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ANALYSIS OF NONSMOOTH SYMMETRIC-MATRIX-VALUED
FUNCTIONS WITH APPLICATIONS TO SEMIDEFINITE
COMPLEMENTARITY PROBLEMS*

XIN CHENT, HOUDUO QIf, AND PAUL TSENG#

Abstract. For any function f from R to R, one can define a corresponding function on the
space of n X n (block-diagonal) real symmetric matrices by applying f to the eigenvalues of the
spectral decomposition. We show that this matrix-valued function inherits from f the properties of
continuity, (local) Lipschitz continuity, directional differentiability, Fréchet differentiability, continu-
ous differentiability, as well as (p-order) semismoothness. Our analysis uses results from nonsmooth
analysis as well as perturbation theory for the spectral decomposition of symmetric matrices. We
also apply our results to the semidefinite complementarity problem, addressing some basic issues in
the analysis of smoothing/semismooth Newton methods for solving this problem.
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1. Introduction. Let X denote the space of n x n block-diagonal real matrices
with m blocks of size nq, ..., n.,, respectively (the blocks are fixed). Thus, X is closed
under matrix addition x + y, multiplication zy, transposition z”, and inversion =~ !,
where x,y € X. We endow X with the inner product and norm

(@,y) = trlzTy],  lall == /(z, ),

where z,y € X and tr[-] denotes the matrix trace, i.e., trlz] = > ;| ;. [||z] is the
Frobenius norm of x and “ := ” means “define”]. Let O denote the set of p € X

that are orthogonal, i.e., p? = p~!. Let S denote the subspace comprising those

x € X that are symmetric, i.e., 27 = x. This is a subspace of R"*" of dimension
nl(nl + 1)/2+-~-—|—nm(nm—|— 1)/2.
For any x € S, its (repeated) eigenvalues Aq,..., A\, are real and it admits a

spectral decomposition of the form
(1) z = p diag[Ar, ..., AnJp”

for some p € O, where diag[A1, ..., \,] denotes the n x n diagonal matrix with its ith

diagonal entry Ai. Then, for any function f : R — R, we can define a corresponding
function f : S — S [1], [13] by

[m
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It is known that f~ (z) is well defined (independent of the ordering of Ay, ..., A, and
the choice of p) and belongs to S; see [1, Chap. V] and [13, sec. 6.2]. Moreover, a
result of Daleckii and Krein showed that if f is continuously differentiable, then f Yis
differentiable (in the Fréchet sense) and its Jacobian V I (x) has a simple formula—
see [1, Thm. V.3.3]; also see Proposition 4.3. In fact, in this case fD is continuously
differentiable—see [8, Lem. 4]; also see Proposition 4.4. Much of the studies on
fD has focused on conditions for it to be operator monotone or operator conver—see
[1], [13], and the references cited in [1, pp. 150-151] for discussions. We note that [8]
swaps p and pT in (1)—(2), but this is only a difference in notation.

The above results show that f “ inherits smoothness properties from f. In this pa-
per, we make an analogous study for properties associated with nonsmooth functions.
In particular, we show that the properties of continuity, strict continuity, Lipschitz
continuity, directional differentiability, differentiability, continuous differentiability,
and (p-order) semismoothness are each inherited by fD from f (see Propositions 4.1,
4.2, 4.3, 4.4, 4.6, 4.8, and 4.10). Our p-order semismoothness result generalizes a re-
cent result of Sun and Sun [29] which considers the case of the absolute-value function
f(€) = |€] and shows that f° (z) = (22)'/2 is strongly semismooth. In the case where
f = ¢’ for some function g, our differentiability and continuous differentiability results
can also be inferred from a recent work of Lewis and Sendov [19] on twice differen-
tiability of spectral functions. Our proofs use a combination of results from matrix
analysis and nonsmooth analysis—in particular, perturbation results for spectral de-
composition [17, 28] and properties of the generalized gradient df (in the Clarke sense)
[9, 26], as well as a lemma from [29]. The property of semismoothness, as introduced
by Mifflin [20] for functionals and scalar-valued functions and further extended by Qi
and Sun [23] for vector-valued functions, is of particular interest due to the key role it
plays in the superlinear convergence analysis of certain generalized Newton methods
[14, 21, 23]. In section 5, we formulate the semidefinite complementarity problem
(SDCP) as a nonsmooth equation

H(xz,y) =0,

where H : § X § — § x § is a certain semismooth function. This facilitates the
development of nonsmooth Newton methods for solving the SDCP—a contrast to
existing smoothing or differentiable merit function approaches [8, 27, 30, 32]. We show
that H, together with the Chen—-Mangasarian class of smoothing functions studied in
[8], satisfies the Jacobian Consistence Property introduced in [6]. This paves a way for
extending some smoothing methods for nonlinear complementarity problems (NCPs),
such as those studied by Chen, Qi, and Sun [6] and later by Kanzow and Pieper [16],
to the SDCP. Final remarks are given in section 6.

Our notations are, for the most part, consistent with those used in [8, 30]. If
F : S — S is differentiable (in the Fréchet sense) at x € S, we denote by VF(x) the
Jacobian of F' at © € S, viewed as a linear mapping from S to S. Throughout, || - ||
denotes the Frobenius norm for matrices and the 2-norm for vectors. For any linear
mapping M : § — §, we denote its operator norm ||[M ||| := max=; [|[Mz||. For any
x € S, we denote by x;; the (i,7)th entry of z. We use o to denote the Hardamard
product, i.e.,

rToy= [Iijyijmjzl-
For any z € S and scalar v > 0, we denote the v-ball around = by B(z,v) := {y €

S| |ly —z| <~} We write z = O(a) (respectively, z = o(a)), with « €e R and z € S,
to mean ||z||/|«| is uniformly bounded (respectively, tends to zero) as o — 0.
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2. Basic properties. In this section, we review some basic properties of vector-
valued functions. These properties are continuity, (local) Lipschitz continuity, direc-
tional differentiability, continuous differentiability, as well as (p-order) semismooth-
ness. We note that S is a vector space of dimension n1(ny+1)/24- - 4+nm,(nm+1)/2,
so these properties apply to the symmetric-matrix-valued function f “ defined by (1)-
(2). In what follows, we consider a function/mapping F : R¥ — RE.

We say F is continuous at z € R* if

Fly) = F(z) as y—

and F is continuous if F is continuous at every x € R¥. F is strictly continuous (also
called “locally Lipschitz continuous”) at € R* [26, Chap. 9] if there exist scalars
k>0 and 6 > 0 such that

IF(y) = F2)l < klly —2ll ¥y, z € R with [ly — 2| <&, |2~z <6

and F is strictly continuous if F is strictly continuous at every x € R¥. If § can be
taken to be oo, then F' is Lipschitz continuous with Lipschitz constant x. Define the
function lipF : R¥ — [0, oo] by

Fly) - F
lipF(z) := lim sup L) = F@I
e Ty =2l
y#z

Then F is strictly continuous at z if and only if lipF'(x) is finite.
We say F is directionally differentiable at z € R¥ if

Flash) = lim LEHH) = F(@)

exists Vh € R¥;
t—0+ t

and F is directionally differentiable if F' is directionally differentiable at every = € R¥.
F is differentiable (in the Fréchet sense) at x € R¥ if there exists a linear mapping
VF(z) : R¥ — R’ such that

F(z+h)— F(x) — VF(z)h = o(||h]]).

We say that F is continuously differentiable if F is differentiable at every € R* and
VF is continuous.

If F is strictly continuous, then F' is almost everywhere differentiable by Rademacher’s
theorem—see [9] and [26, sec. 9J]. Then the generalized Jacobian 0F (z) of F at x
(in the Clarke sense) can be defined as the convex hull of the generalized Jacobian
OpF(z) (in the Bouligand sense), where

0pF(z) = { lim VF(mj)|F is differentiable at z7 € Rk} .

x)—x

In [26, Chap. 9], the case of ¢ = 1 is considered and the notations “V” and “0” are
used instead of, respectively, “0p” and “0.”

Assume F : R¥ — R? is strictly continuous. We say F' is semismooth at z if F' is
directionally differentiable at = and, for any V' € 0F(x + h), we have

F(z +h)— F(z) — Vh = o(||h]]).
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We say F is p-order semismooth at z (0 < p < c0) if F' is semismooth at = and, for
any V € OF (z + h), we have

F(x +h) — F(x) — Vh = O(||h]|***).

We say F' is semismooth (respectively, p-order semismooth) if F' is semismooth (re-
spectively, p-order semismooth) at every x € R¥. We say F is strongly semismooth if
it is 1-order semismooth. Convex functions and piecewise continuously differentiable
functions are examples of semismooth functions. The composition of two (respectively,
p-order) semismooth functions is also a (respectively, p-order) semismooth function.
The property of semismoothness plays an important role in nonsmooth Newton meth-
ods [23] as well as in some smoothing methods mentioned in the previous section. For
extensive discussions of semismooth functions, see [10, 20, 23].

3. Perturbation results for symmetric matrices. In this section, we review
some useful perturbation results for the spectral decomposition of real symmetric
matrices. These results will be used in the next section to analyze properties of the
symmetric-matrix-valued function f~ given by (1)~(2). The main sources of reference
for the results are Chapter 2 of the book by Kato [17] and the book by Stewart and
Sun [28].

Let D denote the space of n xn real diagonal matrices with nonincreasing diagonal
entries. For each x € S, define the two sets of orthonormal eigenvectors of = by

O, :={pec 0| plap e D}, 0, = {p € O] p"ap is diagonal }.

Clearly, O, and O, are nonempty for each z € S. The following key lemma, proved
in [8, Lem. 3] using results from [28, pp. 92 and 250], shows that O, is locally upper
Lipschitzian with respect to x.

LEMMA 3.1. For any x € S, there exist scalars n > 0 and € > 0 such that

(3) nin [lp—qf <nllz —y| VyeBlxe), Vg€ 0O,

We will also need the following perturbation result of Weyl for eigenvalues of
symmetric matrices—see [1, p. 63] and [12, p. 367].

LEMMA 3.2. Let Ay > --- >\, be the eigenvalues of anyx € S and p1 > -+ > i
be the eigenvalues of any y € S. Then

i — il <J|lz—yl| Vi=1,...,n.

Lastly, for our differential analysis, we need the following classical result [25, Thm.
1] showing that, for any = € S and any h € S, the orthonormal eigenvectors of x + th
may be chosen to be analytic in t. As is remarked in [17, p. 122], the existence of
such orthonormal eigenvectors depending smoothly on t is one of the most remarkable
results in the analytic perturbation theory for symmetric operators.

LEMMA 3.3. For any x € S and any h € S, there exist p(t) € Opiin, t € R,
whose entries are power series in t, convergent in a neighborhood of t = 0.

4. Continuity and differential properties of symmetric-matrix func-
tions. In this section, we use the results from section 3 to show that if f : R — R
has the property of continuity (respectively, strict continuity, Lipschitz continuity,
directional differentiability, semismoothness, p-order semismoothness), then so does
the symmetric-matrix-valued function f defined by (1)-(2). We begin with the con-
tinuity result below.

PROPOSITION 4.1. For any f: R — R, the following results hold:
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(a) fD is continuous at an x € S with eigenvalues A1, ..., \, if and only if f is
continuous at Ai, ..., \n.

(b) fD is continuous if and only if f is continuous.

Proof. (a) Fix any « € S with eigenvalues A1,...,\,. Assume without loss of

generality that Ay > --- > \,,.

Suppose f is continuous at A1, ..., \,. By Lemma 3.1, there exist > 0 and € > 0
such that (3) holds. Then, for any y € B(xz,¢) and any ¢ € O,, there exists p € O,
satisfying

lp —qll < nllz -yl

Moreover,

q"yq = diaglu1, ..., pun),  plap =diag[hi,..., Al

where p11 > -+ > p, and Ay > -+ > A, are the eigenvalues of y and z, respectively.
Since f is continuous and, by Lemma 3.2, |A\; — p;| < ||z — y| for all ¢, we have
F(:) = F(\) and p— gl — 0 as y — 2. Then (2) yields

F @) = £ (y) = p diag[f (M), ..., FO)pT — g diag[f (1), - -, f(pa)la”
= pdiag[f(A1) — f(p1), .-, fF(An) — F(un)lp”
+(p — q)diag[f (1), - - -, f(un)lp" + q diag[f (1), - .., f(un)l(0 — @)

—0 as Yy — .

Thus fD is continuous at x.

Suppose instead f‘j is continuous at z. Fix any p € O,. Then for each i €
{1,...,n}, pdiag[A1, ..., fhi, ..., Alp? — zasp; — N sothatfu(pdiag[)\l,...,ui,...7
MlpT) = f (%) or, equivalently, f(u;) — f(X\;). Thus f is continuous at \; for
1=1,...,n.

(b) is an immediate consequence of (a). 0

For any A = (A1,...,A\,)T € R?, any h € S, and any function f : R — R that is
directionally differentiable at A1, ..., A,, we denote by fl(\;h) the n x n symmetric
matrix whose (i, j)th entry is

F) = f(\) .
(4) k) =4 oyt TN
I (Nis hij) if A =\

By using Lemma 3.3, we have the directional differentiability result below.
PROPOSITION 4.2. For any f : R — R, the following results hold:
(a) fD is directionally differentiable at an x € S with eigenvalues A1, ..., A, if
and only if f is directionally differentiable at A1, ..., \,. Moreover, for any
nonzero h € S,

(5) (f") (z;h) = p f(Np"hp) p”

for some p € O such that (p” hp);; = 0 whenever \; = \; and i # j.
(b) fD is directionally differentiable if and only if f is directionally differentiable.
Proof. (a) Fix any x € S. By Lemma 3.3, for any nonzero h € S there exist
p(t) € @I(t), t € R, whose entries are power series in ¢, convergent in a neighborhood
7 of t =0, where z(t) := x + th. Then the corresponding eigenvalues

Ni(t) == [p®)Tx()pt)]s, i=1,...,n,
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are also power series in ¢, convergent for ¢t € 7, and satisfy

(6) x(t) = p(t)diag[hi(2), ..., An(t)]p(t) "

Multiplying both sides of (6) by p(t)T from the left and then differentiating both sides
with respect to t using the product rule, we obtain

P z(t) +p(t)" () = N(Opt)" + A (1),

where A(t) := diag[A\i(2),..., A\, (¢)] and A'(¥) := diag[N|(¢), ..., A, (¢)]. Multiplying
both sides on the right by p(¢) and using z’(t) = h, we arrive at

N'(t) = h(t) = B)A(E) — A)A(1),
where h(t) := p(t)Thp(t) and p(t) := p'(t)Tp(t). This implies

(7) h(t)i = Ni(t), i=1,...,n,
(8) h(t)i; = p(t)iz(Ni(t) = \i(t) Vi # .

For simplicity, let

pi= p(O) p' = p'(0), p = p(0),
Ai = Ai(0), X = X(0), i=1,...,n.

Assume f is directionally differentiable at Aq,...,A,. Then we have from \;(t) =
Ai + tA; 4+ o(t) and the positive homogeneity property of f'(\;;-) the expansions

p(t) =p+tp +o(t) and f(Ni(t)) = f(N)+tf iz X)) +ot), i=1,...,n.

Also, p(-) and p/(-) are continuous at ¢ = 0 so that limy_o h(t) = pThp and lim,_ p(t) =
p. Using (2) and the above expansions, we then obtain

f(x +th) = p(t)diag[f (M (1)), .., Fa())]p(t)T
— p diag[f(M), -, FOWPT 4+t (p diaglf s AL, -+, £ (s Xa)1PT)

0 (gl f ) SO0+ il ). ST + o)
= f ( )+tp dlag[f/(/\l’A )’ (Anv)‘;z)]p
+tp( 5" diag[f (A1), -+, f(A )]+dlag[ (A1) fOW)]D) pT + o)

£ (@) + tp diag[f (/\1,X) e PO AT
+tp[(F) = FOG))Disly =y 0" + olt)
(9) I (@) +tp fO " hp) p  08),

where the fourth equality follows from p(t)T p(t) = I so that p’(t)Tp(t )+p(t YIp'(t) =0,
implying p7 = —p; the last equality follows from (7) so that A, = h(O) = (pThp);

fori=1,...,n, and from (8) so that p;; = (p?hp)ij/(Ni — A;) whenever Ai # Aj and
(pThp)i; = 0 whenever \; = \; and i # j. It follows from (9) that

(f" ) (z;h) = lim — = p f\p hp) p”

This proves (5).
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Suppose instead f s directionally differentiable at x with eigenvalues A1, ..., \,.
Fix any p € O satisfying x = p diag[A1,..., \]p?. For each i € {1,...,n} and
each d; € R, let h := p diag[0,...,d;,...,0]pT. Then, it is readily verified that
diag[0, ..., f'(Aisdi), ..., 0] = pT(f7 ) (z; h)p, so f'(Ni;d;) is well defined.

(b) is an immediate consequence of (a). d

We note that p in the formula for (f )'(z;h) depends on h as well as z. In fact,
the proof of Proposition 4.2 shows that a necessary condition for p(t) to comprise
orthonormal eigenvectors of z +th that are differentiable at ¢ = 0 is that (p” hp);; = 0
whenever \; = \; and ¢ # j, where p := p(0). In the case of f(-) = |- |, directional
differentiability of fEI has been shown by Sun and Sun [29, Lem. 4.8]. In addition,
they derived a formula for the directional derivative (f )'(z;h) that also involves
p € O, but with p independent of h.

For any A = (A1,...,\,)T € R® and any function f : R — R that is differentiable

at A1,..., An, we denote by fI(\) the n x n symmetric matrix whose (i, j)th entry is
f) = fN)
f[l] ()\)ij _ ﬁ if \; 7£ /\ja
) i\ = .

fII(N) is called the first divided difference of f at A [1, p. 123]. The next proposition,
based on Lemmas 3.1, 3.2, and the proof idea for Proposition 4.10, characterizes when
f is differentiable (in the Fréchet sense) at an x € S. This characterization will be
needed for computing the generalized Jacobian of a strictly continuous f " and for
analyzing semismooth property of fD. We note that the proof idea of Proposition
4.2 cannot be used here because the p(t) constructed in that proof depends on h. In
particular, it is not known if ||p”(t)|| is uniformly bounded in | A||.
PROPOSITION 4.3. For any f : R — R, the following results hold:
(a) fD is differentiable at an x € S with eigenvalues A1, ..., A, if and only if f
is differentiable at M1, ..., An. Moreover, Vf (x) is given by

(10) Vi (@h=p(fNN) o (pThp))pT  YheS

for any p € O satisfying © = p diag[A1, ..., \]pT, where A= (A\g,...,\n)7.

(b) fD is differentiable if and only if [ is differentiable.

Proof. (a) Fix any z € S and let Aq,..., A, denote the eigenvalues of z.

It is known [1] that the right-hand side of (10) is independent of the choice of
p € O satisfying pT2p = diag[\1,...,A\n]. This can be seen by noting that any two
such p are related by a right multiplication by a block diagonal o € O whose diagonal
blocks correspond to the distinct eigenvalues of z, while the entries of fl/(\) in each
of these diagonal blocks, as well as in each of the off-diagonal blocks, are equal.

Suppose f: R — R is differentiable at A1,...,\,. We can without loss of gener-
ality assume that A\y > --- > \,,. By Lemma 3.1, there exist scalars n > 0 and € > 0
such that (3) holds. We will show that, for any h € S with [|h|| < €, there exists
p € O, such that

(11) f@+h)—f (x) = plco (pThp))pT = o||h])),

where ¢ := flI()\) and o(-), O() depend on f and = only. This together with the
indgpendence of the third term on p would show that f is differentiable at = and
Vf (x) is given by (10) for any p € O satisfying pTap = diag[\1,...,An]. Let
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u1 > -+ > uy denote the eigenvalues of x + h, and choose any ¢ € O, . Then, there
exists p € O, satisfying

Ip = all < nlAll
For simplicity, let  denote the left-hand side of (11), i.e
ri=f @) = f (@) = pleo (P hp))p"
and denote 7 = pTrp and h := pThp. Then we have from (2) that

(12) 7F=0"bo—a—coh,

where for simplicity we also denote a := diag[f (A1), ..., f(An)], b := diag[f(u1), ..., f(un)],

and o := ¢7p.
Since diag[\1, ..., A\n] = pTap = o diag[us, . .., pn]o — h, we have

= . N ifi=g; .
(13) Zokiokjﬂk_hij:{o else, wj=1,...,n.

Since 0 = ¢'p = (¢ —p)Tp+ 1 and ||p — q|| < n|/h], it follows that

(14) 0ij = O([|Al}) Vi # j.

Since p,q € O, we have o € O so that 0”0 = I. This implies

(15)  1=oi+ Y op; =05 +O(hl*), i=1,...,n,
ki
(16) 0 = 04;0i; + 055055 + Z 0kiOkj = 0404j + 05055 + O(||h||2) Vi # j.
k#i,j

We now show that 7 = o(||h||) which, by |r|| = ||7||, would prove (11). For any
i €{1,...,n}, we have from (12) and (13) that

=Y oS (k) = FOW) = /() (Ai + Z‘%u%)

k=1
= 05 f (i) = F(N) = ') (=i + ofipi) + O(|[1]|*)

(L+ O(IR[*) f (i) = F(A ) F' DX+ (14 O(IAI1)) ) + OCIR]1%)
= fpa) = Fa) = /(A (s = Xa) + O(IR]1*),

where the third and fifth equalities use (14), (15), and the local boundedness of f.
Since f is differentiable at A1,...,\, and Lemma 3.2 implies |g; — A;| < ||h]|, the
right-hand side is o(]|h||). For any 4,5 € {1,...,n} with ¢ # j, we have from (12) and
(13) that
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n
Fij = Y okioks f (k) — cijhi
k=1

n n
= Z okiok; f (1) — cij Z OkiOkj Ik
k=1 k=1

= 03i0i; f (1) + 05:055.f (113) — €i5 (043015115 + 05i0;115) + O(|[1[|?)
= (04i0ij + 05i0j;) f (i) + 05i05; (f (15) — f (i)
— ¢ij (04015 + 05i0j )i + 05i0;5 (15 — pi)) + O(||h]|?)
= 0ji055 (f(13) = fps) = cij(py — pa)) + O(|[R[?),
where the third and fifth equalities use (14), (16), and the local boundedness of f.

Thus, if \; = ), the preceding relation together with (14) and |u; — A;| < ||h]],
le; — Aj| < ||h|| and the continuity of f at A; yields

7ij = o([[2[])-
If \i # Aj, then ¢;; = (f(A;) — f(Ni))/(Aj — A;) and the preceding relation yields

D=0 1)) + OInIP)

Tij = 0i0j; (f(uj) — fpi) —

= ooy (£5) = ) = (70) = £0) (14 BRI ) 4 o)
This together with (14) and |p; — A;| < ||h]], |15 — Aj| < ||h]] and the continuity of f
at A; and A; yields 7;; = o(|h])).

Suppose f : R — R is not differentiable at A; for some ¢ € {1,...,n}. Then,
either f is not directionally differentiable at A; or, if it is, the right- and left-directional
derivatives of f at A; are unequal. In either case, this means there exist two sequences

of nonzero scalars t¥ and 7V, v = 1,2, ..., converging to zero, such that the limits
lim f(>\z'+tt)—f(>\i), lim fu +77) — f(N)
V—00 v V—00 TV

exist (possibly —oo or oo) and either are unequal or are both equal to co or are
both equal to —oo. Consider any p € O satisfying x = p diag[A1,..., \u]p?. Then,
letting h = pdiag[0,...,1,...,0]p” with the 1 being in the ith diagonal, we obtain
that o + th = pdiag[\1, ..., A\i +t,..., \,]p? for all t € R and hence

im £ (“ttfi)_f (z) = p diag {0,...,0, lim f(A“Lttu)_f(Ai),o,...,o} o7,
fim £ EFT fi)_f (z) — p diag {0,...,0, lim f(AiJ“TB_f(m,o,...,o}p?
v—00 T v—00 T

It follows that these two limits either are unequal or are both nonfinite. Thus f is
not differentiable at x.

(b) is an immediate consequence of (a). 0

Notice that the Jacobian formula (10) is independent of the choice of p and the
ordering of Aq,...,A,. This formula, together with the differentiability of fD, has
been shown under the assumption that f is continuously differentiable—see Theorem
V.3.3 and p. 150 of [1]. Proposition 4.3(b) improves on this result by assuming only
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that f is differentiable. After obtaining Proposition 4.3, we learned of a closely related
recent result of Lewis and Sendov [19] on twice differentiability of spectral functions.
In particular, in the case where f = ¢’ for some differentiable g : R — R, applying
Theorem 3.3 in [19] to the spectral function

2= g(A) + -+ g(hn),

where A1, ..., A, are the eigenvalues of x € § in nonincreasing order, yields Proposi-
tion 4.3(a). For general f, however, Proposition 4.3(a) appears to be distinct from the
results in [19]. In particular, for any A1, ..., A, € R, there exists a function f: R — R

that is differentiable at A1, ..., A, and yet there is no differentiable function g : R — R
satisfying ¢ = f. One such f is

f(€) == { (€ —X\)? if&ed{ar,an,.. .}

0 else,
where a1, as, ... is any sequence of points in R\{A1, ..., A, } converging to A\;. Here f
is differentiable at A1, ..., \,, but the range of f is not an interval, so f cannot be the

derivative of a differentiable function. Specifically, a theorem of Darboux says that, for
any open interval Z containing a closed interval [, 5] and any differentiable g : 7 — R,
either [¢'(), ¢’ (B)] or [¢'(8), ¢’ (a)] is a subset of {¢'(£)|a < & < B}. (This can be seen
by defining, for each 7 strictly between g'(«) and ¢'(3), the function h(§) := g(&) —né.
Then h is differentiable on [o, 8] and h'(a) = ¢'(a) — n, W' (B) = ¢'(B) — n have
opposite signs. Thus, h has an extremum at some £* in («, ), implying h'(£*) = 0 or,
equivalently, ¢’(£*) = 7.) In fact, any function that coincides with f in a neighborhood
of A1 cannot be the derivative of a differentiable function. Also, we speculate that the
proof idea for Proposition 4.3(a) may be useful for second-or-higher order analysis of
spectral functions.

We next have the following continuous differentiability result based on [8, Lem.
4], which in turn was proven using Lemmas 3.1 and 3.2.

PRroOPOSITION 4.4. For any f : R — R, the matriz function fD s continuously
differentiable if and only if f is continuously differentiable.

Proof. The “if” direction was proven in [8, Lem. 4]. To see the “only if” di-
rection, suppose fEI is continuously differentiable. Then it follows from (10)and the
definition of fIU(-) that f/()1) is well defined for all A; € R. Moreover, V£~ (diag[A1, 0,

..,0]) is continuous in \; or, equivalently, f'(A1) is continuous in A;. 0

Similar to Proposition 4.3, it can be seen that, in the case where f = ¢’ for some
differentiable g, Proposition 4.4 is a special case of Theorem 4.2 in [19]. We next have
the following result of Rockafellar and Wets [26, Thm. 9.67] which we need to analyze
strict continuity and Lipschitz continuity of f °

LEMMA 4.5. Suppose f : R¥ — R is strictly continuous. Then there exist contin-
wously differentiable functions f¥ : R* - R, v = 1,2,..., converging uniformly to f
on any compact set C in R* and satisfying

[IVf“(z)|| < sup lipf(z)  VzeCl, Vv
zeC

Lemma 4.5 is slightly different from the original version given in [26, Thm. 9.67].
In particular, the second part of Lemma 4.5 is not contained in [26, Thm. 9.67], but
it is implicit in its proof. This second part is needed to show that strict continuity
and Lipschitz continuity are inherited by fD from f. We note that the proof idea
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of Proposition 4.1 cannot be used because eigenvectors do not behave in a (locally)
Lipschitzian manner.
PROPOSITION 4.6. For any f : R — R, the following results hold:
(a) fD is strictly continuous at an x € S with eigenvalues A1, ..., A\, if and only
if f s strictly continuous at A, ..., \,.
(b) fD is strictly continuous if and only if f is strictly continuous.
(c) fD 1s Lipschitz continuous with constant r if and only if f is Lipschitz con-
tinuous with constant k.
Proof. (a) Fix any x € S with eigenvalues A, ..., \,.
Suppose f is strictly continuous at Ai,...,A,. Then, there exist scalars x; > 0
and 6; > 0,¢7=1,...,n, such that

1£(€) = FIOI < mil§ = ¢ V€ ¢ € [Ai =65, Ai + 4]

for all i. Let f : R — R be the function that coincides with f on

n

C .= U[)\l — iy N; +6Z]

i=1

and, on R\ C, is defined by linearly extrapolating f at the boundary points of C. In
other words, if £ < ¢ are two points in C such that (£,¢) C R\C, then f(t{+(1—t)¢) =
tf(E)+(1—1t)f(¢) for allt € (0,1). If £ is a point in C such that (§,00) C R\ C, then
f({) = f(&) for all ¢ > £. Similarly, if ¢ is a point in C such that (—o0,{) C R\ C,
then f (&) = f(Q) for all ¢ < ¢. By definition, f is Lipschitz continuous, so there exists
a scalar xk > 0 such that lipf(§) < & for all £ € R. Since C is compact, by Lemma 4.5,
there exist continuously differentiable functions f¥ : R — R, v = 1,2, ..., converging
uniformly to f and satisfying

(17) (F)(Ol<k  VEEC, W

Denote ¢ := min;—; .., 0;. By Lemma 3.2, C contains all the eigenvalues of y €
B(x,8). Moreover, for any w € B(z,6), any ¢ € O, and any pu = (p1,...,pun)7 € R?
such that w = q diag[u, . .., un)q”, we have

1(F)" (w) = £ (w)|| = llg diag[f* (1), -, £ (un)]g" — g diag[f(u1), -, f(un)la" |
= |[diag[f" (1) — f(pa), - f7 (pn) = fn)]ll,

where the second equality uses ¢7q = I and properties of the Frobenius norm || - ||.
Since {f¥}3° converges uniformly to f on C, this shows that {(f*)" }5° converges
uniformly to f~ on B(z,8). Moreover, it follows from (10) that, for all w € B(z, 6)
and all v, we have

V() ()| = sup V() (w)hl]

=1
= sup [lq((f*)" (1) o (¢"nhg))q" ||

IR =1
= sup [[(f")M () o (¢"ha)||
Ihf=1
(18) < sup «llq"hgl| = &,

llAll=1
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where the first inequality uses (17). Fix any y, z € B(z, §) with y # 2. Since {(f¥) }°
converges uniformly to f on B(z,6), then for any ¢ > 0 there exists an integer g
such that for all v > vy we have

1(F) (w) = f~ ()| < elly — 2| Vw € B(z,8).

Since fV is continuously differentiable, then Proposition 4.4 shows that ( f”)D is con-
tinuously differentiable for all v. Then, by (18) and the mean-value theorem for
continuously differentiable functions, we have

If ()~ F )
=1F W)~ () W)+ ) @)~ () )+ ) () f @)l
<IIF @) = U)W+ 10" @) = ) @I+ 1) () = £ ()]
§2¢y—zH+HA V() (24 7y — 2))(y — 2)d7]

< (k+26)[ly — =]

Since y, z € B(xz,6) and € is arbitrary, this yields

(19) 1f ) — 1 ) <slly -zl ¥y, 2 € Bz, s).

Thus fD is strictly continuous at z.

Suppose instead that f s strictly continuous at . Then, there exist scalars k > 0
and 6 > 0 such that (19) holds. Choose any p € O satisfying = = p diag[\1,..., A\ ]p?.
For any i € {1,...,n} and any ¥,( € [\; — 6, \; + &), let

Yy:=p dia‘g[)‘lﬁ LR )‘i—lﬂ 1/)7 )"H-l) ) An]pTa
Z=Dp diag[)‘h BREE) )\ifla <7 )\i+17 BRRE) )‘n]pT

Then, |y —z| = [v — | <6 and ||z — z|| = |¢ — A\i| < 6, so it follows from (2) and
(19) that

1f() = FOI=1If W) —F )

< klly — 2|l
=kl — (¢l
This shows that f is strictly continuous at A; for i =1,...,n.

(b) is an immediate consequence of (a).

(¢) Suppose f is Lipschitz continuous with constant k. Then lipf(£) < & for all
¢ € R. Fix any x € § with eigenvalues \q,...,\,. For any scalar 6 > 0, define the
compact set C' in R by

Then, as in the proof of (a), we obtain that (19) holds. Since the choice of § > 0 was
arbitrary and « is independent of §, this implies

1F W)~ I <ully—z] Vyzes.

Hence fEI is Lipschitz continuous with constant &.
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Suppose instead that fD is Lipschitz continuous with constant « > 0. Then, for
any ¢, ¢ € R we have

F() = £l = || £ (diag[¢, 0,.....,0]) — £ (diag[¢,0,....,0])]
< rl|diaglé, 0, .., 0] — diag[¢,0, .., 0]
= K/lg - C|7
so f is Lipschitz continuous with constant «. 1]

Suppose f : R — R is strictly continuous. Then, by Proposition 4.6, f Tis strictly
continuous. Hence dp f~ (z) is well defined for all x € S. The following lemma studies
the structure of this generalized Jacobian.

LeEmMA 4.7. Let f : R — R be strictly continuous. Then, for any x € S,
the generalized Jacobian 3BfD (z) is well defined and nonempty. Moreover, for any
V edpf (z), we have

(20) Vh=p((p"hp)oc)p?  VheS
for somep € Oy, c €S, and M1, ..., \, € R satisfying x = p diag[\y, ..., A\p]pT and
A) — FO
Cij = M whenever \; # \j, cij € 0f(N\;)  whenever \; = Aj.

Ai — A
(21)

Proof. Fix any V € Ogf (z). According to the definition of osf (x), there
exists a sequence {x;} C S converging to x such that f is differentiable at z for all k&
and limy_ o me (r) =V. Let Ay > --- > X, and A\¥ > ... > \F be the eigenvalues
of x and =, k = 1,2,..., respectively. Choose any p; € O,. By Lemma 3.1, there
exist n and py € O, satisfying

lpe — Prll < nllz — x|l

for all k£ sufficiently large. By passing to a subsequence if necessary, we assume that
this holds for all & and that py converges. By Lemma 3.2, we have )\ifc — \; for
i=1,...,n. Denote \* = (\¥,...,\5)T. Then we have from Proposition 4.3 that f
is differentiable at A¥,... AF and

(22) VF (zi)h = pr((pThpy) o F)pl  Vhe S,
where we denote ¢* := fI(\F). Thus,

By FORY) JOF — AF)if AR £ AR

?

Since f is strictly continuous, then {cfj} is bounded for all ,j. By passing to a
subsequence if necessary, we can assume that {ij} converges to some c;; € R for all
i,7. For each 7, we have

k= f'(\F) — e € o f ().

For each i # j such that \; # );, we have \F # )\? for all k sufficiently large and
hence

EAC I (RN {0 b {09
TN T TN
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For each i # j such that A; = \;, if AP = A} for k along some subsequence, then
C?i = f’()\f) — Ciy; € an(/\z) C 8']"()\1)7

if \F £ /\? for k along some subsequence, then a mean-value theorem of Lebourg [9,
Proposition 2.3.7], [26, Thm. 10.48] yields

r o JOD) = FOT) <k

cjj = ————— € 0f(N\j;

ij )\? — )\f f( ’L])
for some 5\?]- in the interval between A and A}. Since f is strictly continuous so that 0 f
is upper semicontinuous [9, Proposition 2.1.5] or, equivalently, outer semicontinuous
[26, Proposition 8.7], this together with 5\5 — A = A; implies the limit of {c};}
belongs to f(A;). Thus, taking limits on both sides of (22) and using the above
results, we obtain (20) and (21) for some p € O, and ¢ € S, which are the limit of
{pr} and {fI(X\F)}, respectively. This proves the lemma. 0

Lemma 4.7 does not, however, provide a characterization of 0p fD. It is an open

question whether such a (tractable) characterization can be found for any strictly
continuous f. In the special case where f is piecewise continuously differentiable
(e.g., f(-) = |-]) and, more generally, where the directional derivative of f has a
one-sided continuity property, a simple characterization of dgf can be found as we
show below. In what follows we denote the right- and left-directional derivative of
f:R—=Rby

! .— lim M / .— lim M
f(§) = CL§+ ce fLg) CLg_ e

ProOPOSITION 4.8. Let f : R — R be a strictly continuous and directionally
differentiable function with the property that

SO
(24) g,ilingv T s Chjéla Q) =1 VEER, oe{—,+},
CHv ¢eDy

where Dy = {€ € R|f is differentiable at £}. Then, for any x € S, we have that
V edp f () if and only if V' has the form (20) for some p € Oy and \y,..., A\, €R
satisfying x = p diag[\1, ..., \u]p? and ¢ has the form

(f(N) = F(A)) /(A = Aj) if Xi # N,
5 (M) if \i=Xj andi € oy, j € fUa, for some
l<v,
cij = [0, (A5) ;f Ai=Ajandie€ fUq,j €y for some
> v,
(Wi f5,(N) +wjfs, (Aj)/(wi +wj) if i =A; and i,j € ay for some L,
'O A=\ andi,jep

(25)
for some partition ay,...,aq 3 of {1,...,n} (£ > 0) and some o; € {—,+} and
w; € (0,00) fori € a; U---Uay. (Implicit in (25) is the differentiability of f at A;,
1€p.)

Proof. Consider any V € 8BfD (z). By Lemma 4.7 and its proof, V has the form
(20) for some p € O, and \; > --- > )\, satisfying x = p diag[\1, ..., \,]p? and with
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c being the cluster point of ¢* given by (23), k = 1,2, ... for some \* = (A}, ... \E)T
converging to A = (A1, ..., A,)T. Moreover, f is differentiable at A}, ..., A\* for all k.

By passing to a subsequence if necessary, we can assume that, for each i € {1,...,n},
either (i) AF > \; for all k or (ii) A¥ < \; for all k or (iii) AF = \; for all k. Denote

B:={i€{1,...,n}|case (iii) holds for i}.

By further passing to a subsequence if necessary, we can assume that, for each i,j €

{1,...,n}\ G,

IAF = il L .
T has alimit p;; € [0,00] as k — oo.
‘)‘j - >‘j|
Then, {1,...,n}\ S may be partitioned into disjoint subsets aq, ..., oy for some £ > 0

such that

pij € (0,00) whenever 7,j € a; for some I,
pij = OO whenever i € oy, j € o, for some [ < v.

Moreover, for each [ € {1,...,¢} and each i € «;, the quantity

wf = A =Nl DD I =

JjEay
converges to a positive limit, which we denote by w;. For each i € {1,...,n}\ 3, set
0; = + if case (i) holds for ¢ and set o; = — if case (ii) holds for 7. We now verify that
¢ has the form (25). For any ¢,j € {1,...,n} with A; # A;, this follows from (21).
For any ¢,j € {1,...,n} with A; = \;, we consider the following disjoint cases.
Case 1. Suppose ¢ € oy and j € o, for some l,v € {1,...,4} and 0; = 0; = +.

Then AF > \; and )\;? > \; for all k. If [ = v, it follows from (23) and (24) that

= I (N) = (wif s, () +w; fr,(A)/ (wi + wjy) = iy,
where the last equality uses (25). If [ < v, a similar argument shows that
e = L) = fr, () = e
The remaining subcase of [ > v can be treated analogously.

Case 2. Suppose i € a; and j € a,, for some l,v € {1,...,¢} and 0; = +,0; = —.
Then A\F > \; and )\f < \; for all k. If | = v, it follows from (23) and (24) that

po_ JOD) = FOD)

cl. o=
“ AE )\
i J
_ e fOD SO0 W SOD - T
wf—f—w;-“ e — N wf—l—w;? )\?—/\i
Wi e, Yi o,
- wi + wj f+()\z) + w; + wj f_(/\j)

= (wifs,(Xi) T w;ife, (X)) (Wi +wj)

= Cij,
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where the last equality uses (25). If I < v, a similar argument together with p;; = oo
shows that

ko AT — Al FOF) = fN) A} — Al FOF) = fFN)
TNE SN I A= R Y R Y
— fi(x)
:Cij~

The remaining subcase of [ > v can be treated analogously.
Case 3. Suppose i € o and j € § for some [ € {1,...,¢} and o; = +. Then
AP > A and A¥ = \; for all k. It follows from (23) and (24) that

AF) — Ai /
ij = w — () = cij.

Case 4. Suppose i,j € 3. Then \F = A? = \; for all k and it follows from (23)
that f is differentiable at \;, i € 8, and

ij = f'(M) = cij-

Case 5. Suppose i € oy and j € o, for some [,v € {1,...,¢} and 0, = 0; = —.
This case is analogous to Case 1.
Case 6. Suppose i € oy and j € (3 for some [ € {1,...,¢} and 0; = —. This case

is analogous to Case 3.

Conversely, suppose that V' has the form (20) for some p € O, and Aq,..., A\, €
R satisfying = p diag[\,...,A\n]p? and ¢ has the form (25) for some partition
ag,...,ap B of {1,...,n} (£ > 0) and some o; € {—,+} and w; € (0,00) for i €
a1U---Uay. Foreachi € 3,set d¥ :=0fork =1,2,.... Foreachi € oy, 1 € {1,...,/},
let 68 = w;(1/2)k if 0; = + and let 6% = —w;(1/2)* if 0; = —, k= 1,2,.... Since f
is strictly continuous, by Rademacher’s theorem (see [26, Thm. 9.60]), Dy is dense in
R. Thus, for each i € a3 U--- U ay and each index k, there exists df € R satisfying

A\i+dF e Dy and |dF - &F| < |65
Let AF := \; + d¥ for all i. Then, by Proposition 4.3, fD is differentiable at
zF = p diag[\F, ... AF]pT
for all £ and
VI (@) =p(c* o (T hp))p" VR ES,

where c* is given by (23). Also, the definition of d¥, ..., d* yields

B, .
d* — 0 Vi, | ;€| S Yiijeoanl=1,....0 | ;' —ocoVi€anj€ayl<uy,
|dj| wj |dj|
and o; = + implies d¥ > 0 for all k and o; = — implies d¥ < 0 for all k. Then, it is

straightforward to verify that ¥ — z and c* — ¢, implying

v (z*)h — p(co (pThp))p” =Vh VheS.
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This shows that V € dgf (z). |

Notice that a V of the form (20) is invertible if and only all entries of ¢ are
nonzero. Also, notice that the p in the formula (20) depends on V; i.e., two elements
of 8BfEI (z) may have different p in their formulas. Thus 8fD (z), being the convex
hull of O f (2), has a rather complicated structure.

The following lemma, proven by Sun and Sun [29, Thm. 3.6] using the definition
of generalized Jacobian,! enables one to study the semismooth property of fD by
examining only those points z € S where f " is differentiable and thus work only with
the Jacobian of fﬂ7 rather than the generalized Jacobian.

LEMMA 4.9. Suppose F : § — S is strictly continuous and directionally differ-
entiable in a neighborhood of x € S. Then, for any 0 < p < oo, the following two
statements (where O(-) depends on F' and = only) are equivalent:

(a) For any h € S and any V € OF (x + h),

F(x+h)— F(x) = Vh=o(||h]]) (respectively, O(||h|***)).
(b) For any h € S such that F is differentiable at x + h,
F(x+h) — F(x) = VF(x+h)h =o(||h]) (respectively, O(||h||***)).

By using Lemmas 3.1, 3.2, and 4.9 and Propositions 4.2, 4.3, and 4.6, we are now
ready to state and prove the last result of this section. The proof is motivated by and
in some sense generalizes the proof of Lemma 4.12 in [29], though it is also simpler.
The proof idea was also used for proving Proposition 4.3, with the main difference
being that here x 4 h is diagonalized rather than .

PROPOSITION 4.10. For any f : R — R, the matriz function fD is semismooth if
and only if [ is semismooth. If f : R — R is p-order semismooth (0 < p < 00), then
£ is min{1, p}-order semismooth.

Proof. Suppose f is semismooth. Then f is strictly continuous and directionally
differentiable. By Propositions 4.2 and 4.6, f s strictly continuous and directionally
differentiable. Let D := {z € S|f  is differentiable at z}.

Fix any x € S and let Ay > --- > A, denote the eigenvalues of xz. By Lemma
3.1, there exist scalars n > 0 and € > 0 such that (3) holds. By taking e smaller if
necessary, we can assume that € < (A; — A;y1)/2 whenever A\; # A;y1. We will show
that, for any h € S with x + h € D and ||h]| < ¢, we have

(26) f@+h)=f (z) =Vf (z+h)h=o(|h]),
where o(+) and O(-) depend on f and z only. Then, it follows from Lemma 4.9 that
f is semismooth at x. Since the choice of x € S was arbitrary, f is semismooth.
Let p1 > -+ > py,, denote the eigenvalues of z + h, and choose any ¢ € O, . Then,
there exists p € O, satisfying

lp — all < nllA]l.
For simplicity, let  denote the left-hand side of (26), i.e.,

ri=f (x+h)—f (x) = Vf (z+h)h,

ISun and Sun did not consider the case of o(||h||), but their argument readily applies to this case.
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and denote 7 = ¢Zrq and h := ¢Thq. Since z + h € D, Proposition 4.3 implies f is
differentiable at p1,. .., t,. Then we have from (2) and (10) that

(27) F=b—0"ao—coh,
where for simplicity we also denote a := diag[f (A1), ..., f(An)], b := diag[f(u1), ..., f(un)],

c:= fl(u), and o := pTq. )
Since diag[u1, . .., tn] = ¢* (z + h)g = o diag[A1, ..., A\n]o + h, we have

o g f =g
(28) ;Okzokj)\k:+hz]—{0 clse, i,j=1,...,n.

Since 0 = pTg = (p—q)Tq+ I and ||p — q|| < n||h||, it follows that
(29) 0ij = O([[Rl]) Vi #j.
Since p,q € O, we have o € O so that 0”0 = I. This implies

(30) 1:0121"“20%1':O?i+0(||hH2)a i=1,...,n,

ki
(31) 0 = 040;5 + 04055 + Z 0kiOkj = 0404j + 05055 + O(||h||2) Vi # j.
k#i,j
We now show that 7 = o(||h||) which, by ||r|| = ||7||, would prove (26). For any

i€ {1,...,n}, we have from (27) and (28) that
Fo = f(pa) =D 0naf (M) = f' (i) s
k=1

= fps) = > 0k f (k) = f/ () <ui -3 oim>

k=1 k=1
= fps) = 03 f(Ni) = f' (k) (i — 05 Ai) + O(||hl|?)
= f(u) = L+ O(IAI*)) FN) = £ (1) (1 = (1 + O(IIA*))As) + O(I[R]I*)
= flps) = fO) = f'(na) (i = i) + O(lIR]I?),
where the third and fifth equalities use (29), (30), and the local boundedness of f and
f’. Since f is semismooth and Lemma 3.2 implies |u; — A;| < ||h]|, then clearly the

right-hand side is of o(||k||). For any i,5 € {1,...,n} with ¢ # j, we have from (27)
and (28) that

n

Tij = — ZOkiijf()\k) — ¢ijhi

=1
n n

=— E 0kiok; f (k) + ¢ij E OkiOkj Ak
=1 =1

= —(010i F (\i) + 0105 F(A))) + ¢i (01105 Ai + 05i05507) + O([|h]?)
= — ((04i0i5 + 0ji0j;) f(Ni) + 0ji0j; (f(A;) — f(Ni)))

+ ¢ij (040015 + 05i0j5)Xi + 05i05;(Aj — Ai)) + O([[1]|?)
= —0ji0j; (f(N) = F(X) = cij (A — i) + O(||R]1?),
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where the third and fifth equalities use (29), (31), and the local boundedness of f and
f’. Thus, if \; = A;, the preceding relation yields

7ij = O([[hl]?).

If A\; # A;, then Lemma 3.2 implies |u; — Aj| < [|h]| and |p; — Aj| < ||h]| so that
i = gl = Xi = A = (N = i) + (A = ) = [Ai = A = 2||Al] > 2¢ = 2][A[| > 0. Hence
i # g, 50 ¢ = (f(py) — f(1s))/ (1t — p4) and the preceding relation yields

) — f(l‘j)':ffﬂi)()\
Ky — i

— —0::04s A A ) — , Aj =N — g+ 2
= o505 (J05) = 100 = ()~ ) (14 222 E )Y oy
= o(nlP)

Tij = —0i0jj (f(Aj) - f( j— /\i)> +O(|IR?)

where the last equality uses (29) and the strict continuity of f at A;,A;, so that
F(1:) = FO) = Ol = Ail) = O(I])) and (13) = F0;) = Olla; = Ayl) = O(|IAl).
Suppose f is p-order semismooth (0 < p < o). Then the preceding argument
shows that 7; = O(max{||h||***,||A]|?}) = O(]|h||*™*{Lr}) for all i while we still
have 7;; = O(||h||?) for all i # j. This shows that £~ is min{1, p}-order semismooth
at . Since the choice of x € § was arbitrary, fD is min{1, p}-order semismooth.
Suppose f ? is semismooth. Then f 7 s strictly continuous and directionally differ-
entiable. By Propositions 4.2 and 4.6, f is strictly continuous and directionally differ-
entiable. For any £ € R and any n € R such that f is differentiable at £+, Proposition
4.3 yields that f is differentiable at = + h, where we denote z := diaglg, ..., & =¢&1
and h := diag[n,...,n] = nl. Since f is semismooth, it follows from Lemma 4.9 that

F@+h)—f (@) =Vf (@+h)h=o(n]),
which, by (2) and (10), is equivalent to

fE+n)— (&) = f'(€+mmn=o(n]).

Then Lemma 4.9 yields that f is semismooth. 1]

We note that for each of the preceding global results there is a corresponding
local result. This can be seen from our proofs where, in order to show that a global
property of Z is inherited by fD, we first show that this property is locally inherited
from f by f . For example, we can show the following local analogue of Proposition
4.4: If f: R — R is continuously differentiable at each of the eigenvalues of x € S,
then fEI is continuously differentiable at x and V fD (z) is given by (10).

5. Applications to the SDCP. In this section, we consider the semidefinite
complementarity problem (SDCP), which is to find, for a given function F': § — S,
an (x,y) € S x S satisfying

(32) SCES+, y€S+, <$7y>:0a F(I)*yzo,

where S; denotes the convex cone comprising those x € S that are positive semidefi-
nite. We assume that F' is continuously differentiable. The SDCP includes as a special
case the nonlinear complementarity problem (NCP), where n; = --- =n,, = 1. It is
also connected to eigenvalue optimization [18]. There has been much interest in the
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numerical solution of the SDCP (32) using, e.g., the interior-point approach [27], the
merit function approach [30, 32], and the noninterior smoothing approach [8] (also see
references therein). We will consider a related approach of reformulating the SDCP
as a semismooth equation and then, by applying the results of section 4, study is-
sues relevant to the design and analysis of smoothing Newton methods based on this
reformulation.

It is known [30, Proposition 2.1] that (x,y) € S x S solves the SDCP if and only
if it solves the equations

(3) )= (G ) =

where [];+ : § — S; denotes the nearest-point projection onto Sy, i.e.,

[a] == argmin{[lz — y]| | y € S }.

The function H is nonsmooth due to the nonsmoothness of the matrix projection oper-
ator [-]+. However, it was shown by Sun and Sun [29] that [-] is strongly semismooth,
so that H is semismooth. We will see that this result also follows from Proposition
4.10 and, in particular, f (-) = [[]+ with f(-) = max{0, -} (Proposition 5.2).

There have been many smoothing methods proposed for solving semismooth equa-
tion reformulation of the NCP—see [2, 3, 4, 5, 6, 7, 11, 16, 22, 24] and references
therein. These methods are based on making accurate smooth approximation of the
semismooth equations. In particular, the smoothing method studied by Chen, Qi,
and Sun [6] and later studied by Kanzow and Pieper [16] have an accuracy criterion
called the Jacobian Consistence Property. We will verify this property with respect
to a class of smoothing functions H,, for H, as proposed by Chen and Mangasarian
[4, 5] for the case of the linear program (LP) and the NCP and recently extended
in [8] to the SDCP. This property, together with semismoothness of H, allows the
development of methods of the form

(xk"’l,yk"'l) = (xk,yk) — thHuk(;vk7yk)_1H(xk,yk), k=0,1,...,

with ¢, > 0 and py | O suitably chosen, that achieve both global convergence and
local superlinear convergence, assuming nonsingularity of all V' € 0H (x, y) locally; see
[6, Thm. 3.2]. Such methods have the advantage of requiring only one linear equation
solve per iteration, in contrast to the two (or more) linear equation solves required
by other smoothing methods having similar global and local convergence properties.
Thus, our study paves the way for extending methods of the above form from the
NCP to the SDCP. This, for example, would improve on the methods of [8, 15] which
require two linear equation solves per iteration.

Let CM denote the class of convex continuously differentiable functions g : R — R
with the properties

lim g(t) =0, Jim g(r)—=7=0, and 0<g'(r)<1VT€ER.

Two typical examples of g are the so-called CHKS function g(1) = (12 +4)'/2 +1)/2
and the neural network function g(t) = In(e” + 1). For any g € CM, consider the
following smooth approximation of x—[x —y], as proposed by Chen and Mangasarian
[4, 5] for the case of the LP and the NCP:

(34) Ou(@,y) ==a—pg°((x —y)/pu), n>0.
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It was shown in [8, Lem. 1] that the limit lim, ¢ ¢, (z,y) exists and is equal to
x — [z — y]+. Moreover, one has [8, Cor. 1]

(35) pu(z,y) = (@ = [z =yl < Vng(0)u,
and ¢, is continuously differentiable for any p > 0 [8, Lem. 2]. Hence a smooth

approximation of H (z,y) is

(36) H,(z,y) = ( ?;f‘(%’g)y ) , > 0.

We say that H, has the Jacobian Consistence Property relative to H if there
exists a constant £ > 0 such that, for any (z,y) € S x S, we have (i)

(37) [ Hu(2,y) — H(z,y)| <k V>0

and (ii)

(38) lirg+ dist(VH,(x,y),0H (x,y)) = 0;
n—

i.e., the distance between VH,(z,y) and the set 0H (x,y) approaches zero as p is
decreased to zero. Here, we denote dist(L, M) := infpyrepn |||L — M| for any linear
mapping L : S xS — § x § and any nonempty collection M of linear mappings from
S xS to8xS. Also, for any (z,y) € S x S, we define ||(z,y)| = +/||=]]? + ||yl|*.
We show below that H is semismooth and H,, has the Jacobian Consistence Property
relative to H. These results facilitate the extension of the smoothing Newton methods
of Chen, Qi, and Sun [6] for the NCP, later studied by Kanzow and Pieper [16], to
the SDCP. Such methods are promising. For example, a smoothing method of [8],
based on (34) and (36) with g being the CHKS function, is comparable to primal-
dual interior-point methods in terms of the number of iterations to solve benchmark
semidefinite programs with relative infeasibility and duality gap below 3-107°. As
with interior-point methods and barrier/penalty methods, the smoothing parameter
needs to be small to obtain an accurate solution and, as p becomes smaller, VH,(z,y)
can become more ill-conditioned. Thus, such smoothing methods could have difficulty
achieving solution accuracy much greater than 10~°.

We begin with the following lemma showing that the Jacobian Consistence Prop-
erty is inherited by f " and its smooth approximations from f and its smooth approx-
imations.

LemMA 5.1. Let f : R — R be a strictly continuous function. Let f, : R — R,
w > 0, be differentiable functions such that there exists a scalar constant k > 0 for
which

(39) |£u(Q) = F(OI < i V>0,
(40) lim dist(£,(0),0/(C)) = 0

for all { € R. Then, for any z € S, we have

(41) 1fu(2) = £ I < Vikp V>0,

(42) ulgng dist(Vflj (2),0f (2)) =0.
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Proof. Fix any z € §. Consider any A1,..., A, € R and any p € O satisfying

z = p diag[A1, ..., \JpT.

By (1) and (2), we have
I1f(2) = ) = 17 fo (2)p — T f ()]
= || diaglfu (A1) = F),s -y FulAn) = FOW)]I
< Vnkp,

where the last inequality uses (39). This proves (41).
We now prove (42). For any p > 0, since f, is differentiable, then Proposition
4.3 yields that f, is differentiable and

(43) Vi (2)h=ple, o pThp))p”  VheS,

where ¢, := fAl] (A) and A := (A1,..., An)T. Let Ar,..., A, denote the distinct eigen-
values of z and denote 7y, := {i € {1,...,n}|A\; = \¢}, k=1,...,m. We have

(40) (e, = 4 UnO) =)/ Qi =A) i i €T, j € T for some k£,
S f,L/l,(Ak) if 4,5 € Zy, for some k.

By (39) and (40), for each € > 0 there exists § > 0 such that for each p € (0,6) we
have

(45) ‘fu(j‘k)_f(;\k)|<€ and |f,;(5\k)—vk|<e, k=1,...,m,

for some vy, € 8f(5\k) depending on u. Letting ¢ € S denote the symmetric matrix
whose (i, j)th entry is

(46) e = (FOn) = FO0)/ Mk — Ne) if i € Ty, j € Iy for some k # £,
/ Vg if i, j € Iy, for some k,

we then obtain from (39), (44), (45), and (46) that

(47) ((ep)ij — il <eB Vi,j=1,...,n,

where 3 > 0 is a scalar independent of p and e. Define the linear mapping V : § — S
by

(48) Vh :=p(co (p"hp))p” Vh e S.
Then V depends on p and, by (43) and (47), we have

V£, (2) = V]| = Hill\llz)l IVf, (2)h — Vh| = Hill\llz)l [(cu — ) o (p"hp)|| < €B.

Thus |||Vf5 (z) = V||| — 0 as . — 0. We now show that V belongs to df (z). For

each k € {1,...,m}, since vy € Of (M), there exist integer 7, > 1 and vg[v] € I f( i)
and wg[v] € (0,00), v =1,..., 7, satisfying

Zwk[u] =1, Zwk[z/] vElv] = vg.
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Then, it is straightforward to verify that

Tm

Z Zm (Hwk[yk]) =1, Z Z (Hwk[uk]> cvr, .. vm] = ¢,
k=1 k=1

v1=1 Um=1 v1=1 Um=1

where c[v1,...,vp,] € S denotes the symmetric matrix whose (i, 7)th entry is

vy i § FOW) = FOD/ Ok = Xe) if i € Ty, j €T for some k £,
e Vmlis 3= if 4, j € I, for some k.

We now show that the linear mapping V{vy,...,vn] : S — S defined by
VIvi, .- Umlh = p(clvr, .. ., vm) o (pT hp))pT VheS

belongs to df (z). For each k € {1,...,m}, since k] € 8Bf(5\k~), there exist
At € Ry 1 =1,2,..., such that f is differentiable at Ay for all [ and Ay — A and
f'(Aki) — vi[vk] as I — oo. Then, letting

2= p diaghy, .., Aulp? with Ay i=Ag VieTy, k=1,...,m,

forl =1,2,..., we have from Proposition 4.3 that fD is differentiable at z;. Moreover,
as | — oo, we have z; — z and

195" ) = Vool = sup V57 G = Vir, vl

e I Oty Aw) = sy vm]) 0 07 hp) | —

Hence V{vy,...,vm] € 0pf(2). O

By using Lemma 5.1 together with Proposition 4.10, we can now establish the
main result of this section. Part (a) of this result was already shown in [29]. Here we
show that it also follows from Proposition 4.10.

PROPOSITION 5.2. For the functions H and H, defined by (33) and (36) with
g € CM, respectively, the following results hold.

(a) H is semismooth. If F is p-order semismooth (0 < p < o0), then H is

min{1, p}-order semismooth.
(b) H,, has the Jacobian Consistence Property relative to H.
Proof. Let

(49) f(Q) :=max{0,¢},  fulQ) = pg((/p)  VCER.

(a) It was shown in [30, Lem. 2.1] that
f(2) =7+ vz e S.

Also, it is well known that f is piecewise linear on R and hence f is strongly semis-
mooth. Then, by Proposition 4.10, fD is strongly semismooth. It is known that the
composition of two p-order semismooth functions is also p-order semismooth [10, Thm.
19]. Hence the composite function (x,y) — fD (x —y) =[x — y]+ is strongly semis-
mooth. Since F' is semismooth, then H is semismooth. If F' is p-order semismooth
(0 < p < x0), then H is min{1, p}-order semismooth.
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(b) It can be seen from (33), (35), and (36) that (37) is satisfied with x := /ng(0).
Alternatively, this can be deduced by applying Lemma 5.1 and using (49). We now
prove (38). It is readily seen from (49) and properties of g (see, e.g., [31]) that

lim Q)= lim g'(¢/m) =41 >0, 0fQ) =4 {1} (>0,
H0 o 0 if ¢ <0, {0}  ifc<o.

Since ¢'(0) € (0,1), this shows that (40) holds for all { € R. Thus, by Lemma 5.1,
(42) holds for all z € S. Fix any z,y € S. It can be seen from (33) and f (-) =[]+
that

B € 0H(z,y) if and only if B:[ v V} for someVe&fD(a:—y).

I—
VF(z) -I
Also, we have from (34) and (36) that

_[I-Vf,(z—y) V(-
VH,(z,y) = [ VE(z) o7 } .

Thus

dist(VH,(x,y),0H (z, = min ma Vi(z—y)—V)(u—nv
(V)0 = _min | (V55 - V-l

V2 dist(V f, (x — ), 0f (x —y))

—0 as pu— 0",

IN

where the last relation follows from (42) with z = z — y. This verifies (38). 0

We note that, for the particular choice (49) of f and f,, we can obtain an ex-
plicit formula for ¢ given by (46) and directly verify that V given by (48) belongs
to 8fD (2). Specifically, for any z € S and any Ay,...,\, € R and p € O satisfying
z = p diag[A1, ..., A\, ]pT, define the three index sets

Upon taking 1 — 07 in (44) and using (49) and properties of g [31], we obtain in the
limit that the (4, 7)th entry of ¢ is given by

1 if ij€a,
1 if iea,jefB or i€ fB,j€a,
) /(i — ) if ica,jey
50) ¢ =1 =4 LT A o
(50) cij Hi%l+(c“)] A/ — A) if iev,jea,
7(0) if i,j€ B,
0 else.

To see that V given by (48) belongs to afu (2), let ¢, Il = 1,2,..., be any sequence
of positive scalars converging to 0, and define for 0 = —1,1 and I = 1,2,... the
symmetric matrix

zlo] = z + oep diagldy, ..., d,]p", with d; := { 1 ifieg,
0 else.

For each o € {—1, 1}, it can be seen that the eigenvalues of z;[o] are Aj[o] := \i+0o€d;,
i =1,...,n, which are nonzero for all [ sufficiently large. Thus, f is differentiable
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at \ylo], i = 1,...,n, for all | sufficiently large. Hence, by Proposition 4.3, fD is
differentiable at z;[o] for all [ sufficiently large and

VI (ulo)h = plalo] o (pThp))pT  VheS,

where ¢;[o] := flU(\y[0],. .., Aulo]) € S. Using (49), it can be seen that, as I — oo,
zilo] — z and ¢[o] converges entrywise to c[o] whose (i, j)th entry is
1 if i,j€a,
1 if ica,jep or i€f,j€ a,
>\z/(>\z_)\) if ieca,jey
51 i t= J ) 9
( ) (C[U])j )\J/()\j _)\i) if ien,jeaq,
max{0,0} if 4,75 €p,
0 else.

Hence Vf (z]o]) converges in operator norm to V(o] : S — & defined by
Violh = p(c[o] o (p"hp))p"  VhES.

By the definition of d5f" (2), we see that Vo] € dsf (z). Moreover, (50) and (51)
show that ¢ = g’(O)c[fl]DqL (1—¢'(0))c[1], and hence V' = ¢’'(0)V[-1]+ (1 — ¢’ (0))V[1].
This shows that V € 9f (z).

6. Final remarks. In this paper, we studied various continuity and differentia-
bility properties of a class of symmetric-matrix-valued functions, which are natural
extensions of real-valued functions to matrix-valued functions. Using these properties,
we reformulated the SDCP as a semismooth equation based on the matrix projection
operator [-]+. We verified the Jacobian Consistence Property for the reformulated
semismooth equation and its smooth approximation based on a class of smoothing
functions proposed by Chen and Mangasarian [4, 5] for the LP and NCP and extended
in [8] to the SDCP. This result facilitates the extension of the smoothing method stud-
ied in [6] and [16] for the NCP to the SDCP. We stress that, apart from the Jacobian
Consistence Property, there are other important issues in extending the smoothing
method of [6] to the SDCP. One of them is the solvability of the smoothing Newton
equations. We leave this issue for future research.
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