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Abstract: Consider a manufacturer serving a set of retail stores each of which faces deterministic demands in a finite planning
horizon. At the beginning of the planning horizon, the production capacity of the manufacturer is built, followed by production,
outsourcing to third party manufacturers if necessary and distribution to the retail stores. Because the retail stores are usually
managed by different managers who act as independent profit centers, it is desirable that the total cost is divided among the retail
stores so that their incentives can be appropriately captured and thus efficient operations can be achieved. Under various conditions,
we prove that there is a fair allocation of costs among the retail stores in the sense that no subset of retail stores subsidizes others,
or equivalently, the resulting capacity investment game has a nonempty core, that is, the capacity investment game is a balanced
game. In addition, our proof provides a mechanism to compute a fair cost allocation. © 2013 Wiley Periodicals, Inc. Naval Research
Logistics 60: 512–523, 2013
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1. INTRODUCTION

Cost allocation plays a critical role in a variety of set-
tings in which common facilities or resources are built, used,
and/or maintained by decentralized decision makers (see
Young [21]). For example, towns using a common water sup-
ply system need to split the construction and maintenance
costs (see Young et al. [22]); receivers of multicast transmis-
sions share the bandwidth and thus have to distribute their
charges (see Feigenbaum et al. [12]); different market agents
in the power industry allocate costs for using transmission
and distribution networks (see Zolezzi and Rudnick [25]).

It has also been long recognized that common costs within
a firm should be distributed in a way that appropriately reflects
the burden each division exerted on others. Indeed, poor
allocation may lead to distorted incentives and result in inef-
ficient operations (see Shubik [15]). Though its importance
is well-understood and various cost allocation mechanisms
have been proposed in the managerial accounting literature
(see Young [21]), it is nevertheless nontrivial to allocate costs
so as to give the division managers the right incentives to
achieve efficient operations. One of the challenges is that

Correspondence to: X. Chen (xinchen@illinois.edu)

common cost is usually not given as a prior. Instead, it may
heavily depend on firms’ operational decisions.

In this article, we analyze cost allocation in a manufactur-
ing setting in which a firm produces a single product to serve
its retail stores at different locations in a finite planning hori-
zon. At the beginning of the planning horizon, the production
facility is built and its capacity is determined. The firm then
makes production decisions so as to meet the demands of the
retail stores. The demand of each retail store is assumed to
be deterministic and must be met without backlogging. If the
capacity is not sufficient to meet all demands, the firm may
outsource from subcontractors. The objective of the firm is
to meet the demands of the retail stores while minimizing
its total costs, including capacity investment cost, production
costs, outsourcing costs, inventory holding costs at both the
production facility, and the retail stores and transportation
costs to the retail stores.

Because the retail stores are usually managed by differ-
ent managers who act as independent profit centers, the firm
needs to allocate the minimal cost of running the common
production facility to them without distorting their cost impli-
cations on the system. Specifically, it is appropriate to allocate
the cost fairly among the retail stores in the sense that no sub-
set of retail stores will subsidize others. The notion of fairness
can be captured by the concept of core in cooperative game
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theory. Roughly speaking, a cost allocation in the core implies
that no subset of players would benefit by leaving the whole
group under this cost allocation, which equivalently implies
that no subset of players subsidizes others. Thus, we model
the firm’s cost allocation problem as a cooperative game,
referred to as the capacity investment game, and investigate
whether there exist cost allocations in the core of the game.

The above setting is also appropriate for modeling third
party logistics providers providing transportation services for
several parties in which delivery requests in excess of capaci-
ties can be outsourced to other contracted carriers by charging
a higher rate (see Atamtürk and Hochbaum [3]). Accurate
cost allocation is critical for third party logistics providers to
identify the true costs of services.

The main contribution of this article is to show that the
core of the capacity investment game is nonempty under var-
ious conditions and develop a mechanism to compute a cost
allocation in the core. Specifically, when all related costs
are linear, we use linear programming duality to construct
an allocation in the core of the capacity investment game.
The result will then be used to compute core allocations for
games with more general capacity investment cost functions.
We comment that it is common to assume linear inventory
holding costs and linear transportation costs in the operations
literature though other cost structures are also possible (see
Simchi-Levi et al. [16]).

We then focus on more general capacity investment cost
functions which exhibit the quantity discount property, that
is, the larger the capacity level, the lower the average unit
capacity investment cost. Under these capacity investment
costs, two different cases are analyzed. In the first case, we
assume that no inventory is carried over from one period to
the next at either the production facility or the retail stores.
Under this assumption, we prove that the core is nonempty if
the production costs exhibit the quantity discount property as
well while the outsourcing costs are linear (the transportation
costs to the retail stores are constant in this case and thus can
be ignored in the analysis). On the other hand, the core may be
empty if the outsourcing costs fail to be linear. The assump-
tion of no inventory carryover is appropriate for settings in
which the focus is on “balancing the tradeoff between capac-
ity acquisition and subcontracting in telecommunication as
well as in other service industries where holding inventory
is not an option" (see Atamtürk and Hochbaum [3]). In this
case, one can interpret the production facility as a central ser-
vice facility and different retail stores as service requests for
different players.

In the second case, inventory is allowed to be carried from
one period to the next at both the production facility and
the retail stores. We show that the core is nonempty if all
costs other than the the capacity investment cost are lin-
ear. Our assumption of linear production costs is appropriate
for settings in which economies of scale of production are

negligible. It is also appropriate for settings in which machine
setup costs or setup times are so significant that machine
shutdown is prohibited. For instance, a glass manufacturing
company we have been working with essentially never shuts
down its machines because for each setup it takes a month for
the company to calibrate the temperature settings of its fur-
naces for normal glass production. In this case, it is sufficient
to focus on linear production costs only.

Our approach to the capacity investment game with gen-
eral capacity cost builds on a general technique developed in
Chen [5] for inventory centralization games. The idea is to
construct a new game with linear capacity investment cost,
which is known to have a nonempty core, such that the min-
imum cost achieved by any subset of the retail stores in the
new game will not decrease, while ensuring the minimum
cost achievable by all retail stores remains unchanged (we
say the new game is dominated by the original game). In
addition to the proof of the nonemptiness of the core, our
approach also suggests a mechanism to find an allocation
in the core for the capacity investment game with a general
capacity cost. To apply our approach, we prove that the opti-
mal capacity investment level is nondecreasing in terms of
the demand vectors of the retail stores for both cases with or
without inventory carryover.

Our research is related to economic lot sizing games ana-
lyzed by Tamir [17], van den Heuvel et al. [19], and Chen
and Zhang [6]. In these papers, different retailers place joint
orders and share common inventory. Under certain condi-
tions, they prove that economic lot sizing games admit non-
empty cores. However, in their settings, ordering quantities
are uncapacitated and no capacity investment is modeled,
whereas in our article capacity investment is critical and pre-
sumably more expensive than ordering costs. These papers
belong to the growing literature on inventory centraliza-
tion games; see Anily and Haviv [1], Chen [5], Chen and
Zhang [7], Zhang [24], Xu and Yang [20], and Gopaladesikan
et al. [9] for recent progress. Guardiola et al. [11] propose a
class of production-inventory games derived from combina-
torial optimization problems. We refer to Curiel [8] for more
cooperative games arising from combinatorial optimization
problems, and Nagarajan and Sošić [13] for a comprehensive
review of applications of cooperative game to supply chain
settings.

Our article is also closely related to Yu et al. [23] and Anily
and Haviv [2], who analyze the benefit of capacity pooling
and its associated cost allocation problem among independent
firms. In their paper, each firm may operate its own facility
modeled as an M/M/1 queue or the firms can invest in a
shared facility again modeled as an M/M/1 queue. Similar
to our article, the capacity of the shared facility, that is, the
service rate of the server in the queue, is endogenously deter-
mined. However, in their paper, the benefit of cooperation
results from risk pooling, whereas in our article, the benefit
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comes from taking advantage of economies of scale. Like
our paper, Anily and Haviv [2] construct new games to facil-
itate their analysis. However, it serves a different purpose.
Specifically, although we construct new games to prove the
existence of core allocations and provide a mechanism to find
one core allocation, Anily and Haviv [2] construct new games
to identify all core allocations with nonnegative entries.

The underlying optimization problem in our capacity
investment game is similar to the capacity acquisition model
analyzed by Atamtürk and Hochbaum [3]. In their model,
capacity is installed at the beginning of the finite planning
horizon, which is followed by production and subcontract-
ing during the planning horizon. Unlike our article, they
focus on a centralized system with a single-decision maker
and develop polynomial time algorithms under a variety of
conditions on the costs.

The organization of this article is as follows. In Section
2, we first present our capacity investment game model. In
Section 3, we use convex programming duality theory to
prove the nonemptiness of the core when the costs at the
production facility are all linear. The case with possibly non-
linear costs at the production facility is analyzed in Section 4,
which is followed by some concluding remarks in Section 5.

Before proceeding to introduce our capacity investment
game model, we briefly introduce the basic concepts of
cooperative game theory that will be used in this article.

Let N = {1, 2 . . . , n} be the set of players. A collection
of players S ⊆ N is called a coalition. The set N is some-
times referred to as the grand coalition. A characteristic cost
function C(S) is defined for each coalition S ⊆ N , which
could be the minimum total cost that coalition S incurs if
the members of S decide to cooperate among themselves.
A cooperative game is determined by the pair (N , C). The
game (N , C) is called subadditive if for every pair of subsets
S, T ⊆ N with S ∩ T = ∅, C(S ∪ T ) ≤ C(S) + C(T ). It is
called a concave game if for every pair of subsets S, T ⊆ N ,
C(S)+C(T ) ≥ C(S ∪T )+C(S ∩T ), or equivalently, C(S)

is submodular in S.
A vector l = (l1, l2, . . . , lN ) is called an efficient alloca-

tion for the game (N , C) if
∑

j∈N lj = C(N). The core of
a cooperative game is a solution concept which requires that
no subset of players has an incentive to secede.

DEFINITION 1: An allocation l is in the core of the game
(N , C), if

∑
j∈N lj = C(N) and for any subset S ⊆ N ,∑

j∈S lj ≤ C(S).

A game (N , C) is called balanced if it has a nonempty
core. Observe that C(N) ≤ C(S)+C(N \S) for any S ⊆ N

if (N , C) is a balanced game. In addition, the above defin-
ition is equivalent to saying that for any coalition S ⊆ N ,∑

j∈S lj ≥ C(N) − C(N \ S). This implies that the total
cost paid by players in S is sufficient to compensate the

cost imposed by adding the coalition to the grand coalition,
or equivalently no coalition is subsidized by other players
outside the coalition.

The concept of core involves an exponential number of
linear inequalities. Thus, in general, it is not trivial to show
whether the core of a cooperative game is empty or not and
to find an allocation in the core (if nonempty) efficiently.

2. THE CAPACITY INVESTMENT GAME MODEL

Consider a firm with a set of n retail stores denoted by N =
{1, 2, . . . , n}. Each retail store faces deterministic demands
over a finite horizon with a total of T periods. Let d

j
t be the

demand of retail store j at period t and dj = (d
j

1 , . . . , dj

T ) be
its demand vector. To satisfy the demands of the retail stores,
the firm needs to build a common production capacity at the
beginning of the planning horizon, which incurs a capacity
investment cost v(z) for a capacity level z. After the produc-
tion capacity is built, the firm decides how much to produce
and how much demand to be outsourced, that is, satisfied by
an outside producer, at each period. The production quantity
at each period cannot exceed the production capacity and no
backorder is allowed. At period t , the production cost and the
outsourcing cost are given respectively by ct (xt ) and ot (yt ) if
the production quantity is xt and the outsourcing level is yt .

The products produced at the production facility and out-
sourced from the outside producer are stored at the production
facility as inventory, which can be transhipped to the retail
stores with a transportation cost u

j
t (q

j
t ) if the quantity of the

product transported from the production facility to retail store
j is q

j
t . On the other hand, inventories at the production facil-

ity and the retail stores may also be carried over from period t

to period t +1 at a cost hj
t (I

j
t ), where I

j
t is the inventory level

at retail store j (the product facility if j = 0) at the end of
period t (observe that the case with no inventory carryover can
be modeled by setting very high inventory costs). The objec-
tive of the firm is to find a capacity level and a production and
distribution plan so as to minimize the total cost, including
capacity investment cost, production cost, outsourcing cost,
inventory holding cost, and transportation cost.

Given the demand profile D = (d1, d2, . . . , dn), the
minimal cost of the firm is given by f (D) with

f (D) = min
z≥0

v(z) + g(z, D), (1)

where

g(z, D) = min
T∑

t=1

⎧⎨
⎩ct (xt ) + ot (yt ) + h0

t (I
0
t )

+
∑
j∈N

[hj
t (I

j
t ) + u

j
t (q

j
t )]

⎫⎬
⎭
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s.t. I 0
t = I 0

t−1 + xt + yt −
∑
j∈N

q
j
t ,

t = 1, 2, . . . , T ,

xt − z ≤ 0, t = 1, 2, . . . , T ,

I 0
0 = 0,

I 0
t ≥ 0, t = 1, 2, . . . , T ,

xt , yt ≥ 0, t = 1, 2, . . . , T ,

(Ij , qj ) ∈ Xj , j ∈ N , (2)

and

Xj =
{
(Ij , qj )|I j

t = I
j

t−1 + q
j
t − d

j
t , I j

t ≥ 0, qj
t ≥ 0∀ t

= 1, 2, . . . , T , I j

0 = 0
}

.

In the above problem, the objective function involves the
capacity investment cost v(z), the production costs ct (xt ), the
outsourcing costs ot (yt ), the inventory holding costs h0

t (I
0
t )

at the production facility, and the transportation costs u
j
t (q

j
t )

to the retail stores, and the inventory holding costs h
j
t (I

j
t ) at

the retail stores. The first constraint is the inventory balance
equation at the production facility, the second constraint is the
capacity constraint, and Xj specifies the inventory balance
equations at retail store j . We also assume that no backorder
is allowed at either the production facility or any retail store,
which corresponds to the inequalities I

j
t ≥ 0.

It is appropriate to point out that the above optimization
problem is similar to the capacity acquisition model analyzed
by Atamtürk and Hochbaum [3]. The difference is that in their
model there is only a single-retail store which coincides with
the production facility. It is straightforward to see that their
model corresponds to our case with no inventory carryover at
the retail stores. In addition, their focus is on developing effi-
cient algorithms for solving the capacity acquisition model,
whereas we are interested in the cost allocation among the
retail stores.

Because the retail stores are usually managed by different
managers which act as independent profit centers, it is critical
that the total cost is allocated fairly among the retail stores
to appropriately capture the burden each retail store imposes
on the common production facility. As we already pointed
out in the introduction, fairness can be modeled using the
concept of core in an appropriately constructed cooperative
game. In our setting, the cooperative game, referred to as the
capacity investment game, can be specified by (N , C) where
the grand coalition N is the set of retail stores and the char-
acteristic cost function C(S) is given by the minimum cost
for coalition S when the coalition builds a production facility
and makes production and distribution decisions together to
satisfy the demand of the coalition members. Specifically, the
minimum cost for coalition S, C(S), can be written as

C(S) = f (D(S)),

where D(S) = (d1(S), d2(S), . . . , dn(S)) with

dj (S) =
{

dj , if j ∈ S

0, otherwise.

It is not hard to construct examples to show that if
v(·), ct (·), ot (·), and/or h0

t (·) are convex, that is, there are dis-
economies of scale at the production facility, C(S) may not
be subadditive and the core of the cooperative game (N , C)

may be empty. For instance, consider a simple model in
which no inventory carryover is allowed at the retail stores.
In addition, the transportation cost is assumed to be zero. If
ct (·) = 0 and ot (·) and h0

t (·) are linear with large coeffi-
cients, then in this case, it is optimal for coalition S to set
z(S) = maxt=1,2,...,T dS

t , xt = dS
t , yt = 0 and I 0

t = 0, where
dS

t = ∑
j∈S d

j
t . Therefore, C(S) = v(z(S)). Given two non-

empty coalitions S and S ′ with S∩S ′ = ∅, if the largest aggre-
gate demands of the two coalitions S and S ′ occur at the same
period, we have that z(S)+z(S ′) = z(S∪S ′). If v(·) is strictly
convex and v(0) = 0, then we have C(S∪S ′) > C(S)+C(S ′)
unless z(S) = 0 or z(S ′) = 0. Hence, C(S) may fail to be sub-
additive. If in addition, S ′ = N \S, then (N , C) has an empty
core. Similar examples can also be constructed if ct (·), ot (·)
and/or h0

t (·) are convex.
The following example illustrates that the capacity invest-

ment game is not concave in general even when all costs are
linear. Specifically, we look at a two-period model with no
outsourcing. We assume that both the production facility and
the retail stores do not hold inventory, or equivalently the
inventory holding costs are extremely large. In addition, the
production cost and the transportation cost are zero, and the
capacity installation cost is 1 per unit. Let the total demand
at period one be d1 and the total demand at period two be
d2. It is clear that the optimal capacity level and hence the
total cost are given by max(d1, d2). Assume that S = {1, 2},
S ′ = {1, 3} and d1 = (0, 1), d2 = d3 = (1, 0). Then

C(S) + C(S ′) = 2 < 3 = C(S ∩ S ′) + C(S ∪ S ′).

Therefore, the game is not concave.
Interestingly, any core allocation, if exists, does not con-

tain negative entries, that is, no retail store will be paid to
cooperative with the rest. To see this, consider any core allo-
cation (l1, l2, . . . , ln) of a game (N , C). As for any i ∈ N ,∑

j∈N lj = C(N) and
∑

j∈N\{i} lj ≤ C(N \ {i}), we have
that li ≥ C(N) − C(N \ {i}) ≥ 0.

3. LINEAR COSTS

In this section, we assume that all costs are linear. The
assumption is appropriate for settings in which economies
of scale of production are negligible. More importantly, this
section will serve as the basis for the analysis in the next
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section. By abusing notations, we denote v(z) = vz, ct (xt ) =
ctxt , ot (yt ) = otyt , h0

t (I
j
t ) = h

j
t I

j
t and u

j
t (q

j
t ) = u

j
t q

j
t . In

this case, problem (1) is a linear programming problem.
We now apply linear programming duality theory to

problem (1). Define the Lagrangian function

LS(z, x, y, I, q, λ, μ, π , φ, ψ)

= vz +
T∑

t=1

⎧⎨
⎩ctxt + otyt + h0

t I
0
t +

∑
j∈S

[hj
t I

j
t + u

j
t q

j
t ]

⎫⎬
⎭

+
T∑

t=1

λt

⎡
⎣I 0

t −
⎛
⎝I 0

t−1 + xt + yt −
∑
j∈S

q
j
t

⎞
⎠

⎤
⎦

+
T∑

t=1

μt(xt − z) +
T∑

t=1

πt(−I 0
t )

+
T∑

t=1

[φt(−xt ) + ψt(−yt )]

=
(

v −
T∑

t=1

μt

)
z +

T∑
t=1

[ct − λt + μt − φt ]xt

+
T∑

t=1

[ot − λt − ψt ]yt

+
T∑

t=1

[h0
t + (λt − λt+1 − πt)]I 0

t

+
T∑

t=1

∑
j∈S

[hj
t I

j
t + u

j
t q

j
t + λtq

j
t ],

where λT +1 = 0, and (Ij , qj ) ∈ Xj , j ∈ S.
Consider the dual function γS(λ, μ, π , φ, ψ) defined by

γS(λ, μ, π , φ, ψ) = min LS(z, x, y, I, q, λ, μ, π , φ, ψ)

s.t. (Ij , qj ) ∈ Xj , j ∈ S.

The linear programming strong duality theorem implies
that C(S) is equal to the optimal objective value of the dual
problem:

C(S) = max γS(λ, μ, π , φ, ψ)

s.t. μt , πt , φt , ψt ≥ 0, t = 1, 2, . . . , T , λT +1 = 0.
(3)

Let (λ∗, μ∗, π∗, φ∗, ψ∗) be optimal for the dual problem
(3) with S = N . Then, again the duality theorem implies that

C(N) = min LN(z, x, y, I, q, λ∗, μ∗, π∗, φ∗, ψ∗)

s.t. (Ij , qj ) ∈ Xj , j ∈ N . (4)

Define for j ∈ N ,

lj = min
T∑

t=1

[hj
t I

j
t + u

j
t q

j
t + λ∗

t q
j
t ]

s.t. (Ij , qj ) ∈ Xj .

We claim that (l1, l2, . . . , ln) is in the core of the cooperative
game (N , C).

THEOREM 1: The vector l = (l1, l2, . . . , ln) is in the core
of the cooperative game (N , C).

PROOF: Notice that in the optimization problem (4), no
constraint is imposed on the decision variables z, x, y and I0.
Therefore, at the optimal solution (z∗, x∗, y∗, I∗, q∗), we must
have that

v =
T∑

t=1

μ∗
t , λ∗

t + φ∗
t = ct + μ∗

t , λ∗
t + ψ∗

t = ot ,

h0
t = λ∗

t+1 − λ∗
t + π∗

t . (5)

Thus,

∑
j∈N

lj =
T∑

t=1

∑
j∈N

[hj
t I

j∗
t + u

j
t q

j∗
t + λ∗

t q
j∗
t ]

= min LN(z, x, y, I, q, λ∗, μ∗, π∗, φ∗, ψ∗) = C(N).

On the other hand, for any S ⊂ N ,

∑
j∈S

lj =
T∑

t=1

∑
j∈S

[hj
t I

j∗
t + u

j
t q

j∗
t + λ∗

t q
j∗
t ]

= min LS(z, x, y, I, q, λ∗, μ∗, π∗, φ∗, ψ∗)
= γS(λ

∗, μ∗, π∗, φ∗, ψ∗) ≤ C(S).

This completes the proof. �

We comment that Theorem 1 still holds when the retail
stores’ specific holding costs and transportation costs are
convex by using convex programming duality theory (see,
for instance, Bertsekas [4, p. 299]).

We now provide some intuition on the dual-variables and
their relationships specified in (5). The first equation in (5)
implies that the capacity investment cost is allocated to each
period and μ∗

t is the capacity cost period t pays. The dual-
variable λ∗

t specifies the charge for each unit product sent to
the retail stores at period t . The products sent to the retail
stores at period t may either be produced at period t , out-
sourced at period t , or carried over from period t − 1 to
period t . If the products are produced at period t , the unit
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charge λ∗
t equals the unit production cost plus the capacity

cost for period t (note that from the complementarity slack-
ness condition φ∗

t = 0 as x∗
t > 0). If the products come from

outsourcing at period t , then the unit charge λ∗
t equals the unit

outsourcing cost (note that from the complementarity slack-
ness condition ψ∗

t = 0 since y∗
t > 0). Finally, if the products

are carried over from period t − 1 to period t , then the unit
charge λ∗

t equals the unit charge λ∗
t−1 plus the unit inven-

tory holding cost h0
t−1 (note that from the complementarity

slackness condition π∗
t−1 = 0 as I ∗

t−1 > 0).
The definition of lj implies that each retail store shares a

portion of the cost incurred at the production facility in addi-
tion to its own holding and transportation cost. The cost at
the production facility is shared based on some dual solu-
tions. Thus, the core allocation l belongs to the so-called
Owen set defined by Owen [14], a set of allocations derived
from optimal dual-solutions of certain dual problems. We
show that the Owen set of (N , C) may not be a singleton
in general. To see this, consider a two-period model consist-
ing of three players with no outsourcing, that is, ot is very
large. We assume that both the production facility and the
retail stores do not hold inventory and the production cost
and the transportation cost are zero. The capacity installa-
tion cost is c(z) = z. Let the total demand at period one
be d1 and the total demand at period two be d2. It is clear
that the optimal capacity level is given by z = max(d1, d2).
Assume that S = {1, 2}, S ′ = {1, 3}, and d1 = (0, 2),
d2 = d3 = (1, 0). For any (μ∗

1, μ∗
2) with μ∗

1 + μ∗
2 = 1

and μ∗
1 ≥ μ2 ≥ 0, we can define φ∗ = (0, 0), λ∗ = μ∗,

w∗
1 = λ∗

1 − λ∗
2, and ψ∗

t = ot − λ∗
t such that (5) and the com-

plementarity slackness conditions hold, which implies that
(λ∗, μ∗, π∗, φ∗, ψ∗) is optimal for problem (4). Thus, the set
of allocations {(2μ∗

2, μ∗
1, μ∗

1) : μ∗
1 + μ∗

2 = 1, μ∗
1 ≥ μ2 ≥ 0}

is a subset of the Owen set, which is clearly not a singleton.

4. NONLINEAR COSTS AT THE
PRODUCTION FACILITY

In this section, we analyze capacity investment games in
which costs at the production facility may be nonlinear. We
restrict some of the cost functions to the following function
class.

F = {f (·) : 
+ → 
|f (0) = 0, f (x)/x is non-increasing,

f is lower semi-continuous}.

In particular, we make the following assumption regarding
the capacity investment cost function v(z).

ASSUMPTION 1: The capacity investment cost v(·) ∈ F .

The above assumption on the capacity investment cost v(z)

implies that the higher the capacity level, the lower the aver-
age unit capacity investment cost. Given this assumption, the
retail stores may find it beneficial to form coalitions to build
large capacity and make a joint production and distribution
plan.

It is worth pointing out that we do not require function
v(z) to be either convex, concave, or monotone. In fact, v(z)

may not even be continuous. However, for technical reasons,
we do assume that v(z) is lower semicontinuous, that is,
lim infy→x v(y) ≥ v(x). With this assumption, we can show
that the optimization models to be analyzed have optimal
solutions. One important instance of v(z) consists of a setup
component and a variable cost component. Such a function is
commonly used in practice to model economies of scale. Of
course, our assumption covers more general function classes.
For example, v(z) may be a general concave function or an
all-units discount cost function.

The generality of our assumption imposes a significant
challenge in the analysis. Indeed, for a general function v(z)

satisfying Assumption 1, the optimization problem (1) may
be rather complex, which makes the analysis of the resulting
cooperative game (N , C) rather difficult. To deal with this
difficulty, we review and slightly extend in the next subsec-
tion a general technique developed in Chen [5] for a broad
class of cooperative games with quantity discount.

4.1. A Technique for Games with Quantity Discount

In this subsection, we review and slightly extend the tech-
nique developed by Chen [5]. For this purpose, we digress
for a second from the capacity investment game and consider
a more general formulation of a cooperative game (N , C) in
which the characteristic function is defined by a two-stage
optimization problem.

In the first stage, for a coalition S in the cooperative game
(N , C), we make a single decision y at a cost c(y). The
decision variable y is allowed to take values in an interval
[0, a(S)], where a(S) is a nonnegative scalar depending on
S. After the first stage decision y is made, the coalition S will
make another decision to achieve a second-stage minimal cost
of the coalition, denoted as g(y, S), which only depends on
the first decision y and the coalition S. The characteristic cost
function C of the cooperative game (N , C) is then defined as
follows.

C(S) = min
0≤y≤a(S)

c(y) + g(y, S). (6)

Later on, we will see how the second-stage cost g(y, S) is
defined in the capacity investment game.

We are interested in cooperative games in which c(y)

exhibits economies of scale. Specifically, we assume that
c(·) ∈ F . If c(y) represents a production cost function, the

Naval Research Logistics DOI 10.1002/nav



518 Naval Research Logistics, Vol. 60 (2013)

assumption implies that the higher the production quantity,
the lower the average unit production cost. Unfortunately,
under this assumption the optimization problem (6) may be
rather challenging and the duality approach for convex mini-
mization problems employed in the previous section may not
apply.

To overcome this challenge, we construct a new game
(N , Cĉ), which is derived by replacing the cost function
c(y) in (N , C) by a linear cost ĉy. That is, the character-
istic function of the cooperative game (N , Cĉ) is defined as
follows.

Cĉ(S) = min
0≤y≤a(S)

ĉy + g(y, S). (7)

Rather than analyzing the original game (N , C), we focus on
the game (N , Cĉ). We will prove that there exists a scalar ĉ

such that the new game (N , Cĉ) is dominated by (N , C) in
the sense that Cĉ(N) = C(N) while Cĉ(S) ≤ C(S) for any
S ⊂ N .

We make the following technical assumptions.

ASSUMPTION 2: a. g(y, S) is lower semicontinu-
ous in y for any S ⊂ N .

b. limy→∞ c(y) + g(y, S) = ∞ if a(S) = ∞.
c. y = 0 is an optimal solution for the optimization

problem min0≤y≤a(S) ĉy + g(y, S) for ĉ sufficiently
large.

Assumptions (a) and (b) guarantee the existence of an opti-
mal solution for problem (6). Assumption (c) allows us to
exclude some pathological cases.

Our analysis requires the existence of nondecreasing opti-
mal solutions for problems (6) and (7). That is, there exists an
optimal solutions y∗(S) and y∗

ĉ
(S) for problems (6) and (7)

parameterized by S, respectively, such that y∗(S) ≤ y∗(T )

and y∗
ĉ
(S) ≤ y∗

ĉ
(T ) for any S ⊂ T .

The following result is key to the analysis of this article.

PROPOSITION 1: Assume that c(·) ∈ F . If problems
(6) and (7) have nondecreasing optimal solutions, then there
exists a scalar ĉ such that the cooperative game (N , Cĉ) is
dominated by (N , C). In this case, any core allocation for
(N , Cĉ) is a core allocation for (N , C).

A similar result is presented in Chen [5] for inventory cen-
tralization games with quantity discount, in which a(S) =
+∞. The proof can be extended to the general setting here
with minor modification and thus is omitted.

The proof of Proposition 1 implies that a core allocation
of (N , C) can be constructed in three steps (as long as the
assumptions in Proposition 1 hold). First, compute

C(N) = min
0≤y≤a(N)

c(y) + g(y, N).

Second, find a constant ĉ such that

C(N) = Cĉ(N) = min
0≤y≤a(N)

ĉy + g(y, N).

Third, find a core allocation for the game (N , Cĉ), which
automatically gives a core allocation for (N , C) according to
Proposition 1.

The next two subsections will establish conditions under
which Proposition 1 is applicable for the case with no
inventory carryover and the case with inventory carryover,
respectively.

4.2. No Inventory Carry Over

In this subsection, we analyze the capacity investment
game for which no inventory is carried over from one period
to the next at both the production facility and the retail stores.
As we mentioned in the introduction, the assumption is appro-
priate for service industries in which holding inventory is
impossible. With this assumption, we can drop the inven-
tory terms in the optimization problem (1). In addition, the
amount transported to each retail store is exactly the demand
of the retail store. In this case, the transportation cost terms
are constant and can also be dropped. Thus, the optimization
problem (1) reduces to the following formulation.

f̂ (d) = min v(z) +
T∑

t=1

(ct (xt ) + ot (dt − xt ))

s.t. xt − z ≤ 0, t = 1, 2, . . . , T ,

xt ≤ dt , t = 1, 2, . . . , T ,

xt ≥ 0, t = 1, 2, . . . , T . (8)

The characteristic cost function is now defined as: C(S) =
f (

∑
j∈S dj ). Note that the game (N , C) is not concave even

when outsourcing is not allowed as illustrated by the example
at the end of Section 2.

In the following, we prove that when the outsourcing
cost functions are linear, there exists an optimal solution for
problem (8) which is nondecreasing in d.

LEMMA 1: Assume that the outsourcing cost ot (·) is linear
for t = 1, 2, . . . , T . Then, there exists an optimal solu-
tion (z∗(d), x∗(d)) for problem (8) such that (z∗(d), x∗(d))

is nondecreasing in d, i.e. for d ≤ d′, (z∗(d), x∗(d)) ≤
(z∗(d′), x∗(d′)) componentwise.

PROOF: The objective function in (8) is submodular in
(z, x, d), as it is a separable function and thus submodular
(see Topkis [18] Theorem 2.6.4 or Simchi-Levi et al. [16]
Theorem 2.3.3). Furthermore, the feasible set is a sublattice
in 
 × 
T × 
T (see Topkis [18] page 26). Thus, problem
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(8) is a minimization of a submodular function over a sub-
lattice. This implies that the optimization problem (8) admits
an optimal solution (z∗(d), x∗(d)) which is nondecreasing
in d (see Theorem 2.8.3 in Topkis [18] or Theorem 2.3.7 in
Simchi-Levi et al. [16]). �

It is worth mentioning that the above lemma is true for any
function v(·) and ct (·) as long as optimal solutions exist.

We are now ready to present our main result for the case
with no inventory carryover.

THEOREM 2: Assume that v(·), ct (·) ∈ F and ot (·) is lin-
ear for t = 1, 2, . . . , T . Then, the capacity investment game
(N , C) without inventory carryover is balanced.

PROOF: First, define

g(z, S) = min
T∑

t=1

(ct (xt ) + ot (d
S
t − xt ))

s.t. xt − z ≤ 0, t = 1, 2, . . . , T ,

xt ≤ dS
t , t = 1, 2, . . . , T ,

xt ≥ 0, t = 1, 2, . . . , T ,

where dS
t = ∑

j∈S d
j
t . We have that C(S) = minz≥0 v(z) +

g(z, S). Proposition 1 together with Lemma 1 implies that
we can construct a new game with v(·) replaced by a linear
function which is dominated by the game (N , C). Thus, it
suffices to show that the new game has a nonempty core.

Similarly, for a given period t0 with xt0 , define

gt0(xt0 , S) = min v(z) + o(dS
t0

− xt0)

+
∑

t=1:T ,t �=t0

(ct (xt ) + ot (d
S
t − xt ))

s.t. xt − z ≤ 0, t = 1, 2, . . . , T ,

xt ≤ dS
t , t = 1, 2, . . . , T , t �= t0

xt ≥ 0, t = 1, 2, . . . , T , t �= t0.

Then, we have that C(S) = min0≤xt0 ≤dS
t0

ct0(xt0)+gt0(xt0 , S).
Thus, Proposition 1 together with Lemma 1 implies that we
can construct a new game with ct0(·) replaced by a linear
function which is dominated by the game (N , C).

The above discussion implies that we can construct a new
game with v(·) and ct (·) all replaced by linear functions such
that the new game is dominated by (N , C). Hence, the core of
(N , C) includes the core of the new game as a subset, which
is nonempty according to Theorem 1. �

As we pointed out earlier, when v(·), ct (·) and/or ot (·) are
convex, the characteristic cost function C(S) may not even
be subadditive and thus the game (N , C) may have an empty

core. One may wonder whether Theorem 2 still holds if the
outsourcing costs ot (·) also belong to the function class F
instead of being linear. Unfortunately, the answer is negative
even when the outsourcing costs ot (·) involve only setup cost
components and v(·) and ct (·) are linear. We illustrate this in
the following example. Let

T = 2, v(z) = z, ct (xt ) = 0, ot (yt ) = δ(yt ),

where δ(u) = 1 if u > 0 and 0 otherwise. For a given z, it is
clear that the optimal production quantities xt = min(dt , z)
and the optimal outsourcing quantities yt = max(dt − z, 0).
Thus, problem (8) is reduced to the following:

min
z≥0

z + δ(d1 − z) + δ(d2 − z).

The optimal objective value and the optimal capacity level
are given as follows (note that at the boundaries, we have
multiple optimal solutions).

(f̂ (d1, d2), z
∗(d1, d2))

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(max(d1, d2), max(d1, d2)), |d1 − d2| ≤ 1, 0 ≤ d1

≤ 2, 0 ≤ d2 ≤ 2,
(1 + d1, d1), d2 − d1 ≥ 1, 0 ≤ d1 ≤ 1,
(1 + d2, d2), d1 − d2 ≥ 1, 0 ≤ d2 ≤ 1,
(2, 0), otherwise.

We now consider a game with three players with d1 =
(0, 1.5 − ε), d2 = (1 − ε, 0.5 − ε) and d3 = (ε, 2ε), where
ε is a small positive number. The characteristic cost function
is specified as follows.

C({1}) = 1, C({2}) = 1 − ε, C({3}) = 2ε,

C({1, 2}) = 2 − 2ε, C({1, 3}) = 1 + ε, C({2, 3}) = 1,

C({1, 2, 3}) = 2.

If (l1, l2, l3) is in the core of ({1, 2, 3}, C), then l1+l2+l3 = 2,
which implies that l3 = 2−l1 −l2. Therefore, the inequalities
l1 ≤ C({1}) = 1 and l2 + l3 = 2 − l1 ≤ C({2, 3}) ≤ 1 imply
that l1 = 1. Similarly, the inequalities l2 ≤ C({2}) = 1 − ε

and l1+l3 = 2−l2 ≤ C({1, 3}) = 1+ε imply that l2 = 1−ε.
However, l1 + l2 = 2 − ε > 2 − 2ε = C({1, 2}), violating
the requirement that l1 + l2 ≤ C({1, 2}) in the core defini-
tion. Thus, the core of ({1, 2, 3}, C) is empty. Of course, this
implies that in this case Lemma 1 fails for the concave out-
sourcing costs ot (·). As an illustration, observe that z∗(d1, d2)

is not monotone in d1 for a given d2 ∈ (1, 2).

4.3. Inventory Carry Over

In this subsection, we assume that the production facility
and all the retail stores can carry inventory and the capacity
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investment cost v(·) ∈ F . Similar to the previous subsec-
tion, we apply Proposition 1 to construct a new game with
a linear investment cost that is dominated by (N , C). For
this purpose, we illustrate in the following lemma that under
certain assumptions, the higher the demand, the larger the
optimal capacity level. This monotonicity result plays an
important role in our analysis. Interestingly, this result is
true for any capacity investment cost function as long as the
optimal solution for problem (1) exists.

LEMMA 2: Assume that all costs except the capacity
investment cost are linear for t = 1, 2, . . . , T and j ∈ N .
There exists an optimal capacity level z(D) for problem (1)
with demand profile D = (d1, d2, . . . , dn) such that z(D) is
nondecreasing in D componentwise.

PROOF: Recall the function g(z, D) defined in (8), which
represents the minimum cost of production, outsourcing,
inventory holding, and transportation of satisfying the
demand profile D for a given capacity level z. Let z(D) be
the maximum optimal solution for minz≥0 v(z)+g(z, D). To
prove that z(D) is nondecreasing in D, it suffices to show that
g(z, D) is submodular in (z, dj0

t0 ) for any t0 = 1, 2, . . . , T and
j0 ∈ N (from Theorem 2.8.3 in Topkis [18] or Theorem 2.3.7
in Simchi-Levi et al. [16]). For this purpose, we construct a
minimum-cost network flow problem in which the cost func-
tions on some arcs depend on parameters representing the
production capacity or demand and then employ Theorem 17
in Granot and Veinott [10]. To use the theorem, we temporar-
ily assume that the production capacities at different periods
can be different and are denoted as zt for period t .

We now construct a network G = (V , E). In this network,
the set of vertices V is given as follows: vertices (j , t) repre-
senting retail store j (the production facility if j = 0) at time
t , j ∈ N ∪ {0}, and t = 1, . . . , T ; two vertices (0, +) and
(0, −) representing production and outsourcing, respectively;
and an artificial node (0, 0).

The arc set E is given as follows. There are directed arcs
from (0, +) and (0, −) to (0, t), whose flows correspond to
the production quantity xt and the outsourcing quantity yt ,
respectively. There is a directed arc from (j , t) to (j , t + 1),
whose flow corresponds to the inventory I

j
t carried over from

period t to period t +1 for retailer j (the production facility if
j = 0). There is a directed arc from (0, t) to (j , t), whose flow
corresponds to the inventory q

j
t transhipped from the produc-

tion facility to retailer j at time period t . There is a directed
arc from node (j0, t0) to the artificial node (0, 0) represent-
ing demand d

j0
t0 . Finally, there are directed arcs from (0, 0) to

(0, +) and (0, −), respectively.
At each vertex, there is a given demand. Specifically, at

vertex (j , t) with (j , t) �= (j0, t0) and j �= 0, the demand is
d

j
t , and the demand at (0, 0) is − ∑

t=1:T ,j∈N d
j
t + d

j0
t0 . The

demand is zero at other vertices including (j0, t0).

For each arc, there is a cost which may depend on its flow
and some parameters. Specifically, the cost on the arc from
(0, +) to (0, t) is specified as ct (xt )+δ(0 ≤ xt ≤ zt ) given its
flow xt , where δ(·) is an indicator taking value 0 if the state-
ment inside δ is true and value ∞ otherwise (notice that the
cost term δ(0 ≤ xt ≤ zt ) implies that the flow on the arc from
(0, +) to (0, t) is nonnegative and cannot exceed the produc-
tion capacity zt ); the cost on the arc from (0, −) to (0, t) is
Ot(yt )+ δ(yt ≥ 0) given its flow yt ; the cost on the arc from
(j , t) to (j , t + 1) is h

j
t (I

j
t ) + δ(I

j
t ≥ 0) given its flow I

j
t ;

the cost on the arc from (0, t) to (j , t) is u
j
t (q

j
t )+ δ(q

j
t ≥ 0);

and the cost on the arc from (j0, t0) to (0, 0) is δ(f = d
j0
t0 )

given its flow f , or equivalently, the flow must be d
j0
t0 ; and

the costs on the arcs from (0, 0) to (0, +) and (0, −) are
zero.

The minimum cost of the above network flow problem
depends on zt for t = 1, 2, . . . , T and the demand profile
D and is denoted as ĝ(z1, . . . , zT , D). Notice that g(z, D) =
ĝ(z, . . . , z, D).

We now consider two arcs in the network flow problem:
the arc from (0, +) to (0, t) and the arc from (j0, t0) to (0, 0).
Clearly, these two arcs are complements. That is, any simple
cycle containing the two arcs orients them in the same direc-
tion. Fix the parameters (z1, . . . , zT ) and D except zt and
d

j0
t0 . Notice that our assumption implies that all the cost func-

tions are convex in arc flows. In addition, the cost functions
on the arc from (0, +) to (0, t) and the arc from (j0, t0) to
(0, 0) are submodular in (xt , zt ) and (f , dj0

t0 ), respectively.
From Theorem 17 of Granot and Veinott [10], the mini-
mum cost ĝ(z1, . . . , zT , D) is submodular in (zt , d

j0
t0 ) for any

t , t0 = 1, 2 . . . , T .
We now prove that g(z, D) = ĝ(z, . . . , z, D) is submodular

in (z, dj0
t0 ) for any t0 = 1, 2 . . . , T and j ∈ N . To show this,

consider z < ẑ and d
j0
t0 > d̂

j0
t0 . Let D̂ be a demand profile

derived from D by replacing d
j0
t0 in D with d̂

j0
t0 . We have that

g(z, D) − g(z, D̂) = ĝ(z, . . . , z, D) − ĝ(z, . . . , z, D̂)

≥ ĝ(z, . . . , z, ẑ, D) − ĝ(z, . . . , z, ẑ, D̂)

≥ ĝ(z, . . . , z, ẑ, ẑ, D) − ĝ(z, . . . , z, ẑ, ẑ, D̂)

≥ . . .

≥ ĝ(ẑ, . . . , ẑ, D) − ĝ(ẑ, . . . , ẑ, D̂)

= g(ẑ, D) − g(ẑ, D̂),

where the inequalities follow from the fact that ĝ(z1, . . . ,
zT , D) is submodular in (zt , d

j0
t0 ) for any t , t0 = 1, 2 . . . , T .

The above inequalities imply that g(z, D) is submodular in
(z, dj0

t0 ) and thus the optimal capacity level z(D) is nonde-
creasing in D componentwise (again from Theorem 2.8.3 in
Topkis [18] or Theorem 2.3.7 in Simchi-Levi et al. [16]). �
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It is appropriate to point out that Lemma 2 still holds when
the inventory holding costs h

j
t (·) and the transportation costs

u
j
t (·) are convex for t = 1, 2, . . . , T and j ∈ N .
We are now ready to present our main result of this

subsection.

THEOREM 3: Assume thatv(·) ∈ F and all other costs are
linear. Then, the capacity investment game (N , C)with inven-
tory carryover is a balanced game. Moreover, a core alloca-
tion can be computed by applying the procedure outlined in
Subsection 4.1.

Lemma 2 and Proposition 1 imply that the capacity invest-
ment game (N , C) is dominated by a new game with linear
capacity investment cost, which from Theorem 1 has an allo-
cation in the core that can be computed by employing linear
programming duality theory. Therefore, (N , C) has an allo-
cation in the core as well, which can be computed by applying
the procedure outlined in Subsection 4.1.

Theorem 3 is proven under the assumption that all costs
except the capacity investment cost are linear. It is still valid
when the inventory holding costs h

j
t (·) and the transporta-

tion costs u
j
t (·) are convex for t = 1, 2, . . . , T and j ∈ N .

As we pointed out earlier, it is common to assume linear
inventory holding costs and outsourcing costs in the oper-
ations literature, while the assumption of linear production
cost is appropriate for settings in which economies of scale
are negligible or enormous so that the setup only happens
at the beginning of the planning horizon. When ct (·), h0

t (·)
and/or ot (·) are convex, the core of (N , C) may be empty
as we pointed out earlier. When the outsourcing cost func-
tions ot (·) are concave, the core of (N , C) may be empty as
well as illustrated by the example in Subsection 4.2 (we can
choose extremely high inventory holding costs h

j
t (·) so that

the model analyzed here reduces to the one without inventory
carryover in Subsection 4.2).

It remains open whether the core of (N , C) is nonempty if
ot (·) are linear and ct (·) and h0

t (·) are concave. In this case, the
technique used to prove Theorem 3 may not apply anymore.
In fact, we show by an example that the monotonicity of the
optimal capacity level does not hold even when the produc-
tion costs involve only fixed cost components, outsourcing is
not allowed, and the retail stores do not hold any inventory.
Let

T = 3, v(z) = κz, h0
t = 0,

ct (xt ) = δ(xt ), t = 1, 2, 3,

and

d1 = d2 = 1, d3 = 1 + η.

If the production is made at one period, then the capacity is
3 + η and the total cost is κ(3 + η) + 1; if the production

is made at two periods, then the capacity is (3 + η)/2 and
the total cost is κ(3 + η)/2 + 2; if the production is made
at three periods, then the capacity is (3 + η)/3 and the total
cost is κ(3 + η)/3 + 3. For κ = 1/2, it is optimal to set the
capacity level at 3 + η when η ∈ [0, 1], the capacity level at
(3 +η)/2 when η ∈ [1, 9] and the capacity level at (3 +η)/3
when η ≥ 9. Thus, the optimal capacity level may decrease
with demand.

We now present an example to illustrate how the procedure
outlined in Subsection 4.1 can be used to derived a core allo-
cation of (N , C). Consider a two-period model consisting of
three players with no outsourcing. We assume that both the
production facility and the retail stores do not hold inventory
and the production cost and the transportation cost are zero.
The capacity installation cost is c(z) = min(z, 0.5 + 0.5z).
Let the total demand at period one be d1 and the total demand
at period two be d2. It is clear that the optimal capacity
level is given by z = max(d1, d2). Assume that S = {1, 2},
S ′ = {1, 3} and d1 = (0, 1), d2 = d3 = (1, 0). For
this simple game, we can directly derive the characteristic
function and determine the core ({1, 2, 3}, C). Specifically,
we have

C({1}) = C({2}) = C({3}) = C({1, 2}) = C({1, 3}) = 1,

C({2, 3}) = C({1, 2, 3}) = 1.5,

and the core of ({1, 2, 3}, C) is

{(l1, l2, l3) : l1 + l2 + l3 = 1.5, l1 + l2 ≤ 1, l1 + l3 ≤ 1,

l2 + l3 ≤ 1.5, l1 ≤ 1, l2 ≤ 1, l3 ≤ 1},

which contains infinite number of allocations. We now apply
the procedure outlined in Subsection 4.1. The first step of
the procedure gives C({1, 2, 3}) = 1.5. In the second step,
we note that for any linear capacity installation cost ĉ,
Cĉ({1, 2, 3}) = ĉ/2. Thus, Cĉ({1, 2, 3}) = C({1, 2, 3}) gives
ĉ = 0.75. Finally, in the third step, we have that

Cĉ({1}) = Cĉ({2}) = Cĉ({3}) = Cĉ({1, 2})
= Cĉ({1, 3}) = 0.75, Cĉ({2, 3}) = Cĉ({1, 2, 3}) = 1.5,

and the core of ({1, 2, 3}, Cĉ) is the set

{(l1, l2, l3) : l1 + l2 + l3 = 1.5, l1 + l2 ≤ 0.75, l1 + l3 ≤ 0.75,

l2 + l3 ≤ 1.5, l1 ≤ 0.75, l2 ≤ 0.75, l3 ≤ 0.75}.

Interestingly, it reduces to be a singleton {(0, 0.75, 0.75)}.
Observe that retail store 1 adds zero cost to any coalition and
retail stores 2 and 3 are symmetric. Thus, this core allocation
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is reasonable as it assigns a cost 0 to retail store 1 and an
identical cost 0.75 to retail stores 2 and 3.

5. CONCLUDING REMARKS

In this article, we analyze cost allocation of capacity invest-
ment games. In such a game, capacity is built at the beginning
of the planning horizon, which is followed by the produc-
tion/outsourcing and distribution of the product to different
retail stores. Under various conditions, we show that a capac-
ity investment game admits a nonempty core. These condi-
tions assume that retail store specific costs (the transportation
costs to a retail store and the inventory holding costs at the
retail store) are convex while the capacity investment cost
exhibits the quantity discount property and the other costs at
the production facility are linear. In the special case with no
inventory carryover, we can also allow the production cost at
each period to exhibit the quantity discount property.

To prove the nonemptiness of the core of a capacity invest-
ment game with a general capacity cost, we construct another
game with linear capacity cost. In the construction, we keep
the minimum cost of the grand coalition unchanged. Mean-
while, the minimum cost for each coalition does not decrease.
This construction allows one to claim that any allocation in
the core of the newly constructed game is in the core of the
original game with general capacity cost. This construction
builds on and extends a technique developed in Chen [5]
for inventory centralization games with general quantity dis-
count. To apply the technique, we prove that the optimal
capacity investment level is nondecreasing in terms of the
demand vectors of the retail stores.

It would be interesting to extend our results and analysis
to more general settings. Specifically, allowing cost func-
tions (other than the capacity investment cost) to be concave
remains a significant challenge. We have a complete under-
standing of the capacity investment game when inventory is
not allowed to be carried over from one period to the next.
However, when inventory can be carried over, all our results
require linearity on production facility specific costs (other
than the capacity investment cost) while the retail store spe-
cific costs are convex. We would like to see whether these
conditions can be relaxed.

We are also interested in extending our model to settings
with stochastic demand. If all costs are linear, we can employ
the stochastic programming duality approach similar to the
linear programming duality approach used in Section 3 to
show the nonemptiness of the core. The results in Subsection
4.2 can also be extended. However, in general, the problem
remains open.

Finally, in this article, we focus on the existence of core
allocations and mechanisms of computing such allocations. It
would be interesting to compare the derived core allocations

with allocations based on other cooperative game concepts
such as the Shapley value and the nucleolus.
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