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Abstract The standard quadratic optimization problem (StQP) refers to the prob-
lem of minimizing a quadratic form over the standard simplex. Such a problem arises
from numerous applications and is known to be NP-hard. In this paper we focus on
a special scenario of the StQP where all the elements of the data matrix Q are inde-
pendently identically distributed and follow a certain distribution such as uniform or
exponential distribution. We show that the probability that such a random StQP has a
global optimal solution with k nonzero elements decays exponentially in k. Numerical
evaluation of our theoretical finding is discussed as well.
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274 X. Chen et al.

1 Introduction

In this paper, we consider the following quadratic optimization problem

min xT Qx (1)

s.t. eT x = 1, x ≥ 0,

where Q = [Qi j ] ∈ �n×n is a symmetric matrix, and e ∈ �n is the all 1-vector. Like
in [4], we call the above problem the standard quadratic optimization problem (StQP).
The problem appears in numerous applications such as resource allocation [21] and
portfolio selection [23]. It covers also other problems such as the maximal clique
problem in discrete optimization [16] and determining the co-positivity of a matrix
in linear algebra [8,22,28]. It is known that the StQP is NP-hard [25]. As such, the
study of StQP has attracted the attention of researchers in various fields and a host of
algorithms have been proposed in the literature. For details, we refer to recent papers
[8,26,30] and the references therein.

In this work we focus on a special scenario of StQPs where the matrix Q is random.
There are several motivations that inspire our work. The first is the observation that
some discrete optimization problems such as the knapsack problem, though NP-hard
from a theoretical perspective, can be solved efficiently when the input data follow a
certain distribution [2,17]. It is of interests to investigate whether we can obtain similar
results for some hard continuous optimization problems. On the other hand, we note
that due to the lack of testing problems, in many algorithmic works on StQPs, random
instances are generated and employed to test the proposed algorithms [5,14,26,30].
Since a random matrix is usually generated by following a certain distribution, it is
desirable to explore the properties of the resulting StQPs which may provide insights
to the proposed algorithms and help the further development of effective algorithms
for this class of problems.

Our work is also inspired by the recent progress in compressed sensing on finding
the sparsest solution of a system of linear equations and inequalities [11,12,15]. Spe-
cifically, consider the following optimization problem raised in compressed sensing:

min ‖x‖0 (2)

s.t. Ax = b,

where ‖x‖0 denotes the number of nonzero elements of x . The above problem is NP-
hard in general [15]. An elegant approach to tackle the above problem is to replace
the objective function by the L1-norm, which leads to the following LP

min ‖x‖1 (3)

s.t. Ax = b.

As proved in [11,12,15], under certain conditions, the optimal solution of problem (3)
is also optimal to problem (2) with a high probability. In [9], the authors further
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Sparse solutions to random standard quadratic optimization problems 275

discussed problem (3) with an additional requirement that x is nonnegative, which
leads to the following problem

min ‖x‖1 (4)

s.t. Ax = b, x ≥ 0.

To motivate the StQP model analyzed in this paper, denote a nontrivial sparsest
solution of problem (4) by x∗ satisfying ρ = ‖x∗‖1 > 0. Then x∗ must be the sparsest
solution of the following least squares optimization problem

min ‖Ax − b‖2
2 (5)

s.t. eT x = ρ, x ≥ 0.

Let c = AT b. Due to the special constraints in the above problem, we have

bT Ax = cT x = 1

ρ
xT (ecT )x = 1

2ρ
xT (ecT + ceT )x .

Ignoring the constant term in the objective, we can rewrite problem (5) as the following

min xT
(

AT A − 1

ρ
(ecT + ceT )

)
x (6)

s.t. eT x = ρ, x ≥ 0.

Note that the above problem is homogeneous in x . Without loss of generality, we
can replace the constraints by eT x = 1, x ≥ 0 and thus problem (6) reduces to a
special case of the StQP model (1). The above interesting relation and the established
results on L1 optimization indicate that for some StQPs, global optimum solutions are
expected to be very sparse.

Our work is an initial attempt to establish the existence of sparse globally optimal
solutions for a class of random matrices. Specifically, when the upper triangular ele-
ments of Q in problem (1) are identically independently distributed with a uniform
or exponential distribution, we prove that the probability that there exists a globally
optimal solution with at least k nonzero elements decays exponentially (in k).

It is worth mentioning that for problem (1), due to the specific geometric feature
of the constraint set (all the extreme points are sparse), it always has sparse solutions
whenever the matrix Q is negative semidefinite. For generic QPs, in [19] Hager et al.
showed that if Q has n − k negative eigenvalues, then there must be at least n − k
active constraints at an optimal solution x∗. The results in [19] were further extended
by Bomze and Locatelli [7] and Hu et al. [20] where the authors showed that certain
classes of nonconvex QP can be solved in polynomial time. By applying the result
in [19] to the StQP, one can show that if Q has at most k positive eigenvalues, then
there exists an optimal solution to the StQP model which has at most k + 1 nonzero
elements. However, as observed in [6,24], even for generic indefinite matrix Q, there
may still exist very sparse solutions to the corresponding StQP. It is also appropriate to
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276 X. Chen et al.

point out that our simulation indicates that both the numbers of negative eigenvalues
and positive eigenvalues are in the order of n for the random matrices Q considered
here due to the semi-circular law [29].

We note that in a recent work [1], Barany et al. showed that for random 2-play/bim-
atrix games, there is a high probability that there is a Nash equilibrium with a support
of small size (at most k). As observed in [31], a bimatrix game can be reformulated as a
symmetric linear complementarity problem (LCP) which is closely related to StQP. A
fully polynomial time approximation scheme was proposed in [31] to find a stationary
point of the underlying QP derived from the symmetric LCP. Different from the above
papers, we are mainly concerned about the global solution of the StQP.

The paper is organized as follows. In Sect. 2, we establish several probability results
that are crucial in the analysis of the present work. In Sect. 3, we explore the prop-
erties of the constraint set of problem (1) and the properties of a random matrix to
establish the main result in the paper. In Sect. 4, we explore the interrelation between
problem (1) and its SDP relaxation. In Sect. 5 we evaluate the main theoretical result
established in this work, and report some experimental results. Finally we conclude
our paper with some remarks in Sect. 6.

A few sentences about notation. Throughout the paper, Qmin (or Qmax) denotes the
value of the minimal (or maximal) element of Q. We also refer to x∗ as a sparsest
globally optimal solution of problem (1) (unless else specified), i.e., it has the smallest
number of positive components among all globally optimal solutions.

2 Some probability results

In this section we establish several probability results that will play an important role
in our later analysis.

Let Ur , r = 1, . . . , n be independent continuous random variables each with a
cumulative distribution F(·) and a probability density function f (·) and u1 ≤ u2 ≤
· · · ≤ un be the order statistics of Ur ’s. Let Vr , r = 1, 2, . . . , m be independent con-
tinuous random variables each with a cumulative distribution G(·) and a probability
density function g(·) and v1 ≤ v2 ≤ · · · ≤ vm are the order statistics of Vr ’s. For
notational convenience, let ūk = ∑k

r=1 ur . Our goal is to develop an upper bound on
the probability

m∑
i=1

P(ūk ≤ (k + 1)v1 − vi ). (7)

For simplicity of our analysis,1 we make the following assumption on the distributions.

Assumption 2.1 (a) G(·) is concave on its support.
(b) There exists a constant α ∈ (0, 1] such that G(t) ≥ αF(t) for any x ∈ (−∞,∞).

Part (a) of Assumption 2.1 implies that the support of g(·) is an interval with a
finite left end point. In addition, g(·) is nonincreasing in its support. Notable examples

1 In the proof of Theorem 3.4, we will replace Vr and Ur in inequality (7) by the diagonal elements and
the corresponding off-diagonal elements of Q respectively.
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Sparse solutions to random standard quadratic optimization problems 277

satisfying Assumption 2.1 part (a) include uniform and exponential distributions.
When α = 1, part (b) of Assumption 2.1 is equivalent to the statement that Vr

is stochastically less than Ur . To avoid technicalities, we also make the innocuous
assumption that both f (·) and g(·) are continuous.

To derive an upper bound on the probability (7), we will use the joint pdf of order
statistics. Specifically, the joint pdf of un1 , . . . , unk (0 = n0 < n1 < · · · < nk <

nk+1 = n + 1) for −∞ = u0 ≤ u1 ≤ u2 ≤ · · · ≤ uk ≤ uk+1 = ∞ can be written as
follows (see (2.2.2) in [13]):

f(n1)...(nk)(u1, . . . , uk) = n!
k∏

j=1

f (u j )

k∏
j=0

[F(u j+1) − F(u j )]n j+1−n j −1

(n j+1 − n j − 1)! .

We now state the major result in this section.

Theorem 2.2 Let Ur , r = 1, . . . , n and Vr , r = 1, . . . , m be independently identi-
cally distributed (i.i.d.) random variables with cumulative distribution functions F(·)
and G(·) respectively. Assume that the random vectors [Ur ]n

r=1 and [Vs]m
s=1 are inde-

pendent from each other. If G(·) and F(·) satisfy Assumption 2.1, then we have

P(ūk ≤ kv1) ≤
k∏

j=1

(m + n − k)(n − j + 1)

(n − k + αm(k− j+1)
k )(m + n − j + 1)

; (8)

m∑
i=2

P(ūk ≤ (k + 1)v1 − vi ) ≤ k P(ūk ≤ kv1). (9)

Proof For notational convenience, let us denote n̄k = n − k, and F−1(u) = inf{ξ :
F(ξ) ≥ u}. To prove relation (8), we observe that

P(ūk ≤ kv1) = n!
n̄k !

∞∫
−∞

∞∫
u1

· · ·
∞∫

uk−1

k∏
j=1

f (u j )[1−F(uk)]n̄k [1−G(ūk/k)]mduk · · ·du1

= n!
n̄k !

1∫
0

1∫
u1

· · ·
1∫

uk−1

(1−uk)
n̄k

⎡
⎣1−G

⎛
⎝1

k

k∑
j=1

F−1(u j )

⎞
⎠
⎤
⎦

m

duk · · ·du1

≤ n!
n̄k !

1∫
0

1∫
u1

· · ·
1∫

uk−1

(1 − uk)
n̄k

⎡
⎣1 − 1

k

k∑
j=1

G(F−1(u j ))

⎤
⎦

m

duk · · ·du1

≤ n!
n̄k !

1∫
0

1∫
u1

· · ·
1∫

uk−1

(1 − uk)
n̄k
[
1 − α

k
ūk

]m
duk · · ·du1

≤ n!
n̄k !

1∫
0

1∫
u1

· · ·
1∫

uk−1

[
1 − mαūk−1

k(m + n̄k)
− n̄k + mα

k

m + n̄k
uk

]m+n̄k

duk · · ·du1
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≤ n!
n̄k !

m + n̄k

(n̄k + mα
k )(m + n̄k + 1)

×
1∫

0

1∫
u1

. . .

1∫
uk−2

[
1− mαūk−2

k(m+n̄k)
− n̄k + 2mα

k

m + n̄k
uk−1

]m+n̄k+1

duk−1 · · ·du1

...

≤ n!
n̄k !

k∏
j=1

m + n̄k

(n̄k + mjα/k)(m + n̄k + j)

=
k∏

j=1

(m + n − k)(n − j + 1)

(n − k + m(k − j + 1)α/k)(m + n − j + 1)
,

where the first inequality follows from the concavity assumption of G(·), the second
inequality from Assumption 2.1 part (b), the third inequality from the inequality of
weighted arithmetic and geometric means, and the last two inequalities are derived
by integrating over the variables and removing the negative terms sequentially. This
proves inequality (8).

Now we turn to the proof of relation (9). By using the formula of the joint pdf, for
every i = 2, . . . , m, we have

P(ūk ≤ (k + 1)v1 − vi )

= n!m!
n̄k !(i − 2)!(m − i)!

∞∫
−∞

∞∫
u1

· · ·
∞∫

uk−1

∞∫
ūk
k

(k+1)v1−ūk∫
y1

k∏
j=1

f (u j )[1 − F(uk)]n̄k

×g(v1)g(v2)[1 − G(v2)]m−i [G(v2) − G(v1)]i−2dv2 dv1 duk . . .du1

It follows immediately

m∑
i=2

P(ūk ≤ (k + 1)v1 − vi )

= n!m!
n̄k !(m − 2)!

∞∫
−∞

∞∫
u1

· · ·
∞∫

uk−1

∞∫
ūk
k

(k+1)v1−ūk∫
v1

k∏
j=1

f (u j )[1 − F(uk)]n̄k

×g(v1)g(v2)[1 − G(v1)]m−2dv2 dv1 duk · · · du1

= n!m!
n̄k !(m − 2)!

∞∫
−∞

∞∫
u1

· · ·
∞∫

uk−1

∞∫
ūk
k

k∏
j=1

f (u j )[1 − F(uk)]n̄k g(v1)[1 − G(v1)]m−2

×[G((k + 1)v1 − ūk) − G(v1)]dv1duk · · · du1
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= n!(m − 1)

n̄k !
∞∫

−∞

∞∫
u1

· · ·
∞∫

uk−1

k∏
j=1

f (u j )[1 − F(uk)]n̄k h(ūk, v1, m, k)duk · · · du1 ,

(10)

where

h(ūk, v1, m, k) = [1 − G(ūk/k)]m − m

×
∞∫

ūk
k

[1 − G((k + 1)v1 − ūk)]g(v1)[1 − G(v1)]m−2dv1

= −[1 − G(ūk/k)]m

m − 1
+ m(k + 1)

m − 1

×
∞∫

ūk
k

g((k + 1)v1 − ūk)[1 − G(v1)]m−1dv1

≤ −[1 − G(ūk/k)]m

m − 1
+ m(k + 1)

m − 1

∞∫
ūk
k

g(v1)[1 − G(v1)]m−1dv1

= k

m − 1
[1 − G(ūk/k)]m . (11)

Here the inequality follows from the non-increasing property of the probability density
function g(·). Combining relations (10) and (11), we obtain

m∑
i=2

P(ūk ≤ (k + 1)v1 − vi )

≤ n!k
n̄k !

∞∫
−∞

∞∫
u1

· · ·
∞∫

uk−1

k∏
j=1

f (u j )[1 − F(uk)]n̄k [1 − G(ūk/k)]mduk · · · du1

= kP(ūk ≤ kv1), (12)

which further implies (9). This finishes the proof of the theorem. 	


For the special case with m = n, define

ρ(n, k) = P(ūk ≤ kv1). (13)

123
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We next derive a simpler bound for ρ(n, k). Assume that k ≤ √
2nα. From Theo-

rem 2.2, we obtain

ρ(n, k) ≤
k∏

j=1

2n − k

n − k + n(k − j + 1)α/k

n − j + 1

2n − j + 1

≤
k∏

j=1

2n − k

2(n − k + n(k − j + 1)α/k)

=
⎛
⎝ k∏

j=1

(2n − k)2

4(n − k + n(k − j + 1)α/k)(n − k + njα/k)

⎞
⎠

1/2

≤
(

(2n − k)2

4(n − k + nα)(n − k + nα/k)

)k/2

=
(

(2n − k)2

(2n − k)2 + (2n − k)(2nα(1+1/k)−2k)+(2nα−k)(2nα/k−k)

)k/2

≤
(

1

1 + α(1 + 1/k)/2

)k/2

≤
(

1

1 + α/2

)k/2

, (14)

where the third inequality holds since for fixed n and k, 4(n − k + n(k − j + 1)α/k)

(n − k + njα/k) is minimized at j = 1 or j = k, and the fourth inequality follows
from the assumption that k ≤ �√2nα. Since ρ(n, k) is nonincreasing function of k,
we have for k ≥ �√2nα,

ρ(n, k) ≤
(

1

1 + α/2

)�√2nα/2

.

From the above discussion, we derive the following corollary.

Corollary 2.3 Let Ur , r = 1, . . . , n and Vr , r = 1, . . . , n be i.i.d. random variables
with cumulative distribution functions F(·) and G(·) respectively. Assume that the
random vectors [Ur ]n

r=1 and [Vs]m
s=1 are independent from each other. If G(·) and

F(·) satisfy Assumption 2.1, then we have

ρ(n, k) = P(ūk ≤ kv1) ≤

⎧⎪⎨
⎪⎩

(
1

1+α/2

)k/2
if k ≤ �√2nα(

1
1+α/2

)�√2nα/2
Otherwise.

(15)
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Sparse solutions to random standard quadratic optimization problems 281

3 Sparseness in the global solutions to random StQPs

In this section we investigate the existence of sparse solutions to StQP with random
matrices. In the remaining of this paper, without loss of generality, we assume that
for a given random matrix Q, the relation Q11 < Q22 < · · · < Qnn holds and the
probabilities involving Q are always assumed to be conditional on this relation, though
we will not explicitly write down the conditional event for simplicity of discussion.
If a generated random matrix Q does not satisfy such a relation, then we can per-
form permutations to obtain a new matrix so that the relation holds. Because we are
concerned only with the sparsity of the globally optimal solutions to the underlying
problem, thus our results will not be affected by the permutation process.

We start with a simple setting in which the elements of Q of problem (1) are
generated by a discrete distribution defined as follows:

N∑
i=0

P(v = vi ) =
N∑

i=0

pi = 1, pi > 0, i = 0, . . . , N . (16)

Theorem 3.1 Suppose that the upper triangular elements of matrix Q are generated
from a discrete distribution (16) with the left end point of the support v0. Let x∗ be the
sparsest globally optimal solution of problem problem (1). Then it holds

P(‖x∗‖0 = 1) ≥ 1 − (1 − p0)
n .

Proof Since x∗ is a globally optimal solution to problem (1), we have that

(x∗)T Qx∗ ≥ min
i, j

Qi j ≥ v0.

Therefore, if there is a minimal diagonal element of Q equal to v0, say Q11 = v0, then
x∗ = (1, 0, . . . , 0)T ∈ �n , the first unit vector, must be a globally optimal solution to
problem (1). Since P(Q11 = v0) = p0, it follows

P(‖x∗‖0 = 1) ≥ P(Q11 = v0) = 1 − (1 − p0)
n .

This completes the proof of the theorem. 	

The above theorem implies that as n → ∞, with a high probability there exists an

optimal solution with one positive element and the optimal objective value is given by
the minimal diagonal element of Q. Interestingly, this result is not valid anymore if Q
is generated from a continuous distribution as demonstrated in the following theorem.

Theorem 3.2 Suppose that the upper triangular elements of matrix Q ∈ �n×n are
continuous i.i.d. random variables with CDF G(·) and pdf g(·). Then

P(‖x∗‖0 ≥ 2) ≥ n − 1

2n − 1
.
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Proof Consider the following 2-dimensional optimization problem

min ax2
1 + 2bx1x2 + cx2

2 (17)

s.t. x1 + x2 = 1, x1 ≥ 0, x2 ≥ 0.

Let us consider a special scenario where b < min(a, c). Then the optimal solution of
problem (17) is unique and given by

(x∗
1 , x∗

2 ) =
(

c − b

a + c − 2b
,

a − b

a + c − 2b

)
.

The above observation implies that if there exists an element on the first row smaller
than Q11, then ‖x∗‖0 ≥ 2. Therefore,

P(‖x∗‖0 ≥ 2) ≥ P(∃ j �= 1 : Q1 j < Q11) = P( min
j : j �=1

Q1 j < Q11)

=
∞∫

−∞

∞∫
x

(n − 1)g(t)(1 − G(t))n−2ng(y)(1 − G(y))n−1dydt

= n − 1

2n − 1
,

where in the second equality G(·) and g(·) are the cdf and pdf which generate Qi j ,
and we use the formula of joint pdf of the order statistics mini Qii and min j : j �=i Qi j .

	

Though the above theorem states that P(‖x∗‖0 ≥ 2) ≥ n−1

2n−1 → 1
2 as n → ∞,

we will show in the following that P(‖x∗‖0 ≥ k) decays exponentially for a class of
random matrices.

We start by exploring the optimality conditions for problem (1). Note that since the
matrix Q is indefinite, there might exist multiple optimal solutions to problem (1).
In particular, if there exists a globally optimal solution x∗ to problem (1) with only
one nonzero element (‖x∗‖0 = 1), then such a solution can be identified easily by
comparing all the diagonal elements of Q. Therefore, in what follows we concentrate
on the cases where the sparsest globally optimal solution x∗ to problem (1) has more
than one nonzero elements. We have

Proposition 3.3 Suppose that x∗ is the sparsest globally optimal solution of prob-
lem (1) satisfying ‖x∗‖0 = k > 1. Let K be the index set of nonzero elements of x∗
and QK ∈ �k×k be the corresponding principal submatrix of Q. Then the following
conclusions hold:

(I) The matrix QK − (x∗)T Qx∗Ek is positive semidefinite, where Ek is the k-by-k
all ones matrix;

(II) There exists a row (or column) of QK such that the average of all its elements
is strictly less than the minimal diagonal element Q11 of Q;
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Sparse solutions to random standard quadratic optimization problems 283

Proof To prove the first statement, we observe that from the choice of the submatrix
QK, one can conclude that the following reduced StQP

min yT QKy (18)

s.t. eT
k y = 1, y ≥ 0

has a positive globally optimal solution y∗ > 0, where ek is the all ones vector in �k .
Therefore, y∗ is also the globally optimal solution of the following reduced problem

min yT QKy (19)

s.t. eT
k y = 1.

Using the first and second-order optimality conditions of the above problem, we obtain

QKy∗ − λek = 0; (20)

yT QKy ≥ 0, ∀ eT
k y = 0. (21)

Here λ is the corresponding Lagrangian multiplier at the optimal solution. Because
(y∗)T QKy∗ = (x∗)T Qx∗, from (20) we immediately have λ = (x∗)T Qx∗. On the
other hand, since for eT

k y = 0, yT (QK − λEk)y = yT QKy ≥ 0, we conclude that
the matrix QK − λEk has at most one negative eigenvalue. Note that because

(QK − λEk)y∗ = QKy∗ − λek = 0,

y∗ is an eigenvector of the matrix QK − λEk corresponding to the eigenvalue 0.
Suppose to the contrary that the matrix is not positive semidefinite, or in other words,
there exists a vector y− such that

yT−(QK − λEk)y− < 0.

From (21) we have eT
k y− �= 0. Without loss of generality, let us assume eT

k y− = 1.
Now let us consider a new vector

yt = (1 − t)y∗ + t y−, t ∈ [0, 1].

It is easy to see that for sufficiently small t > 0, the vector yt remains still in the
nonnegative orthant, and thus it is a feasible solution to the reduced problem (19).
Moreover, we have

yT
t (QK − λEk)yt < 0 �⇒ yT

t QKyt < λ,

which contradicts the global optimality of y∗. This proves the first statement of the
proposition.
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To prove the second statement of the proposition, we note that y∗ is the globally
optimal solution of (19) and λ = (y∗)T QKy∗. From the choice of QK we obtain

λ ≤ Q11.

From (20), we have

(y∗)T QKek = eT
k QKy∗ = λ ≤ Q11.

Since eT
k y∗ = 1 and y∗ > 0, the above relation implies that

min(QKek) ≤ kλ ≤ k Q11,

i.e., the smallest element of the vector (QKek) is no more than k times Q11. This
finishes the proof of the proposition. 	


We are now ready to state the main result in this section.

Theorem 3.4 Assume that the diagonal elements of the symmetric matrix Q are inde-
pendently identically distributed with cdf G(·) and pdf g(·) and its strict upper tri-
angular elements of Q are independently identically distributed with cdf F(·) and
pdf f (·). Suppose that G(·) and F(·) satisfy Assumption 2.1. Let x∗ be the sparsest
globally optimal solution of problem (1). Then it holds

P(‖x∗‖0 ≥ k) ≤ τ k−1
(

1

(1 − τ)2 + k − 1

1 − τ

)
+ n(n + 1)

2
τ �√2nα, (22)

where τ = (1 + α/2)−
1
2 and α is a constant depending on the distribution functions

F and G.

Proof Denote Qi,: the i th row of the matrix Q and Q̄i,: the sorted sequence in increas-
ing order consisting of all the elements in Qi j for i �= j . Define the following proba-
bility events

Hk
i =

⎧⎨
⎩Qii +

k−1∑
j=1

Q̄i j ≤ k Q11

⎫⎬
⎭ ; i = 1, . . . , n; Hk =

n⋃
i=1

Hk
i . (23)

If the sparsest globally optimal solution to problem (1) has exactly k positive ele-
ments with k > 1, it follows from the second conclusion of Proposition 3.3 that there
exists a row of the submatrix QK such that the average of its elements is strictly less
than Q11, where K is the index set of nonzero elements of x∗. This implies that there
exists a row, say i , such that

Qii +
k−1∑
i=1

Q̄i j ≤ k Q11.
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Therefore,

P(‖x∗‖0 ≥ k) ≤ P

(
n⋃

i=k

Hi

)
.

From (12) and (14) we get

P(Hk) = P

(
n⋃

i=1

Hk
i

)

≤
n∑

i=1

P(Hk
i )

=
n∑

i=1

P

⎛
⎝k−1∑

j=1

Q̄i j ≤ k Q11 − Qii

⎞
⎠ (24)

=
n∑

i=1

P

⎛
⎝k−1∑

j=1

u j ≤ kv1 − vi

⎞
⎠ (25)

≤ kρ(n, k − 1),

where u and v are defined in Sect. 2 in the special case m = n. Finally, from Corol-
lary 2.3 we obtain

P

(
n⋃

i=k

Hi

)
≤

n∑
i=k

P(Hi )

≤
�√2nα∑

i=k

iτ i−1 +
n∑

i=�√2nα+1

iτ �√2nα

≤
∞∑

i=k

iτ i−1 +
(

n(n + 1)

2
−

√
2nα(

√
2nα + 1)

2

)
τ �√2nα

≤ τ k−1
∞∑

i=0

(i + k)τ i + n(n + 1)

2
τ �√2nα

≤ τ k−1
(

1

(1 − τ)2 + k − 1

1 − τ

)
+ n(n + 1)

2
τ �√2nα,

where the last inequality follows from the following relation

∞∑
i=0

(i + 1)t i =
( ∞∑

i=0

t i+1

)′
= 1

(1 − t)2 , ∀t ∈ [0, 1).

This finishes the proof of the theorem. 	
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The upper bound is valid for symmetric matrices whose upper triangular elements
are independently generated by the distributions satisfying Assumption 2.1. Another
common way of generating a symmetric random matrix is to generate all the elements

of a matrix, say Q̃, independently and set Q = Q̃+Q̃T

2 . In this scenario, similar results
can be established under Assumption 2.1.

Theorem 3.4 implies that the probability P(‖x∗‖0 ≥ k) is bounded above by a func-
tion which decays exponentially in k for reasonably large k. However, for small k, the
right hand side bound in relation (22) might turn out to be larger than 1. More accurate
estimates can be obtained by invoking a more careful analysis. In the “Appendix”, we
present such a detailed analysis to estimate the probability P(‖x∗‖0 = 2).

4 The SDP relaxation of StQP

In Sect. 3, we have proved that there is a high probability that problem (1) has a sparse
solution. We provide some computational results to validate our theoretical conclusion
in Sect. 5. To find a globally optimal solution of problem (1), we propose to solve the
SDP relaxation of problem (1) derived as follows. For a given feasible solution x of
problem (1), denote X = xxT . It is clear that all the elements of X are nonnegative
and the summation of all the elements of X should be equal to 1. Moreover, X is
positive semidefinite matrix of rank 1. By relaxing the rank constraint, we end up with
the following SDP

min Tr(Q X) (26)

s.t. Tr(E X) = 1,

X � 0, Xi j ≥ 0, i, j = 1, . . . , n.

Let X∗ denote an optimal solution of the above SDP. It is easy to verify that if X∗ is of
rank one, then one can construct a globally optimal solution to problem (1) as follows:

x∗ = (x∗
1 , x∗

2 , . . . , x∗
n )T , x∗

i = X1/2
i i .

Next we try to characterize the conditions under which we can extract the optimal
solution to problem (1) from a solution X∗ to problem (26). The following result is a
slight refinement of Theorem 1 in [24].

Theorem 4.1 Suppose that X∗ be an optimal solution of problem (26). Let K be the
index set induced by the nonzero diagonal elements of X∗ and X∗

K be the principal
submatrix of X∗ induced by the index set K. If all the elements in the principal subm-
atrix X∗

K are positive, then we can extract an optimal solution to problem (1) from
X∗.

Proof By restricting the reduced SDP relaxation induced by the index set K if neces-
sary, we can assume without loss of generality that all the elements of X∗ are positive.
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Under such an assumption, X∗ must be the optimal solution of the following simplified
SDP

min Tr(Q X) (27)

s.t. Tr(E X) = 1,

X � 0.

Let us consider the dual of the above problem (27) defined by

max λ (28)

s.t. λE + Z = Q, Z � 0.

Let (λ∗, Z∗) be the optimal solution to the dual problem. We have

Q − λ∗E = Z∗, Z∗ X∗ = 0, X∗, Z∗ � 0. (29)

Now let us consider the first eigenvector x∗ of X∗ corresponding to its largest eigen-
value. Since X∗ > 0, it holds x∗ > 0 (see Theorem 1.3 in Chapter 2 of [3]). By scaling
if necessary, we can further assume that ‖x∗‖1 = 1. From (29) we can conclude

Z∗x∗ = 0.

It follows

Q − λ∗E � 0, Qx∗ − λ∗e = 0, (30)

which is precisely the first-order and second-order optimality conditions for prob-
lem (1). In other words, x∗ is the globally optimal solution of the following problem

min xT (Q − λ∗E)x (31)

s.t. eT x = 1, x ≥ 0.

Now recall the observation [6] that the optimal solution to the StQP (1) remains invari-
ant if we replace the matrix Q by another matrix Q + αE for any α ∈ �. Therefore,
x∗ must be the globally optimal solution to the original StQP. 	


We remark that as shown in [3], for n ≤ 4, the cone of completely positive matrices
(the dual cone of copositive matrices) is identical to the cone of doubly nonnegative
matrices (see also [10]). This implies there is no gap between the optimal values at
the optimal solutions of problem (1) and its SDP relaxation (26). When n ≤ 3, in [24]
the authors discussed (see Theorem 2 of [24]) how to obtain an optimal solution of
problem (1) from the optimal solution of problem (26). Such a result can be easily
extended to the case n = 4. However, it is unclear how to recover the globally optimal
solution to problem (1) from a solution of problem (26) for n ≥ 5.
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Table 1 Sparsity of optimal solutions to random StQPs

n RAND: ‖x∗‖0 = i RANDN: ‖x∗‖0 = i

i = 1 i = 2 i = 3 i = 4 i = 5 i = 1 i = 2 i = 3 i = 4 i = 5

3 574 370 56 0 0 526 415 59 0 0

4 541 396 63 0 0 545 397 57 1 0

6 511 386 96 7 0 498 430 70 2 0

10 510 400 85 4 1 402 521 71 5 1

20 509 401 85 5 0 424 507 68 1 0

40 513 417 67 3 0 434 500 64 2 0

50 492 437 69 2 0 432 521 46 1 0

5 Numerical evaluation of main results

To gain some understanding of the strength of our theoretical results, we generate test
problems using uniform distributions. For a given problem size n, we use the Matlab
function RAND to generate a vector in the space of �n(n+1)/2, which gives us the
upper triangular elements of Q. We then define Qi j = Q ji for i > j to obtain the
lower triangular elements of Q. After Q is generated, we construct a globally optimal
solution from the solution of the relaxed problem (26). Interestingly, except for a cou-
ple cases, the global optimality of all the constructed solutions have been numerically
verified by comparing against the solution of the relaxed problem (26).

Our experiments are done on a Pentium D with 3.6GHz CPU and 2 GB mem-
ory. We use the latest version of CVX [18] and SDPT3 [27] under Matlab R2006a
to solve our problem. We report our numerical results in Table 1 for problems with
sizes n = 3, 4, 6, 10, 20, 40, 50. For every fixed size, we test 1,000 random instances.
In Table 1, the columns i = k, k = 1, . . . , 5 record the number of random instances
among those 1,000 generated random instances whose optimal solution to problem (1)
satisfies the condition ‖x∗‖0 = i . We note that the sparsest optimal solutions for all
those generated random instances have no more than five nonzero elements and our
numerical study indicates that the actual relative frequency P(‖x∗‖0 = k) for k ≥ 3
can be significantly smaller than the upper bound we provide in Theorem 3.4. We also
generate test problems with Normal distributions using the Matlab function RANDN
and report the result under the column RANDN. Though we face some technical
challenge to provide an upper bound on probability P(‖x∗‖0 = k) under Normal
distribution, our numerical results indicate that sparse optimal solutions still exist for
broader settings beyond the ones we proved.

6 Conclusions

In this paper, we consider the so-called standard quadratic optimization problems that
arise from various applications. We concentrated on a special scenario where the input
data matrix is random whose elements follow i.i.d. By employing probability analysis,
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optimality conditions of the underling QP and the combinatorial structure of the data
matrix, we show that there is a very high probability that the optimal solution to a
random StQP has only a few nonzero elements.

To gain some basic understanding of our theoretical findings, we propose to solve
an SDP relaxation of the StQP. We characterize the conditions under which a solution
to the original StQP can be recovered from a solution of the relaxed SDP.

There are several different ways to extend our results. First in our framework we
assume all the elements of the input matrix satisfy Assumption 2.1, which requires the
concavity of the cdf of the diagonal elements. This assumption can be slightly relaxed.
More specifically, if the supports of F(·) and G(·) are lower bounded, without loss of
generality, say by zero, we can assume that

Assumption 6.1 (a) g(v′) ≤ β(k)g(v),∀ v′ ≤ (k + 1)v.
(b) G( 1

k

∑k
j=1 F−1(u j )) ≥ α(k) 1

k

∑k
j=1 u j .

Under this assumption, we can show that

P

(
k∑

r=1

ur ≤ kv1

)
≤ β(k)

k∏
j=1

(m + n − k)(n − j + 1)

(n − k + α(k)m(k− j+1)
k )(m + n − j + 1)

,

which differs slightly from inequality (8) by changing α to α(k) and multiplying the
right hand side of (8) by β(k). Imposing certain conditions on α(k) and β(k), say for
example assume α(k) ≤ 1, limk→∞ kα(k) = ∞ and β(k) does not increase expo-
nentially fast, we can still establish an exponential decay bound similar to inequality
(15).

It will be interesting to investigate whether we can establish similar results for other
distributions.

Secondly, we are currently exploring more general optimization problem structures
which may allow the existence of sparse optimal solutions.

Thirdly, our numerical study indicates that there is still a big gap between our the-
oretical estimation and the actual probabilities. In fact, our probability bound may be
even greater than 1 for small k. In “Appendix A”, we prove that P(‖x∗‖0 = 2) ≤ 7

12
by more careful analysis (As a comparison, note, by Theorem 3.2, that P(‖x∗‖0 ≥
2) ≥ n−1

2n−1 ). A similar approach may provide better bound for larger k. However, the
analysis is quite challenging because we have to deal with complicated dependency
of random events. It is our hope that refined optimality conditions can be utilized to
narrow the gap. For instance, in addition to parts (I) and (II) of Proposition 3.3, we
can show that the principal submatrix of Q associated with the indices of positive
elements in a sparsest global optimal solution contains at least 2k − 2 off-diagonal
elements that are strictly less than Qd

min, where k is the cardinality of a sparsest global
optimal solution (see “Appendix B”).

Finally, we have observed that for random data, with a very high probability that
the SDP relaxation of the StQP has a rank-1 solution. It is of great interest to develop a
new theoretical analysis to explain the observation. Further study is needed to address
these issues.
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Appendix A

In this appendix, we derive a sharper bound for P(‖x∗‖0 = 2) when F(·) = G(·) and
G(·) is concave. Recall the notation Hk

i defined in the proof in Theorem 3.4. We have

P(‖x∗‖0 = 2) ≤ P

(
n⋃

i=1

H2
i

)
= P(H2

1) + P

(
n⋃

i=2

H2
i \H2

1

)

≤ P(H2
1) +

n∑
i=2

P(H2
i \H2

1).

Recall the proof of Theorem 3.2, we have

P(H2
1) = n − 1

2n − 1
.

On the other hand, for i ≥ 2, on the event H2
i \H2

1 we have min j �=1 Q j1 > Q11
and min j �=i,1 Qi j ≤ 2Q11 − Qii . Thus, we have that

n∑
i=2

P(H2
i \H2

1)

= (n − 1)(n − 2)

∞∫
−∞

dt

∞∫
t

dz f (t)(1 − F(t))n−3 f (z)(1 − F(z))n−2

z∫
t

dy1

×
⎧⎨
⎩

2y1−t∫
y1

dy2

n∑
i=2

n!
(i −2)!(n − i)!g(y1)g(y2)[1−G(y2)]n−i [G(y2) − G(y1)]i−2

⎫⎬
⎭

= (n − 1)(n − 2)

∞∫
−∞

dt

∞∫
t

dz f (t)(1 − F(t))n−3 f (z)(1 − F(z))n−2

z∫
t

dy1

×
⎧⎨
⎩n(n − 1)

2y1−t∫
y1

dy2g(y1)g(y2)[1 − G(y1)]n−2

⎫⎬
⎭
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= n(n − 1)2(n − 2)

∞∫
−∞

dt

∞∫
t

dy1

∞∫
y1

dz f (t)(1 − F(t))n−3 f (z)(1 − F(z))n−2

×
⎧⎨
⎩n(n − 1)

2y1−t∫
y1

dy2g(y1)g(y2)[1 − G(y1)]n−2

⎫⎬
⎭

= n(n − 1)(n − 2)

∞∫
−∞

dt

∞∫
t

dy1 f (t)(1 − F(t))n−3 f (z)(1 − F(y1))
n−1

×
{
[G(2y1 − t) − G(y1)]g(y1)[1 − G(y1)]n−2

}

= n(n − 1)(n − 2)

1∫
0

dt

1∫
t

dy1(1 − t)n−3(1 − F(G−1(y1)))
n−1

×
{
[G(2G−1(y1) − F−1(t)) − y1][1 − y1]n−2

}
.

Since we assume G(·) is concave and F(·) = G(·), we have the following

n∑
i=2

P(H2
i \H2

1)

= n!
(n − 3)!

1∫
0

dt

1∫
t

dy1(1 − t)n−3(1 − y1)
2n−3[G(2G−1(y1) − G−1(t)) − y1]

≤ n!
(n − 3)!

1∫
0

dt

1∫
t

dy1(1 − t)n−3(1 − y1)
2n−3(y1 − t)

= 1

12

n(n − 2)

(n − 1/2)(n − 1)
,

where the first inequality holds since from the concavity of G(·),

G(G−1(y1)) ≥ 1

2
[G(2G−1(y1) − G−1(t)) + G(G−1(t))].

It follows immediately

P({‖x∗‖0 = 2}) ≤ P(H2
1) +

n∑
i=2

P({H2
i }\{H2

1})

≤ n − 1

2n − 1
+ 1

12

n(n − 2)

(n − 1/2)(n − 1)

≤ 7

12
.
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Appendix B

We now show that the principal submatrix of Q associated with the indices of positive
elements in a sparsest global optimal solution contains at least 2k − 2 off-diago-
nal elements that are strictly less than Q11, where k is the cardinality of a sparsest
global optimal solution x∗. Let K be the index set of nonzero elements and QK be
the corresponding principal submatrix of Q. Assume to the contrary that QK con-
tains less than 2k − 2 off-diagonal elements that are strictly less than Q11. We now
construct an undirected graph G = (V, E) with the node set V = K and the edge set
E = {(i, j) : Qi j < Q11, i, j ∈ K}. Since QK is assumed to contain less than 2k − 2
off-diagonal elements that are strictly less than Q11, the graph G has less than 2k − 2
edges, which immediately implies that G contains at least two independent subgraphs.
Let I1 be one subgraph and I2 = V\I1. It is clear that Qi j ≥ Q11 for i ∈ I1 and
j ∈ I2 (or simply (i, j) ∈ I12) and

λ = (y∗)T QKy∗ = (y∗
I1

)T QI1 y∗
I1

+ 2(y∗
I1

)T QI1I2 y∗
I2

+ (y∗
I2

)T QI2 y∗
I2

≥ (y∗
I1

)T QI1 y∗
I1

+ 2‖y∗
I1

‖1‖y∗
I2

‖1 Q11 + (y∗
I2

)T QI2 y∗
I2

> (y∗
I1

)T QI1 y∗
I1

+ 2‖y∗
I1

‖1(1 − ‖y∗
I1

‖1)λ + (y∗
I2

)T QI2 y∗
I2

= (y∗
I1

)T QI1 y∗
I1

+ 2‖y∗
I2

‖1(1 − ‖y∗
I2

‖1)λ + (y∗
I2

)T QI2 y∗
I2

,

where the second inequality follows from the fact λ < Q11, and the last equality from
the relation ‖y∗

I1
‖1 + ‖y∗

I2
‖1 = 1. Therefore, we have

(y∗
I1

)T QI1 y∗
I1

+ (y∗
I2

)T QI2 y∗
I2

< λ − λ(‖y∗
I1

‖1 − ‖y∗
I1

‖2
1 + ‖y∗

I2
‖1 − ‖y∗

I2
‖2

1)

= λ(‖y∗
I1

‖2
1 + ‖y∗

I2
‖2

1).

The above inequality implies that one of the following two inequalities must hold

(y∗
I1

)T QI1 y∗
I1

‖y∗
I1

‖2
1

< λ,
(y∗

I2
)T QI2 y∗

I2

‖y∗
I2

‖2
1

< λ.

This, however, contradicts to the global optimality of x∗. Therefore, the principal
submatrix of Q associated with the indices of positive elements in a sparsest global
optimal solution contains at least 2k − 2 off-diagonal elements that are strictly less
than Q11.
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