribution of T2
to var{var∗(JK∗

n )} is O(n−2Lnb2n) = o(1). In the case of s ≠ s′,
then (10) implies that the magnitude of all such terms is bounded
by Cn−2L2n = o(1). The same argument applies to T3. Hence,
var{var∗(JK∗

n )} = o(1).
Further, we note that H∗

sn, s = 1, . . . , Ln are independent
conditional on the data. We verify Lindeberg–Feller’s condition as
follows:

Ln−
s=1

E[E∗
{|H∗

sn|
21(|H∗

sn| > ϵ)}] ≤ C
Ln−
s=1

E{E∗
|H∗

sn|
4
}

≤ Cn−2
Ln−
s=1

E

 −
t∈Bs∩[K+2,n]

K−
j=1

{YtYt−j − γ (j)}Wh(j)

4

≤ Cn−2
Ln−
s=1

−
t1,t2,t3,t4∈Bs∩[K+2,n]

K−
j1,j2,j3,j4=1

|Wh(j1)Wh(j2)

×Wh(j3)Wh(j4)||E[{Yt1Yt1−j1 − γ (j1)}{Yt2Yt2−j2 − γ (j2)}
× {Yt3Yt3−j3 − γ (j3)}{Yt4Yt4−j4 − γ (j4)}]|.

Following a similar argument as used in proving var{var∗(JK∗
n )} =

o(1), we can show that the above expression is of order
O(n−2Lnb2n) = o(1). We omit the details.

(ii). For any ϵ > 0, limK→∞ limn→∞ P∗(‖RK∗
n (λ)‖ ≥ ϵ) = 0 in

probability conditional on the sample. Write

E∗
‖RK∗

n (λ)‖2
= n

n−1−
j=K+1

E∗
{γ̃ ∗(j)2}Pj

= n−1
n−1−

j=K+1

n−
t,t ′=j+1

{YtYt−j − γ (j)}{Yt ′Yt ′−j − γ (j)}

× E∗(wtwt ′)Pj

= n−1
n−1−

j=K+1

Ln−
s=1

 −
t∈Bs∩[j+1,n]

{YtYt−j − γ (j)}

2

Pj.

So as n → ∞,

E(E∗
‖RK∗

n (λ)‖2)

= n−1
n−1−

j=K+1

Ln−
s=1

E

 −
t∈Bs∩[j+1,n]

{YtYt−j − γ (j)}

2

Pj

= n−1
n−1−

j=K+1

Ln−
s=1

−
t,t ′∈Bs∩[j+1,n]

cov(YtYt−j, Yt ′Yt ′−j)Pj

→

∞−
j=K+1

Pjσ 2
Y (j),

where σ 2
Y (j) = 2π fYtYt−j(0). Note that

|σ 2
Y (j)| ≤

∞−
k=−∞

|cov(YtYt−j, Yt+kYt+k−j)|

≤

∞−
k=−∞

{|cum(Yt , Yt−j, Yt+k, Yt+k−j)|

+ |γ 2(k) + γ (k + j)γ (k − j)|} < ∞

uniformly in j. Then we get limK→∞ limn→∞ E(E∗
‖RK∗

n (λ)‖2) = 0.
(b) The process S̃∗

n (λ) is tight in probability conditional on the
sample. Write

S̃∗

n (λ) = n−1/2
n−

t=2

t−1−
j=1

{YtYt−j − γ (j)}wtΨj(λ)

= L−1/2
n

Ln−
s=1

b−1/2
n δs

−
t∈Bs∩[2,n]

t−1−
j=1

{YtYt−j − γ (j)}Ψj(λ)

= L−1/2
n

Ln−
s=1

M∗

sn(λ),

where M∗
sn(λ) is implicitly defined. Note that M∗

sn(λ) and M∗

s′n(λ),
s ≠ s′ are independent given the sample. In view of the argument
in the proof of Theorem 4 of Escanciano and Velasco (2006), it
suffices to verify that E∗

‖M∗
sn(λ)‖2 < ∞ almost surely; also see

Example 1.8.5 of Van der Vaart and Wellner (1996). To this end,
write

E{E∗
‖M∗

sn(λ)‖2
} = b−1

n

−
t,t ′∈Bs

t∧t ′−1−
j=1

cov(YtYt−j, Yt ′Yt ′−j)Pj.

Under (5) and (6), the above expression is bounded by

b−1
n

−
t,t ′∈Bs

t∧t ′−1−
j=1

{|cum(Xt , Xt−j, Xt ′ , Xt ′−j)| + |γ 2(t ′ − t)|

+ |γ (t ′ − t − j)γ (t ′ − t + j)|}Pj < ∞,

which implies that E∗
‖M∗

sn(λ)‖2 is finite almost surely. The
conclusion is established. �

The lemma below shows that the difference between Sn(λ) −

E{Sn(λ)} and S̃n(λ) − E{S̃n(λ)} is negligible.

Lemma 5.1. Under the assumptions (5) and (6), we have

‖Sn(λ) − E{Sn(λ)} − [S̃n(λ) − E{S̃n(λ)}]‖2
→p 0.

Proof of Lemma 5.1. Let Ȳ = X̄ −µ. Since for j = 0, 1, . . . , n− 1,

γ̂ (j) = γ̃ (j) − Ȳ n−1
n−

t=j+1

(Yt + Yt−j) +
n − j
n

Ȳ 2,
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we have Sn(λ) = S̃n(λ) + Mn(λ), where

Mn(λ) = −n−1/2Ȳ
n−1−
j=1

n−
t=j+1

(Yt + Yt−j)Ψj(λ)

+ n−1/2
n−1−
j=1

(n − j)Ȳ 2Ψj(λ).

Therefore,

‖Mn(λ)‖2
≤

3Ȳ 2

n

n−1−
j=1


n−

t=j+1

Yt

2

Pj

+
3Ȳ 2

n

n−1−
j=1


n−

t=j+1

Yt−j

2

Pj

+
3Ȳ 4

n

n−1−
j=1

(n − j)2Pj = I1 + I2 + I3.

Under (5) and (6), it is easy to show E(Ȳ 4) < Cn−2, which
implies that E(I3) ≤ Cn−1E(Ȳ 4)

∑n−1
j=1 (n − j)2Pj ≤ C/n. By the

Cauchy–Schwarz inequality, we have that

E(I1) ≤ Cn−1E1/2(Ȳ 4)E1/2

n−1−
j=1


n−

t=j+1

Yt

2

Pj


2

≤ Cn−2


n−1−
j,k=1

PjPk
n−

t1,t2=j+1

n−
t3,t4=k+1

E{Yt1Yt2Yt3Yt4}

1/2

.

ExpressingE{Yt1Yt2Yt3Yt4} = γ (t1−t2)γ (t3−t4)+γ (t1−t3)γ (t2−
t4) + γ (t1 − t4)γ (t2 − t3) + cum(Yt1 , Yt2 , Yt3 , Yt4), we can derive
that E(I1) ≤ C/n under (5) and (6). By a similar argument, E(I2) ≤

C/n. Subsequently, E‖Mn(λ)‖2
= o(1). By the Cauchy–Schwarz

inequality, we have ‖E{Mn(λ)}‖2
= o(1). The conclusion follows.

�

The following lemma shows that the difference between S∗
n (λ)

and S̃∗
n (λ) is negligible.

Lemma 5.2. Under the assumptions of (5) and (6), E∗
‖S∗

n (λ) −

S̃∗
n (λ)‖2

= op(1).

Proof of Lemma 5.2. According to the definitions of γ̂ ∗(j) and
γ̃ ∗(j), we can write S∗

n (λ) − S̃∗
n (λ) = M∗

1n(λ) + M∗

2n(λ), where

M∗

1n(λ) = −n−1/2
n−1−
j=1

{γ̂ (j) − γ (j)}Ψj(λ)

n−
t=j+1

wt ,

M∗

2n(λ) = n−1/2
n−1−
j=1

Ψj(λ)

n−
t=j+1

{(Xt − X̄)

× (Xt−j − X̄) − YtYt−j}wt

= −n−1/2Ȳ
n−1−
j=1

n−
t=j+1

YtwtΨj(λ)

− n−1/2Ȳ
n−1−
j=1

n−
t=j+1

Yt−jwtΨj(λ)

+ Ȳ 2n−1/2
n−1−
j=1

n−
t=j+1

wtΨj(λ)

= Ȳ I∗1 (λ) + Ȳ I∗2 (λ) + Ȳ 2I∗3 (λ).

ForM∗

1n(λ), we have

E∗
‖M∗

1n(λ)‖2
= n−1

n−1−
j=1

{γ̂ (j) − γ (j)}2E∗


n−

t=j+1

wt

2

Pj.

Following the same argument as presented in the proof of
Lemma 5.1, we can show

E{E∗
‖M∗

1n(λ)‖2
} ≤ Cn−1

n−1−
j=1

PjE{γ̂ (j) − γ (j)}2(n − j)bn

≤ Cbn/n = o(1).

Hence, E∗
‖M∗

1n(λ)‖2
= op(1). RegardingM∗

2n(λ), we have

E{E∗
‖I∗1 (λ)‖2

} = n−1
n−1−
j=1

E

E∗


n−

t=j+1

Ytwt

2

Pj


= n−1

n−1−
j=1

Ln−
s=1

E

 −
t∈Bs∩[j+1,n]

Yt

2

Pj = O(1),

which implies that E∗
‖I∗1 (λ)‖2

= Op(1). By a similar argument,
E∗

‖I∗2 (λ)‖2
= Op(1). Concerning I∗3 (λ), we have that

E∗
‖I∗3 (λ)‖2

= n−1
n−1−
j=1

PjE∗


n−

t=j+1

wt

2

≤ Cbn.

By Corollary 2(ii) (ii) of Wu (2007),
∑n

t=1 Yt = o(n1/2 log n) almost
surely under the assumption (5). SoE∗

‖M∗

2n(λ)‖2
= op(1) and then

E∗
‖S∗

1n(λ) − S̃∗
n (λ)‖2

= op(1). This completes the proof. �
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