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a b s t r a c t

We provide a new approach to the analysis of the optimal joint inventory and transshipment control
with uncertain capacities by employing the concept of L♮-convexity. In this approach, we use variable
transformation techniques and apply two recent results to establish the L♮-concavity of the profit-to-go
functions, which significantly simplifies the analysis in the existing literature. Some variations of the basic
model can also be analyzed using our approach with minor modifications.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

The concept of L♮-convexity was first introduced by Murota [7]
to extend convex analysis from the real space to the space with in-
tegers. Later, L♮-convexity found its applications in many compli-
cated inventory management problems. Lu and Song [6] develop
a greedy algorithm based on the property of L♮-convexity for a
cost optimization problem in assemble-to-order production sys-
tems. Zipkin [10] uses L♮-convexity to provide a new approach to
the structural analysis of the standard, single-item lost-sales in-
ventory systemwith a positive lead time. Huh and Janakiraman [5]
apply L♮-convexity to establish properties of the optimal policy in
serial systemswith lost sales. By showing that the profit function is
L♮-concave in transformed state variables, Pang et al. [8] partially
characterize the structure of the optimal joint ordering and pric-
ing policies in inventory-pricing models with positive lead time.
Employing the concept of L♮-convexity, Chen et al. [3] significantly
simplify the proof of a classical result and provide new insights to
the structural analysis in perishable inventory models.

The purpose of this paper is to apply some of the state-of-the-
art techniques in L♮-convexity to provide a new approach to the
analysis of optimal joint inventory and transshipment control un-
der uncertain capacity. Specifically, we consider the model stud-
ied in Hu et al. [4]. In this model, a firm operates two facilities
in separate markets, where the firm produces the same product
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and sells at constant prices. Both facilities face uncertain demands
and uncertain production capacities. The firm needs to determine
the production quantities at the beginning of each period. The de-
mand and production uncertainties are then revealed and the firm
further decides how much inventory to be transshipped from one
facility to another. Demands are satisfied after the transshipment
and unfilled demands are lost.

Hu et al. [4] provide a characterization of the structure of the op-
timal transshipment and production policy. For this purpose, they
identify several important properties of the profit-to-go functions,
which play a pivotal role in the derivation of the structure of the
optimal policy. They spent several pages through a very detailed
and complicated analysis of derivatives to prove these proper-
ties. By employing the concept of L♮-convexity, or equivalently L♮-
concavity, in this paper, we present a simple yet non-trivial proof
of those properties. In particular,we realize that these properties of
the profit-to-go functions are nothing but natural consequences of
L♮-concave functions after a proper transformation of the original
variables. However, to prove that the profit-to-go functions are L♮-
concave (after variable transformation) is not straightforward. In
fact, there are two bottlenecks in showing the L♮-concavity. First,
in the transshipment stage, the equality constraint that guarantees
the sum of inventory positions at two facilities must remain un-
changed prohibits the feasible set to be sublattice. To tackle this
difficulty, we apply a recent result by Chen et al. [1] that deals with
parametric optimizationswith nonlattice structures. Second, in the
production stage, the realized production quantity is theminimum
of the production quantity decision and the realized production ca-
pacity. As a result, the objective function is not concave in the deci-
sion variables. Interestingly, a transformation technique developed
by Chen and Pang [2] provides us a tool to resolve this issue.
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Section 2 presents the basic notations aswell as the concept and
some key properties of L♮-convexity and introduces two recent re-
sults that are critical to the development of our new approach. In
Section 3, the problem of joint inventory and transshipment con-
trol is described and the L♮-concavity of the profit-to-go functions
is established. Section 4 concludes the paperwith some extensions.

2. L♮-convexity and preliminary results

In this section, we introduce the concept of L♮-convexity as well
as other related notations and basic concepts. We also give a brief
review of some commonly used properties of L♮-convexity.

Throughout this paper, we denote R and R+ as the real space
and the set of nonnegative real numbers, andZ andZ+ as the space
of integers and the set of nonnegative integers. We also use F to
denote either the real space R or the space of integers Z. In addi-
tion, we denote R̄ = R ∪ {∞} and define e ∈ Rn to be the vector
with all components 1.

Given any two vectors x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn,
we denote x+

= (max{x1, 0}, . . . ,max{xn, 0}), x−
= (max{−x1,

0}, . . . ,max{−xn, 0}), x ∧ y = (min{x1, y1}, . . . ,min{xn, yn}) and
x∨y = (max{x1, y1}, . . . ,max{xn, yn}). In addition, a set S ofRn is
said to be convex ifλx+(1−λ)y ∈ S for all x, y ∈ S and 0 ≤ λ ≤ 1,
and S is said to be a sublattice of Rn if for all x, y ∈ S it holds that
x ∧ y, x ∨ y ∈ S.

Given a function f defined on a set S of Rn, f is supermodular
if S is a sublattice and f (x) + f (y) ≤ f (x ∧ y) + f (x ∨ y) for all
x, y ∈ S, and f is convex if S is convex and f (λx + (1 − λ)y) ≤

λf (x) + (1 − λ)f (y) for all 0 ≤ λ ≤ 1 and x, y ∈ S. A function f is
submodular (or concave) if −f is supermodular (or convex).

We now introduce the definition of L♮-convexity by following
Simchi-Levi et al. [9].

Definition 1 (L♮-convexity). A function f : F n
→ R̄ is L♮-convex if

and only if g(x, ξ) := f (x− ξe) is submodular on (x, ξ) ∈ F n
× S,

where S is the intersection of F and any unbounded interval in R.
A function f is L♮-concave if−f is L♮-convex. A setV ⊆ F n is called
L♮-convex if its indicator function δV(·), defined as δV(x) = 0 for
x ∈ V and +∞ otherwise, is L♮-convex.

For an L♮-convex function f , its effective domain denoted by
dom(f ) = {x ∈ F n

|f (x) < +∞} is an L♮-convex set. A function f
is said to be L♮-convex on a setV ⊆ F n ifV is an L♮-convex set and
the extension of f to the whole space F n by defining f (x) = +∞

for x ∉ V is L♮-convex. It is straightforward to show that an L♮-
convex function restricted to an L♮-convex set is also L♮-convex.

Some of the commonly used properties of L♮-convexity are
listed in the following proposition.

Proposition 1. (a) If fi : F n
→ R̄, i = 1, . . . , n are all L♮-convex,

then for any scalar αi ≥ 0,
n

i=1 αifi is also L♮-convex.
(b) If fk is L♮-convex for k = 1, 2, . . . and limk→∞ fk(x) = f (x) for

any x ∈ F n, then f (x) is also L♮-convex.
(c) Let f (·, ·) be a function defined on the product space F n

× F m. If
for any given y ∈ F m, f (·, y) is L♮-convex, then for a random vec-
tor ξ in F m, Eξ [f (x, ξ)] is L♮-convex, provided it is well defined.

(d) A smooth function f : Rn
→ R is L♮-convex if and only if its Hes-

sian is a diagonally dominated M-matrix, where a matrix A with
its ij-th component being aij is called a diagonally dominated M-
matrix, if

aij ≤ 0, ∀i ≠ j, aii ≥ 0, and
n

j=1

aij ≥ 0, ∀i.

(e) Assume that A is an L♮-convex set of F n
× F m and f (·, ·) :

F n
× F m

→ R̄ is an L♮-convex function. Then the function

g(x) = inf
y:(x,y)∈A

f (x, y)

is L♮-convex over F n if g(x) ≠ −∞ for any x ∈ F n.
(f) A set with a representation {x ∈ F n
: l ≤ x ≤ u, xi − xj ≤ vij,

∀i ≠ j}, is L♮-convex in the spaceF n, where l, u ∈ F n andvij ∈ F
(i ≠ j).

In the following, we summarize two results developed in Chen
et al. [1] and in Chen and Pang [2], respectively.

The first result comes from Corollary 4 part (c) of Chen
et al. [1]. It establishes a preservation property of L♮-concavity
under optimization operations when the constraint set may not be
a sublattice.

Proposition 2. Consider the following optimization problem param-
eterized by a two-dimensional vector x:

f (x) = max
y1,...,yN


N

n=1

fn(yn) :

N
n=1

yn = x, yn ∈ Sn, ∀n


,

where Sn are subsets of R2, and f is defined on S = {
N

n=1 yn : yn ∈

Sn, ∀n}. If Sn is of the following form:

{(x1, x2) ∈ R2
: l1 ≤ x1 ≤ u1, l2 ≤ x2 ≤ u2, l0 ≤ x1 − x2 ≤ u0},

and all fn are L♮-concave on Sn, then f is L♮-concave on S.

The next proposition is from Proposition 3 of Chen and Pan [2].
It establishes the preservation of L♮-convexity when the objective
function is not L♮-convex in the original decision variables.

Proposition 3. Given f (·, ·) : F n
× F m

→ R̄ and set A ⊆ F n
×

F m, define for any x ∈ F n

g(x) = inf
(x,y)∈A

E[f (x, y1 ∧ ξ1, . . . ,

yk ∧ ξk, yk+1 ∨ ξk+1, . . . , ym ∨ ξm)]. (1)

Let Aξ
= {(x, y1 ∧ ξ1, . . . , yk ∧ ξk, yk+1 ∨ ξk+1, . . . , ym ∨ ξm) :

(x, y) ∈ A, ξ ∈ Supp(ξ)}, where Supp(ξ) ⊆ F m denotes support of
the random vector ξ . Assume that (x, y) ∈ A if and only if (x, y1∧ξ1,
. . . , yk ∧ ξk, yk+1 ∨ ξk+1, . . . , ym ∨ ξm) ∈ Aξ a.s. If f and Aξ are
L♮-convex, then g is also L♮-convex.

3. Main result

In this section,we describe the optimization problemof interest
and present our new approach to prove the key properties of the
profit-to-go functions in Hu et al. [4].

Consider a firm operating two manufacturing facilities in sepa-
rate markets through multiple time periods. Each facility faces un-
certain capacities that are independent in time and of each other.
Facilities also face uncertain demands which are independent in
time but can be correlated across the two facilities. In each period,
the firm’s decisions can be divided into two stages. The first stage
is the production stage where the firm decides how much it will
produce in each of the facilities. After the production stage, the
capacities and demands are realized. The firm’s actual production
quantity, which is the minimum of the planned production quan-
tity and the realized capacity, incurs a unit production cost. The
firm then enters the transshipment stage where it decides how
much inventory to be transshipped from one facility to another. Fi-
nally, the demands are met and unsatisfied demands are lost. The
firm receives linear revenue on satisfied demands and pays linear
holding and transshipment costs. The problem is then to find the
optimal production and transshipment quantities in each period so
that the firm maximizes the total discounted profit over the plan-
ning horizon.

We now introduce the dynamic programming formulation of
the optimization problem in Hu et al. [4] as follows. Let Gk

∗
(xk1, x

k
2)

be the profit-to-go function when the current inventory levels at
the two facilities are xk1 and xk2 respectively and there are k periods
left in the planning horizon.
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Production stage:

Gk
∗
(xk1, x

k
2) = max

yk1≥xk1,y
k
2≥xk2

ETk1 ,Tk2 ,Dk
1,D

k
2
{−c1(yk1 ∧ (xk1 + T k

1 )

− xk1) − c2(yk2 ∧ (xk2 + T k
2 ) − xk2) + r1Dk

1 + r2Dk
2

+ Jk
∗
(yk1 ∧ (xk1 + T k

1 ) − Dk
1, y

k
2 ∧ (xk2 + T k

2 ) − Dk
2)}. (2)

Transshipment stage:

Jk
∗
(zk1, z

k
2) = max

ẑk1+ẑk2=zk1+zk2

Jk(zk1, z
k
2, ẑ

k
1, ẑ

k
2), (3)

where

Jk(zk1, z
k
2, ẑ

k
1, ẑ

k
2) = −r1(ẑk1)

−
− r2(ẑk2)

−
− h1(ẑk1)

+

− h2(ẑk2)
+

− s1(zk1 − ẑk1)
+

− s2(zk2 − ẑk2)
+

+ αGk−1
∗

((ẑk1)
+, (ẑk2)

+), (4)

and G0
∗
(x01, x

0
2) ≡ 0.

In the production stage, in period k, the target inventory levels
at the two facilities yk1 and yk2 are decided. They are constrained to
be no smaller than the current inventory levels at the two facilities
xk1 and xk2. The first two terms on the right hand side of (2) are the
production costs with c1, c2 and T k

1 , T
k
2 representing the marginal

production costs and randomcapacities at the two facilities respec-
tively. The next two terms are the full revenue collected over the
realized demands, where r1, r2 and Dk

1,D
k
2 are marginal revenue

and random demand respectively. The revenue for the lost sales
is deducted in the transshipment stage.

In the transshipment stage, in period k, the transshipment
quantities or equivalently, the inventory levels after transshipment
ẑk1 and ẑk2 are decided, whose sum is constrained to be equal to the
inventory levels before transshipment (but after demands realiza-
tion) zk1 and zk2 . The first two terms on the right hand side of (4) are
the deducted revenue for the lost sales. The next two terms are the
holding costs, where h1 and h2 are unit holding costs at the two
facilities respectively. The two terms following are transshipment
costs with s1 (s2) being the unit transshipment cost from facility
1 (2) to 2 (1). Finally, α in (4) is the discount factor.

Hu et al. [4], under the assumption of continuous demands
and capacities, prove the following properties on the profit-to-go
function Gk

∗
(x1, x2), which are essential for their derivation of the

optimal transshipment and production policies.

A1: Gk−1
∗

(x1, x2) is jointly concave in x1 and x2, and

∂2

∂x21
Gk−1

∗
(x1, x2) ≤

∂2

∂x1∂x2
Gk−1

∗
(x1, x2),

∂2

∂x22
Gk−1

∗
(x1, x2) ≤

∂2

∂x2∂x1
Gk−1

∗
(x1, x2);

A2: Gk−1
∗

(x1, x2) is submodular and

∂2

∂x1∂x2
Gk−1

∗
(x1, x2) =

∂2

∂x2∂x1
Gk−1

∗
(x1, x2).

Through an inductive argument, their proof relies on a full
characterization of the optimal transshipment policy and a rather
involved analysis of the derivatives which spans several pages. In
the following, we present our new approach by using what we
have introduced in Section 2. Interestingly, our approach does not
rely on the characterization of the optimal policy and it applies to
discrete demands as well as capacities without any further efforts.

Denote dki as the realization of demand for facility i in period k,
and define qki = zki + dki , w

k
i = ẑki + dki . Furthermore, we change

variables by letting ỹk2 = −yk2, x̃
k
2 = −xk2, T̃

k
2 = −T k

2 , q̃
k
2 = −qk2,
w̃k
2 = −wk

2. Then the original problem can be equivalently refor-
mulated as

G̃k
∗
(xk1, x̃

k
2) = max

yk1≥xk1,ỹ
k
2≤x̃k2

ETk1 ,T̃k2 ,Dk
1,D

k
2
{−c1(yk1 ∧ (xk1 + T k

1 ) − xk1)

+ c2(ỹk2 ∨ (x̃k2 + T̃ k
2 ) − x̃k2)

+ J̃k
∗
(yk1 ∧ (xk1 + T k

1 ), ỹ
k
2 ∨ (x̃k2 + T̃ k

2 ))}, (5)

where G̃k
∗
(xk1, x̃

k
2) = Gk

∗
(xk1, −x̃k2) and by introducing a new vari-

able v

J̃k
∗
(qk1, q̃

k
2) = max

wk
1,w̃

k
2,v

J̃(wk
1, w̃

k
2, v)

s.t. wk
1 + v = qk1

w̃k
2 + v = q̃k2,

(6)

where

J̃(wk
1, w̃

k
2, v) = r1(wk

1 ∧ dk1) + r2((−w̃k
2) ∧ dk2) − h1(w

k
1 − dk1)

+

− h2(−w̃k
2 − dk2)

+
− s1v+

− s2(−v)+

+ αG̃k−1
∗

((wk
1 − dk1)

+, −(−w̃k
2 − dk2)

+). (7)

Now we are ready to state and prove our main result, which
offers a new approach that proves the key properties A1 and A2
when demands and capacities are continuous.

Theorem 1. Suppose that G̃k−1
∗

(·, ·) is L♮-concave, then G̃k
∗
(·, ·) is

also L♮-concave.

Proof. For notational brevity, we omit the superscript k in the
proof when there is no ambiguity. Define u1, u2 as the inven-
tory level after the sales assuming that the firm can hold inventory
with some demand unsatisfied. Then the realized sales are given by
w1 − u1 and w2 − u2 at the two facilities respectively. By letting
ũ2 = −u2, we claim that J̃(w1, w̃2, v) equals the optimal objective
value of the following problem:

max
u1,ũ2

r1(w1 − u1) − r2(w̃2 − ũ2) − h1u1 + h2ũ2

− s1v+
− s2(−v)+ + αG̃k−1

∗
(u1, ũ2)

s.t. 0 ≤ u1, u1 − w1 ≤ 0,
w̃2 − ũ2 ≤ 0, ũ2 ≤ 0,
w1 − u1 ≤ d1, u2 − w̃2 ≤ d2.

(8)

Note that facing a stationary system, the firm should never hold
inventory and reject demand at the same time since it is always
more profitable to satisfy the current demand than holding the in-
ventory to fulfill future demands. Therefore, the optimal solution
is u1 = (w1 − d1)+, u2 = −(−w̃2 − d2)+ and our claim is correct.

We further claim that the objective function of the prob-
lem (8) is L♮-concave in (w1, w̃2, v, u1, ũ2). To see this, note that
G̃k−1

∗
(u1, ũ2) is L♮-concave by our induction hypothesis. The L♮-

concavity of the rest of terms in the objective function is straight-
forward to verify. The constraint set is L♮-convex according to
Proposition 1 part (f). Then the L♮-concavity of J̃(w1, w̃2, v) follows
from Proposition 1 part (e).

Note that the objective function in (6) is separable in variables
(w1, w̃2) and (v, v). Thus, the L♮-concavity of J̃k

∗
(q1, q̃2) follows

from Proposition 2.
By defining G̃(y1, y2) = ED1,D2{−c1y1 + c2y2 + J̃k

∗
(y1, y2)}, (5)

can be expressed as

G̃∗(x1, x̃2) = max
y1≥x1,ỹ2≤x̃2

ET1,T̃2{G̃(y1 ∧ (x1 + T1), ỹ2 ∨ (x̃2 + T̃2))}

+ c1x1 − c2x̃2.

Clearly G̃(y1, y2) is L♮-concave in (y1, y2).Moreover, y1∧(x1+T1) =

(y1 − x1) ∧ T1 + x1 and ỹ2 ∨ (x̃2 + T̃2) = (ỹ2 − x̃2) ∨ T̃2 + x̃2. It
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is easy to see that by transforming the variables ŷ1 = y1 − x1 and
ŷ2 = ỹ2−x̃2, the above problem can be expressed in the formof (1).
Then Proposition 3 implies that the profit-to-go function G̃∗(x1, x̃2)
is L♮-concave. �

Using Proposition 1 part (d), it is straightforward to check that
Theorem 1 then implies the properties A1 and A2 of Gk

∗
(·, ·) when

demands and capacities are continuous. We also point out that the
structure of the optimal policies can be derived from Theorem1 for
both continuous and discrete demands as well as capacities with
some minor modifications of the analysis in Hu et al. [4].

4. Conclusion and extensions

In this paper, we introduce the concept of L♮-convexity and
combine two recent results in the literature in a novel way that
allows us to provide a new approach to a joint inventory and trans-
shipment control problem with uncertain capacity. Our approach
not only significantly simplifies the structural analysis but also can
be easily applied to some extensions as we discuss below, which
otherwise may require considerable amount of additional effort.

(1) Backorder case. In the case of backorder instead of lost sales, we
replace the term αG̃k−1

∗
((wk

1 − dk1)
+, −(−w̃k

2 − dk2)
+) in (7) by

αG̃k−1
∗

((wk
1 − dk1), −(−w̃k

2 − dk2)), which is still L♮-concave by
induction hypothesis. Similarly, it is easy to show that adding
shortage cost does not change the L♮-concavity in (7). Thus,
Theorem 1 holds in this case.

(2) Capacities on the transshipment quantities. In many practical
scenarios, a firm may not have the luxury to transship any ar-
bitrary large amount of quantities from one facility to another
because for instance, it has only a few fleet vehicles. In some
settings, the transshipment can be restricted to a single direc-
tion, i.e., one of the transshipment capacity is zero. Let S1 (S2)
be the capacity on the transshipment quantities from facility
1 (2) to facility 2 (1). Then problem (6) is now reformulated as

J̃k
∗
(q1, q̃2) = max

w1,w̃2,v
J̃(w1, w̃2, v)

s.t. w1 + v = q1,
w̃2 + v = q̃2,
−S2 ≤ v ≤ S1.

It is straightforward to check that Proposition 2 still applies and
consequently our conclusion still holds.

Acknowledgments

This research is partly supported by National Science Founda-
tion Grant CMMI-1363261 and National Natural Science Founda-
tion of China Grant 71228203.

References

[1] X. Chen, P. Hu, S. He, Technical note-preservation of supermodularity in
parametric optimization problems with nonlattice structures, Oper. Res. 61
(5) (2013) 1166–1173.

[2] X. Chen, Z. Pang, Dual sourcing under supply capacity uncertainty, Working
Paper, 2014.

[3] X. Chen, Z. Pang, L. Pan, Coordinating inventory control and pricing strategies
for perishable products, Oper. Res. 62 (2) (2014) 284–300.

[4] X. Hu, I. Duenyas, R. Kapuscinski, Optimal joint inventory and transshipment
control under uncertainty capacity, Oper. Res. 56 (4) (2008) 881–897.

[5] W.T. Huh, G. Janakiraman, On the optimal policy structure in serial inventory
systems with lost sales, Oper. Res. 58 (2) (2010) 486–491.

[6] Y. Lu, J.-S. Song, Order-based cost optimization in assemble-to-order systems,
Oper. Res. 53 (1) (2005) 151–169.

[7] K. Murota, Discrete convex analysis, Math. Program. 83 (1998) 313–371.
[8] Z. Pang, F.Y. Chen, Y. Feng, Technical note-a note on the structure of joint

inventory-pricing control with leadtimes, Oper. Res. 60 (3) (2012) 581–587.
[9] D. Simchi-Levi, X. Chen, J. Bramel, The Logic of Logistics: Theory, Algorithms,

and Applications for Logistics Management, third ed., Springer, New York,
2014.

[10] P. Zipkin, On the structure of lost-sales inventory models, Oper. Res. 56 (4)
(2008) 937–944.

http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref1
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref3
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref4
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref5
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref6
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref7
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref8
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref9
http://refhub.elsevier.com/S0167-6377(14)00161-8/sbref10

	A new approach to two-location joint inventory and transshipment control via  L -convexity
	Introduction
	 L -convexity and preliminary results
	Main result
	Conclusion and extensions
	Acknowledgments
	References


