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Abstract

Stochastic programming, despite its immense modeling capabilities, is well known to be compu-
tationally excruciating. In this paper, we introduce a unified framework of approximating multi-
period stochastic programming from the perspective of robust optimization. Specifically, we propose
a framework that integrates multistage modeling with safeguarding constraints. The framework is
computationally tractable in the form of second order cone programming (SOCP) and scalable across
periods. We compare the computational performance of our proposal with classical stochastic pro-
gramming approach using sampling approximations and report very encouraging results for a class

of project management problems.
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1 Introduction

The study of stochastic programming dates back to Beale [1] and Dantzig [18]. In a typical two-stage
stochastic program, decisions are made in the first stage in the face of uncertainty. Once the uncertainties
are realized, the optimal second stage decisions or recourse decisions are carried out. Such “stochastic
programs” attempt to integrate optimization and stochastic modeling that could potentially solve a large
class of important practical problems ranging from engineering control to supply chain management.
(see, e.g. Ruszczynski and Shapiro [25], Birge and Louveaux [14].) Despite the immense modeling
potential, stochastic programs, especially multistage ones, are notoriously difficult to solve to optimality
(see Shapiro and Nemirovski [27], Dyer and Stougie [19]). Quite often, finding a feasible solution is
already a hard problem. It is therefore important to develop a tractable and scalable methodology that
could reasonably approximate stochastic programs.

Besides multiperiod modeling, another aspect of stochastic programming deals with the constraints’
feasibility under parameter uncertainties, which we generally term as safeguarding constraints. Typi-
cally, we either ignore parameter variability, which could lead to massive violations of constraints (see
Ben-Tal and Nemirovski [4]), or require the constraints to be satisfied for all possible realizations of
uncertainties, which can be excessively conservative. The “middle path” of these extremes is to en-
force safeguarding constraints to within some prescribed levels of feasibility. In robust optimization,
we control the level of feasibility of the constraints by adjusting the sizes of the uncertainty sets (see
Ben-Tal and Nemirovski [2, 3, 4], El-Ghaoui et al. [20, 21], Iyangar and Goldfarb [22], Bertsimas
and Sim [9, 10, 11, 12] and Chen, Sim and Sun [16]). Charnes and Cooper [15] introduced the chance-
constrained formulation, in which feasibility level is measured by the probability of constraint violations.
Unfortunately, such constraints are generally non-convex and intractable. Bernstein approximation (see
Nemirovski and Shapiro [23]) provides reasonably good approximation to these problems in the form of
tractable convex optimization problems. Under mild distributional assumptions, the robust optimiza-
tion framework of Chen, Sim and Sun [16] provides approximations to chance-constrained problems
in the from of second order cone optimization problems (SOCP), which have the benefits of greater
tractability both in theory and in practice.

Literatures on multistage stochastic programs with safeguarding constraints are rather limited, per-
haps due to the lack of tractable solution methodologies. To the best of our knowledge, it is not until
recently that Chen, Sim and Sun [16] proposed tractable methodologies that lead to approximate so-

lutions to such models. A closely related approach is Ben-Tal et al. [6], which propose an adjustable



robust counterpart to handle dynamic decision making under uncertainty. We note that the uncertain-
ties addressed by the model of Ben-Tal et al. [6] is non-stochastic, while the uncertainties considered
in Chen, Sim and Sun [16] require mild distributional assumptions such as known mean, support and
some deviation measures of the random data. In these models, linear decision rule is the key enabling
mechanism that permits scalability to mutistage models. Interesting applications of such models include
supplier-retailer flexible commitments contracts (Ben-Tal et al. [7]), project crashing with uncertain
activity time (Chen, Sim and Sun [16]) and analyzing distribution systems with transhipment (Chou,
Sim and So [17]).

In this paper, we propose a framework for approximating multistage stochastic optimization with
chance constraints and semi-complete recourse. We adopt the phrase semi-complete recourse from sto-
chastic programming terminology as a less restrictive condition compared to complete recourse problems.
When hard constraints in the model are inevitable, we show that linear decision rule can lead to in-
feasible instances even under complete recourse, which motivates our proposal of a new deflected linear
decision rule suited for stochastic models with semi-complete recourse. We introduce “computationally
friendly” models in the form of second order cone program (SOCP), which could be solved efficiently
both in theory and in practice. In our approach, the distributions of the primitive uncertainties do
not have to be fully specified. Overall, the most important feature of our proposal is the scalability to
multistage stochastic programs.

The structure of the paper is as follows. In Section 2, we describe the general stochastic model with
chance constraints and semi-complete recourse. In Section 3 we propose the deflected linear decision
rule and use it to approximate the general model. Section 4 discusses methods of approximating chance
constraints and the objective function. We then summarizes the previous discussions in Section 5 and
provide a second order cone formulation to approximate the original problem. In Section 6 we present

encouraging preliminary computational results. Section 7 concludes this paper.

Notations We denote a random variable, Z, with the tilde sign. Bold face lower case letters such as
x represent vectors and the corresponding upper case letters such as A denote matrices. In addition,
2t = max{z,0} and = = max{—=z,0}. The same operations can be used on vectors, such as y* and

2z~ in which corresponding operations are performed componentwise.



2 A Stochastic Programming Model with Chance Constraints and

Semi-complete Recourse

A classical two-stage stochastic program with fixed recourse can be formulated as follows (see, e.g.
Ruszczynski and Shapiro [25]).
min x4+ E(Q(x, Z))
st. Axr=b» (1)
x >0,
where
Q(xz,z) = min q'y
st. T(z)x+ Dy=h(z) (2)
y > 0.
We define 2 € RV as the vector of primitive uncertainties that consolidate all underlying uncertainties
in the stochastic model and E to represent the expectation on random variable Z. The stochastic
model represents a sequence of events. Here vectors & and y are the first and the second stage decision
variables, respectively. The second stage decision (a.k.a recourse decision), y is made after applying
decision & and after the actual value of Z is realized. For given (x, z), the second stage cost Q(x, z) is
set to be 400 if the feasible set of (2) is empty, and —oo if problem (2) is unbounded from below. It
can be shown (see e.g. Ruszczynski and Shapiro (2003)) that, under very general conditions, problem
(1) is equivalent to
min 'z + E(q'y(%2))
st. Axz=0b
T(Z2)x + Dy(Z) = h(2)
x>0
y(2) 20
JORSZ
where ) is a space of measurable functions. The vector of functions, y(-), corresponds to the second
stage decision vector or recourse variables as functions of the realization of Z. There are several types
of recourse in the context of stochastic programming. In fixed recourse problems, the matrix D is not
subject to uncertainty. The stochastic program (1) is said to have relatively complete recourse if for
any ¢ € {x : Az = b,z > 0}, E(Q(x, 2)) < +00. Relatively complete recourse problems ensure that

the second stage problem is always feasible for any choice of feasible first stage decision vector, . It is



generally not easy to identify conditions of relatively complete recourse (see Birge and Louveaux [14]).
An important class of relatively complete recourse problems is known as complete recourse, which is
defined on the matrix D such that for any ¢, there exists y > 0, s.t. Dy = t. Hence, complete recourse
problems depend on the structure of the matrix D, which is an easier condition to identify. Moreover,
many stochastic programming problems have complete recourse. A special case of complete recourse is
simple recourse, where D = [I — I].

Another aspect of stochastic programming problems is probabilistic constraints or chance constraints
introduced by Charnes and Cooper [15], which is almost independently addressed from multiperiod

models. Chance constrained problems in the form of a single stage problem are as follows

min dx
st. Plai(2)xz <bhi(2)>1—¢. W
The ith constraint is allowed to be violated within probability level less than ¢;. Therefore, we can view
the usual nonnegative constraint or hard constraint as a special case of chance constraint in which ¢; is
Z€ro.
Based on these frameworks, we propose a two-stage stochastic optimization model with fixed recourse
and chance constraints as follows:
Zsroc =min dz+ E(dv(z)) + E(f'w(2))
s.t. Ax =
URZ)x+Vv(z)+ Ww(Z) = h(2)
i(2)>0)>1—¢; Vie{l,...,na} (5)
wi(2) >0 Viel C{l,...,ns}
0

where ¢, d, f and b are known vectors in ™, 2 " and R™! respectively, A,V and W are known
matrices in R71X7 Rmexnz pmaxns - We assume the following affine data dependency on U(Z) €
RM2X and h(Z) € R™2, that is,
N
U(z) =U"+> Uz,
k=1
N
h(Z) =h%+ > hFz.
k=1
In the proposed stochastic optimization model, we make distinctions between the recourse variables

v(Z) and w(Z).



(a) The recourse variables v;(Z) are permitted to be negative with low probability, that is v;(Z) < 0

with probability at most ¢; > 0.

(b) The recourse variable w;(Z), i € I must satisfy the inequality constraint for all outcomes.

We propose a new notion of semi-complete recourse, which is a characteristic of the matrix W.

Definition 1 We say that the stochastic program (5) has semi-complete recourse if there exists vector

r with r; > 0 for oll © € I, such that Wr = 0.

To motivate the model, we next present some examples to illustrate the generality of Model (5).

Example 1: Single stage chance constrained problems

With W = 0, which is the simplest case of semi-complete recourse, V. =1, d = 0 and f = 0, Model

(5) is essentially the same as Model (4).

Example 2: Complete recourse problems

In complete recourse problems, we have V' = 0 and d = 0, and the matrix W satisfies the condition of
complete recourse, which implies that for any ¢, there exists w; > 0, ¢ € I, such that Dw = t. We next
show that if a matrix W satisfies the condition of complete recourse, it also satisfies the condition of

semi-complete.
Proposition 1 Under complete recourse, there exists v with r; > 0 for all i € I, such that Wr = 0.

Proof : By definition of complete recourse, for any v > 0, we can find a vector s > 0 such that
Ws=—-Ww. Clearly, r :=s+v >0 and Wr = 0. |

We refer to strict semi-complete recourse for the case that the matrix W satisfies the condition
of semi-complete recourse but not complete recourse. A very simple example of strict semi-complete

recourse is W = 0.



Example 3: Chance constraints with violation penalties

Consider the following two stage stochastic optimization problem with chance constraints and penalties

of constraint violations.
min  cdz + E(dv(2)) + E(dv(%)")

st. Ax=0b
U(z)x+ Vv(z) = h(2) (6)
P(v;j(2) 20) 2 1 —¢; Vj
x >0,

where d is a non-negative vector associated with violation of the chance constraints. The effective cost

contribution associated with the recourse action is
dlvz(é) + CL‘UZ‘(E)_,

where d;(v;(2))” is the cost penalty for constraint violation. Clearly, we can linearized the objective

function of Model (6) as follows:

min dz + E(dv(2)) + E(dw(2))
st. Ax=0b>

U(2)x + Vo(2) = h(2)

v(Z2) +wi(2) —w2(2) =0
P(vj(2) 20) > 1 —¢; Vj
x>0

wl(i), 1U2<2) >0,

v

and the associated matrix corresponding to W in Model (5) has the form of

0 0
W= ,
I I

which trivially satisfies the condition of strict semi-complete recourse.

Example 4: Distributional systems with transshipment

This example is adopted from Chou, Sim and So [17] to motivate the framework. Consider a distribution
system of n retailers and arc set £ facing exogenous random demand d(Z). At the first stage, each retailer

1 decides its inventory level x;, which incurs unit holding cost, h;. At the second stage, demands are



realized. When shortages at one location occur, we can cover from available inventories at other retail
locations through possible lateral transshipment. Assuming a fully connected network, let ¢;; be the
unit transportation cost between retailers ¢ and j for all (i,j) € £. We assume cost symmetry, that is
¢ij = c¢ji, and denote w;;(Z) as the recourse decision related to transhipment quantity from retailer ¢ to
j after the realization of demands. Hence, the final inventory balance at retailer i is
vi(Z) =mi—di(2) — Y wi(E)+ Y. w(2),
Ji(d.4)€€ J:(gi)ee

which takes negative values when shortages occur. The goal is to find an initial inventory allocation so
as to minimize the total inventory holding cost and expected transhipment cost while ensuring certain
service levels, i.e., the demand at each retailer will be satisfied with high probability. Hence, we have

the following formulation

min h'z+ > c;E (wi;(2))

(i,9)€€
st vi(2) = a2 — di(2) — wij(Z)+ Y wi(Z) Vi
ji(ig)e€ 53 )eE (7)
P(vj(2) >0)>1—¢ Viel
w(Z) >0

To check semi-complete recourse, we send a unit flow across every arc. Since the network is fully
connected, flow conservation is maintained at every node, satisfying the condition of semi-complete

recourse. Note that when n = 2, the recourse matrix,
W = ,

does not satisfy the condition for complete recourse. As a matter of fact, the total flow into all the

nodes must be maintained at zero. Hence, Model (7) has strict semi-complete recourse.

3 Recourse Approximation via Decision Rules

Modern solution methodology for stochastic optimization model (see for instance, Birge and Louveaux
[14]) focuses on solving multistage problems with hard constraints (as in the case of Model (2) and Model

(5) in which €; = 0). Unfortunately, the number of possible recourse decisions increases proportionally



with the number of possible realization of the random vector Z, which could be extremely large or even
infinite. Indeed, under the assumption that the stochastic parameters are independently distributed,
Dyer and Stougie [19] show that two-stage stochastic programming problems are #P-hard. Under the
same assumption they show that certain multi-stage stochastic programming problems are PSPACE-
hard.

Due to the astronomical number of scenarios, Monte Carlo sampling methods are often used to
obtain approximate solutions to stochastic optimization problems. Despite the wide adoption of such
sampling approximation in stochastic optimization, the theoretical performance of the method has
only been studied recently, for instance, by Shapiro and Nemirovski ([27]). They concluded that the
number of samples required to approximate multistage stochastic programs to reasonable accuracy grows
exponentially with the number of stages. Moreover, the problem remains hard even under complete
recourse.

In view of the hardness results, we propose a tractable approximation for Model (5) by restricting
the recourse decisions to specified decision rules. In Ben-Tal et al. [7], and Chen, Sim and Sun [16],
linear decision rules have been used and promising computational results have been reported. We extend
the linear decision rule and propose a deflected linear decision rule in order to tackle problems with

semi-complete recourse.

3.1 Linear decision rules

The extremely large number of recourse variables leads to the computational intractability of stochastic
optimization. To resolve the issue, we adopt linear decision rule proposed in Ben-Tal et al [6] and Chen,
Sim and Sun [16]. Using linear decision rule, we restrict recourse variables, say w(Z) and v(Z), to be
affinely dependent on the primitive uncertainties. We denote £ as the space of linear decision functions.

Hence, v(-) € £ C ) implies that there exists a set of vectors v°, ... , vV such that

N
v(2) =0+ Z vk
k=1



We can approximate the stochastic model (5) as follows:

Zrpr =min cdz + dv° + Fw’

s.t. Ax =0b
Ure + Vob + Wwk =h* VEke{0,...,N}
P(vj(2) > 0) > 1 —¢; Vie{l,...,ny} (8)
w;i(z) >0 VzeW,VielC{l,...,n3}
x>0
v(-),w(-) € L.

Since any feasible solution of Model (8) is also feasible in (5) and the objectives coincide, we have
Zsroc < Zrpr. We will defer the discussion of approximating the constraints in Model (8) to Section

4.

3.2 Deflected linear decision rules
3.2.1 On linear decision rules and hard constraints

Although linear decision rule may not be optimal, Chen, Sim and Sun [16] show encouraging computa-
tional results for models with chance constraints. However, linear decision rules under “hard” inequality
constraints such as,

w(Z) >0,

may perform poorly. As an illustration, suppose the primitive uncertainties, Z have infinite support,
then the following nonnegativity constraints
N
w(Z) =w’ + Zwkék >0
k=1
imply that
wh =0 Vke{l,...,N},

and the decision rule is reduced to w(2) = w", and hence, independent of the primitive uncertainties.
This may lead to infeasible instance even in the case of complete recourse. For example, consider the

following stochastic optimization model that determine E(|b(2)]):
min {E (w1(2) + w2(2)) : wi1(2) —w2(Z2) = b(2), w1(Z) > 0,wz(Z) > 0}, 9)

which is one with simple recourse. Suppose Z has infinite support, we must have wi(2) = w? and

we(2) = wY, and hence, it would be impossible to satisfy the equality constraint. Furthermore, one

10



should note that in many such problems, it is meaningless to replace the hard constraints with “soft”
constraints.

Our next goal is to improve upon the decision rules involving semi-complete recourse in the presence
of hard constraints. The conditions of the semi-complete recourse implies that even if there is a con-
straint violation that is due to w(Z), we can still steer back the solution towards feasibility by paying

a finite price. We will illustrate this idea next.

3.2.2 Deflected linear decision rules

Under semi-complete recourse, for each ¢ € I, the following linear program

fi=min f'p
s.t. Wp=0
i (10)
pi=1
p=>0

is feasible. We assume that the linear program (10) has an optimal solution, denoted as p’; otherwise
the problem (5) is unbounded. Then we define, for each i, f; = f'p’. Therefore, for any decision rules

r(Z) (which may not necessarily be nonnegative) and v(Z) satisfying
U(Z)x+ Vv(z) + Wr(z) = h(2), (11)

we let

w(2) =r(2)+ Y (ri(2)7)p". (12)
el
It can be easily verified that
wi()>0 Viel
Ww(z) = Wr(2).
Therefore, for any given x, as long as there exist r(Z) and v(Z) satisfying (11), we can find a feasible
decision rule (referred to as a deflected decision rule), w(Z). We note that the feasibility of (11) depends
on the solution in the first stage, i.e., .
For the case of complete recourse, we can obtain stronger results. Not only does there exist a feasible

deflected decision rule, there exists a feasible deflected linear decision rule, that is, Equation (12) with

r(+) being linear functions. We summarize the results in the next two propositions.

Proposition 2 Under complete recourse, for any x and v(-) € L, there exists r(-) € L such that

UZ)x+ Vou(zZ)+Wr(Z) =h(2).

11



Proof : Let

N
v(Z) = v + Z vkz,
k=1

and

N

r(2)=r"+ Z r*z,

k=1

By the assumption of complete recourse, there exist %, 7!, .- 7" such that
Ure +Vo* + Wk =hn*  Vke{0,...,N}.

This implies the desired result. |
Proposition 3 Under complete recourse, for any given x satisfying Ax = b, ® > 0, there exist

v(),r(-) € L such that (12) is feasible to problem (5).

Proof : Notice that v(Z) = 0 always satisfies the chance constraints. Proposition 2 together with

equation (12) suggests that v(Z) = 0 and (12) is feasible to problem (5). [ ]

From (12), we have
fw(z) = frE) + f(rE))
Therefore, using the deflected linear decision rule w(+) and linear decision rule v(+), we can approximate

problem (5) as

ZDLDR =min d=z + d’vo + f’ro +E [f’r(i)_]

s.t. Ax=0»>
Urz + Vok + Wrk = hF Vk € {0,...,N} 13)
P(vj(2) >0)>1—¢; Vie{l,...,ny}
x>0
r(-),v() € L.

Notice that in formulating and solving the above model, we do not directly need p’ defined in (10). In
fact, what we really need is just f;, i € I.

Since any feasible solution (x,v(Z),w(Z)) to Model (13), in which w(2) = r(2) + > ,c;(r(2)) D',
is feasible in (5), and the objectives coincide, we have Zsroc < Zprpr. Moreover, given any feasible

solution, (x,v(Z),w(Z)), of problem (8), we observe that
E[fw(z)| =0

12



Hence by letting r(Z) = w(Z), we obtain a feasible solution of Model (13) with the same objective.
Hence, Zsroc < Zprpr < ZLDR-

Unfortunately, Model (13) is still hard to solve because of the chance constraint P(v;(2) > 0) > 1—¢;
and the nonlinear term E [ f/r(i)_} in the objective function. In the sequel, we approximate (13) via
techniques from robust optimization so that the resulting model is in the form of second-order cone

programming, which can be solved efficiently both in theory and in practice.

4 Approximation via Robust Optimization

In this section, we first present approximation to the chance constraints in problems (13) and (8). Then

we discuss the approximation to the nonlinear term in the objective function in formulation (13).

4.1 Approximating chance constraints

Even in the absence of recourse, the chance constraint model (4) is already computationally challenging.
Indeed, although chance constraint is well known to be tractable for normal distributions (see Prekopa
[24]), such models usually lead to intractable models even for simple distributions such as uniform
distributions (see Nemirovski and Shapiro [27]).

Another caveat with stochastic optimization models is the need to assume exact distributions in
all the unknown parameters; without which, it would be impossible to proceed with Monte Carlo
sampling approximations. However, as complete distributional knowledge is rarely available in practice,
solutions that are highly tuned to a particular distributional assumption can perform badly in practice
(see for instance computational results in Bertsimas and Thiele [13]). As a “practical approach” to
specifying uncertainties, we only require partial description of the primitive uncertainties, Z in Model
(5). Specifically, we assume that each random variable Z; has mean zero and support in W = [—z, Z]
with zj, Zr > 0. We also assume that the standard deviations of Zj are known and equal to oy.

Consider a single linear chance constraint

Pu(Z)>0)>1—¢ (14)
in which
N
v(Z) = vo+ Y vk,
k=1
where vg,...,vy are the decision variables. Let Go C W denotes a compact uncertainty set para-

meterized by an uncertainty budget €2 > 0, where the uncertainty budget determines the size of the

13



uncertainty set and, as we shall see, is essentially related to the probability of violating the constraint.

In robust optimization, we denote the set of all feasible solutions vy, ..., vy satisfying
v(z) >0 Vz e Gq, (15)

as the “robust counterpart” with respect to the uncertainty budget . Such models were usually
“misinterpreted” as worst case models suggesting that robust optimization are being over-conservative in
the treatment of uncertainties. In fact, the level of conservativeness depends on the choice of uncertainty
set. For instance, if the set G only contains the nominal value, we ignore data perturbation and recover
the nominal constraint. On the other extreme, if Go = VW, we require the solution to remain feasible
for all possible data realization, which is indeed the worst case model addressed by Soyster, [28].
Recently, Chen, Sim and Sun ([16]) introduce new deviation measures to construct second order
conic representable uncertainty set from the underlying probability distributions. They propose the

following asymmetric uncertainty set (as illustrated in Figure 1),

Gqg = {z dv,w € §Rf,z =v—w, ||P_1v + Q_leg < Q} N{—-z<z<Zz} (16)
—_——
Aq w

with P = diag(p1,...,pn) and Q = diag(qi,...,qn), where, p;,q; are deviation measures related to

the random variable Z;. They define the forward deviation as

;= sup { /2 n(B(exp(02,))/6° (17)

6>0

and backward deviation as

qj = sup {\/2 ln(E(eXp(—GZj)))/02} . (18)

6>0

Given a sequence of independent samples, we can essentially estimate the magnitude of the deviation

measures from (17) and (18). Some of the properties of the deviation measures include:

Proposition 4 (Chen, Sim and Sun [16])
(a) If the random variable Z has mean zero and standard deviation, o, then p* > o and ¢* > o. If in
addition, Z is normally distributed, then p* = ¢* = 0.
(b)
P(z > Qp*) < exp(—0?/2)

P( < —0q") < exp(—92/2)

14



Proposition 4(a) shows that the forward and backward deviations are no less than the standard devia-
tion of the underlying distribution, and under normal distribution, these two values coincide with the
standard deviation. As exemplified in Proposition 4(b), the deviation measures provide an easy bound
on the distributional tails. Chen, Sim and Sun ([16]) show that new deviation measures provide tighter
approximation of probabilistic bounds compared to standard deviations. More interestingly, even if
only the mean and the support of the random variables are known, Chen, Sim and Sun ([16]) give a

tight bound to the deviation measures.

Theorem 1 (Chen, Sim and Sun [16]) If Z has zero mean and distributed in [—z,Z|, z,Z > 0, then

zZ+z zZ—2Zz
o m = 2 ~
p <P 5 f<z+z)€7’(2)
and
zZ+ 2z zZ—Zz
* g 2
" <q 5 f<z+2>€Q(Z),
where
_ #(3)_M
flp) = 2max ——45—,
and
eS+e® eS—ef
¢u(3):1n< 9 + B M)

With respect to the construction of Go, suppose the distribution of Z; is available, it would be natural
to choose p; = p; and ¢; = ¢j. Otherwise, Theorem 1 suggests that we can also bound the deviation
measures from the distributional support and choose p; = p; and g; = ¢;. For instance, if 2; is arbitrarily
distributed over [—1, 1], then we set p; = ¢; = 1. Suppose the distribution is uniform over [—1,1], we
have p; = ¢; = 0.58, which leads to a smaller uncertainty set compared to the one with arbitrary
distribution. More importantly, Theorem 1 establishes the fact that the deviation measures are finite
for all random variables with finite support, which is the case for most problems in practice.

The next result shows how we can incorporate the uncertainty set to formulate the robust counterpart

as a tractable convex optimization model.

Theorem 2 (Chen, Sim and Sun [16])
The robust counterpart of

v(z) >0 Vz € Gq,

15
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Figure 1: An uncertainty set represented by Gq as () varies for N = 2.

(a) is equivalent to the set of feasible solutions (vo, ..., vN) satisfying the following set of constraints

vg > Quo+8'z+t'z

up > qr(vg — s+ tr) Vke{l,...,N}
ug > —pr(vk — Sk + tg) Vke{l,...,N} (19)
[ull2 < uo

UOZO,’UG%N,S,tE%f.

(b) Moreover,
P (u(2) < 0) < exp(~2%/2)

It is easy to see that even for high reliability factor, say violation probability of less than 1076, the
budget of uncertainty €2 is practically a small constant of 5.3. In contrast, Chen, Sim and Sun [16]
show that the worst case budget Quax is at least V/N in order for Gq,... to be as conservative as the
worst case uncertainty set V. Hence, the benefit of robust optimization increases with the number of

primitive uncertainties in the model, which is essentially achieving the effect of risk pooling.

16



4.2 Bound on objective function

Now we deal with the objective function. Unfortunately, we are not aware of any tractable way of
evaluating E (1;(Z2)7) exactly. Moreover, since the distributions of the primitive uncertainties are not
fully specified, it would not be possible to evaluate its exact value. Given a random variable 7 with

mean g and standard deviation, o, a well known tight bound is,

E(f7) < % (—,u + /12 + 02> (20)

(see Scarf [26] for instance). Therefore, suppose y(-) € £, we have

o~ 1
BE)7) <5 (- i+ I272]3)

where 3 is the covariance matrix of Z and y = (y1,...,yn). The bound does not take into account the
distributional support, which could degrade the quality of the approximation. For instance, if y(Z) > 0,
it follows trivially that E(y(Z)~) = 0. Likewise, if y(Z) < 0, we have E(y(Z)”) = —yo. Under these
circumstances, the bound would be weak. Hence, we propose the following tighter bound that resolves

these issues while still preserving the benefits of being second order cone representable.

Theorem 3 Let Z € RY be a vector of zero mean random variables with covariance matriz ¥ and
support in W = [—z, Z].
(a)

E ((yo +4'2)7) < h(yo,y)

where

1

h(yo,y) = min < -| —yo+ (s+u)Z+ (t+v) 2+
s,tu,v>0 | 2

Vot (s —ufz (6 0)yzP + By s+t tu- v)H%) }
(b) Moreover,

h(yo,y) <

(=0 + VB + =1 2913).

N =

(c) Suppose
y(z) <0 VzeW

then

E((yo+9'2)") = h(yo,¥) = —o-
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Likewise, if

y(z) >0 VzeW,

then

E((yo+y'2)") = h(yo,y) = 0.

Proof : (a)Since —z < zZ < z, we observe that

for all s,t,u,v > 0. Therefore,

E((yo +¥'2)7)
< E(po+yz2—(z+2)t—(2-2)s))
= E(lpo—(—y+t—s)2-2t-2's)")

!/

—yo+ (—y+t—8)z+2t+2s+(yo— (—y+t—s)z—2't—2z's)")

)
—yo+2Zt+2Zs+(yo—(—y+t—s)z-2t—z's)")

(

(

= Zv+Zu+E((—w+ (—y+t—stu—v)Z+2{t—v)+2(s—u))

= Zv+Zu+E((yo—(—y+t—s+u—v)z-2'(t—v)-2Z(s—u))")

—yo+2(t—-v)+2(s—u))+

IN
N\
&4
+
N\
S
+
7N

Vot 2t = v) + (s —w))2 + [ 512~y + t - s+u—v>ua>

(—yo +2'(t+v)+ 2 (s+u))+

N | —

Vs + /(=) + 2 (s —u)? + [SV2—y +t— s +u— v)H%)

—yo+2Zt+Zs+(y—(—y+t—s8)/z2-2Zt-2zs+(z+2) v+ (z-2)u)")

—yo+2Zt+zZs+ (- (—y+t—s+u—v)z-2(t—v)-2(s—u))")

where the equalities of (21) and (22) follows from the fact that 2+ = x + (—2)". The inequality (23) is

———
=x

due to the bound (20).
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(b) Note that with s,¢,u,v = 0, we have

1
2<—y0 (s +uZ+(t+0)z+ /(o + (s—wE+(E—v)2) + [Ty —s+t+ru—v)|

1
=5 (-w+ g+ 1= 72y1R)
(=0 + V& + =1 2913).

Therefore,

N —

h(yo,y) <

(c) Suppose
yo+yz<0 VzeWw

then let s =t =0, ux, = (yp)*, vp = (—yg) T for k=1,..., N and

Z1. if yp >0

—z;,  otherwise

Since z* € W, we have yg + y'z* < 0. Furthermore, it is easy to verify that

Yy=u—v

and
yo+u'z+vz=yy+y'z" <0.
We have
1 ! = !
e R ot
Vvt (s —u)Z+ (- v)2)2 + [|SY2(~y — s+t + u - v)[3
Hence,

—yo=E((yo+9'2)7) < h(yo,y) < —yo.

Similarly, if
yo+y'z>0 VzeW

then let v =u =0, sp = (—yp)", tpy = (yp)" for k=1,..., N and

Zk if yp <O

—z;, otherwise
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Since z* € W, we have 1y + y'z* > 0. Furthermore, it is easy to verify that
y=t—s

and

yo—8z—tz=yo+y'z">0.

Hence, we have

N =

(— Yo+ (s+u)z+ (E+v)z+

Vot (5—uyz+ (E—vfzp + [SV2(—y—s+t+u— v>||%>
1 Iy I= | 4/
= 2(—y0+sz+tz+!—yo+sz+tz]>
= 0.
Therefore,

0=E((yo+¥'2)") < h(yo,y) <0.

5 The Second-Order Cone Programming Model

Finally, we put the pieces together and propose the approximation for problem (5). Recall that in
Section 3, we proposed two approximations of problem (5); using linear decision rule in problem (8) and
using deflected linear decision rule in problem (13), both remain computationally challenging. Using
the techniques of Theorem 2 to approximate the chance constraints, we can formulate a tractable

approximation of Model (8) as follows:

Zrpr =min cdx + dv° + flw’

s.t. Ax=0>
Urx + Vob + Ww* =h* VEke{0,...,N}
vj(2) >0 Vz € Go,,Vj € {1,...,n2} (24)
wi(z) >0 VzeW,Viel C{1,...,n3}
x>0
v(-),w(") € L,
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where ; = y/—2In(e;). In addition, using Theorem 3 presented in Section 4, we can also approximate

the objective function and obtain the following tractable approximation of Model (13):

Zprpr+ =min cx + dv’ + f’ro + f/g

s.t.

Ax =0b

Ure +Vo* + Wrk =h* vEkc{0,...,N}
vj(2) >0 Vz € Go,,Vje{l,...,na}

gizh(rg,(r},...,rfv)) Viel

x>0
r(-),v() € L.

More explicitly, we have the following second order cone optimization formulation

ZDLDR* = min

s.t.

where r; = (r}, ...

de+do’ + fr°+ fg

Ax=b

Urz + VoF + wek = p#

W) > Quy’ + 'z + 592

u,lf > qk(v;-c — s,lﬁj + t,lgj)

u,lgj > —pk(v;? — 8,13 + t,lgj)

]2 < ugf

tl sV >0

2g; + 19 — (8% 4 uYz — (¥ 1 vz >

((_TZQ 4 (S2i _ ’U,Qi)li + (t2i _ v2i)/£)2+
1
2
||El/2(—7“7; o SQi + t2i + u2i _ 921)”%)
32i’t2i’u2i7,v2i Z 0
x > 0,

N).

7ri

Vk € {0,...
Vied{l,...
Viedl,...
Vie{l,...
Vie{l,...
Viedl,...

Viel

Viel

N}

(26)

Notice that as input to the above formulation, the distributional information of the uncertainty z

includes the forward and backward deviation measures p; and g;, as well as the covariance matrix X.

Theorem 4 Under semi-complete recourse, deflected linear decision rule gives an objective value that

1s at least as good as linear decision rule, that is, Zprpr+ < ZLDR*-
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Proof : Given any feasible solution, (x,v(Z),w(Z)) of problem (24), we observe that
wi(z) >0 Vz e W.
Hence, from Theorem 3 (c), we have

h(w?, (w}, ..., w)) =0.

R

Therefore, by letting r(Z) = w(Z), we obtain a feasible solution of Model (25) that yields the same
objective as problem (24). Hence, Zprpr < ZrpR*- [ |

We give a simple illustration of the modeling steps.

Example 5: Newsvendor problem

We can model the newsvendor problem as a stochastic programming problem (see, for instance, Birge
and Louveaux [14]). A single retailer faces random demand. The retailer places an order to an outside
supplier before knowing the actual demand. Per unit ordering cost is ¢ and the selling price to the
customers is p > c¢. Let the demand be d(Z) = p + Z, in which Z has zero mean, standard deviation o
and unknown support. Scarf [26] first studied such a model with ambiguity, that is, not knowing the
exact demand distribution. For simplicity of exposition, we assume that unsatisfied demand is lost and
leftover inventory has zero salvage value. Finally, we assume that the retailer’s objective is to maximize
the expected profit (or minimize expected negative profit). Let x denote the ordering quantity and d
denote the random demand. The stochastic optimization formulation of the newsvendor model is as

follows:
min cz + pE(w(2))

st. w(z) > —x
w(Z) > —d(2)
x>0
w(:) €,
in which function —w(Z2) represents the amount sold after observing the demand Z. Equivalently,
min cx + pE(ws(2))
st x+ws(Z) —wi(2) =

w3(2) — wa(2) = —d(2)



It is obvious that the associated recourse matrix

W:

satisfies semi-complete recourse and that f; = fo = p. Using the approach of Model (25), we solve the
following problem
min ez + p(w) + g1+ g2)
st. z+w)—r{=0
w% — r% =0
0_,0

Wy =Ty = —H
11
w3z — 15 = —1

291 > =1 +/(r])? + (or1)?
29 > =19 41/ (r3)? + (o13)?

x > 0.
We can show that the solution is identical to the famous result in Scarf [26]. To be specific, after

simplification we have

min ¢z + ip <(—:c — ) + \/(:z + wd)? + (cwl)? + \/(M +wd)? + (o(wh + 1))2)

st. x>0.

From triangle inequality, we have

\/(a: + wd)? + (owl)? + \/(,u + wd)2 + (o(wi +1))2 > \/(x — )2 + o2

The equality is achieved at w} = —u and wi = —1. Therefore we have
min ¢z + ip ((—x — )+ (z—p)?+ 02)
s.t. x>0,

which yields the same min-max solution of the newsvendor problem studied by Scarf [26].
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5.1 Multiperiod modeling

Our approach can be easily extended to deal with multiperiod stochastic programming problems as

follows. 3 3
min 'z + Y (E(djvi(€,)) + E(fiw(£,)))
st. Ax=0»b

x>0
- (27)

Uiz + et (Virvr (€,) + Wirwe(€)) = bi(€),t =1,2,.... T

P(vii(€) > 0) > 1 — e,V L,

wii(€) >0,V i € I,
where ét = (21,..,2¢), and the underlying uncertainties, Z; € ®M,... 20 € RV7, unfold progressively
from the first period to the last period and Z; is the vector of primitive uncertainties that is only
available at the ¢ period. We also assume that U(£,) and bs(€,) are affine in £,.

There are a variety of ways to model chance constraints in a multi-stage stochastic programming
problem. In the above model we take the unconditional probability from the perspective of the beginning
of the planning horizon.

The multiperiod stochastic programming problem is said to have semi-complete recourse if for any

t, there exists a vector ry with 4 > 0 for all ¢ € I; such that

.
> Wore=0, 7=t,....T,

k=t
for some r411,...,rp satisfying r; > 0,4 € Iy, k=t+1,...,T. Therefore, similar to problem (10), we
can define
ftl = min EZ:t f;'pllf’r
s.t. ST _ Waph, =0 Vr=t,....,T
Pt =1
pl, >0 vr=t,...,T,
which is feasible. Without loss of generality, we assume that the optimal solution (p%, ..., f)iT) exists,

denoted as for any t.
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Similar to the two stage model, the deflected linear decision rule can be defined as follows.

t Nr
vi(€) = o)+ 3 vl

T=1j=1
~ t NT . .
(&) =1+ > Y rlZ]
T=1j=1
t
wi(&) =7i(&) + DD (rri(€x)) Dl
k=1icTy

Observe that the above decision rule fulfills the nonanticipativity requirement. Essentially, we end up
with a formulation for the multi-period model similar to the one for the two-period model we have
presented. Using the deflected linear decision rule, the size of the model does not explode exponentially
with the number of periods. Such decision rules can be viewed as a first order approximation of the
expected future costs, so that we can determine the first stage or ‘here-and-now’ decision. In practice,
we do not use the decision rule as the responding actions in subsequent stages. Instead, we adopt the
rolling horizon approach, that is, we resolve subsequent stages upon realizations of uncertainties at

earlier stages.

6 Computational Experiment

In this section, we illustrate our approach in a preliminary computational experiment. Since classical
stochastic optimization does not handle chance constraints with recourse, we restrict the comparison
to a two stage stochastic optimization problem with complete recourse. Specifically, on the two stage
problem, we demonstrate that when compared with sampling based stochastic programming approach,
our proposed framework achieves similar performance in objective values. In contrast, the size of our
model increases polynomially with the number of stages in the model, while the sample sizes according
to traditional stochastic programming approaches may increase exponentially (see, e.g., Shapiro and
Nemirovski [27], and Dyer and Stougie [19]). Therefore, we believe our proposed model is promising in
addressing large-scale multiperiod stochastic optimization models.

In our experiment, we consider a project management example of several activities. Each activity
has random completion time, fij. The completion of activities must adhere to precedent constraints.
For instance, activity e precedes activity eo if activity e; must be completed before activity es. In our
computational experiments, we assume that the random completion time ¢;;(Z) is independent of the

completion times of other activities. In addition, the completion time also depends on the additional
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amount of resource, x;; € [0,1], committed on the activity as follows
tij = bij + ai; (1 — wij) Zj, (29)

where Z; € [—z;j, zij], (i,j) € & are independent random variables with zero means and standard
deviations o;;.

Denote c;; to be the cost of using each unit of resource for the activity on the arc (¢, 7). Our goal is
to minimize the expected completion time subject to the constraint that the total resource is under a

budget C.

A stochastic programming model to address the above project management problem is as follows.

min  E(y,(2))

st. de<C
Yi(Z) —yi(2) —wij(2) = bij + aij(1 — z45)Z;; V(i,j) € €
1 (2) =0 (30)
wij(Z) 2 0 V(i,j) €€
0<zx<1
x € RI€|
w(-),y() € V.

To check semi-complete recourse and model the deflected linear decision rules, we first take a look
at the following problem
fiw =min y,

st Yy — Yy — wyy =0 V(Z,j) eéf

y1=0
wg =1
w >0,

for each (k,1) € £. Here, fi; corresponds to the longest duration path from node 1 to node 7, when one
of the arc (k,[) has unit time while the rest of the arcs have zero completion time. Clearly, fi; = 1 for
all (k,1) € €.

We compare solutions from two approaches. The first is stochastic optimization using sampling
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approximation as follows:

Z1(K) = min

st. de<C
k

y;-“ -y = bz‘j —i—aij(l —mij)zfj V(Z,]) €& ke {1,...,K} (3 )
1
yr =0 ke{l,...,K}
0<x<1
x € RIEl
yk e v Vke{l,...,K},
where zfj, kE=1,...,K are independent samples of Z;;.
For the second method, we adopt the framework of (26) as follows:
Zo=min 2+ 30
ecf
st. de<C
y;') - yzo - T?Z‘J‘) = bij V<Z7j) €&
Y; Y; Tg) = aij(1 — i) (4,7) €
yi_yf_rfi,j):() Ve?(ivj)egve#(iaj)
yi=0 Vee &
2ge + 10 — (8¢ +u®)z — (t° +v%)'z >
((—TS + (8¢ —uf)'z + (t° — v°) 2)*+ (32)
1
2
|22 (—r, —se+te—|—ue—v€)H§> Ve e &
s t¢ u,vc >0 Vee &
0<z<1
x e R
Yo,y e j° Vec &
r0. re e R Ve e &

st ul, ve € RN

where r. = (r? : Va € £).

For our computational experiment, we create a fictitious project with the activity network in the

form of H by W grid (see Figure 2).
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Figure 2: Project management “grid” with height, H = 4 and width W = 6.

left bottom corner and the last node at the right upper corner. Each arc on the graph proceeds either
towards the right node or the upper node. We assume that every activity on arc has independent and

identical completion time. In particular, for all arcs (1, j),

PGy—2) =4 " if 2= o5
(1-7) 1fz:—ﬁ.

The parameter § controls the variance of the activity completion time, which increases to oo as (3
decreases to zero. We set b;; = 3, a;; = 3 for all (7, j) € £ and ¢ = 1. The project grid is fixed to H =4
by W = 6. We compare the performances of models (31) and (32) in Table 1. In the table, Z;(K) and
Zy are the optimal objective values of Model (31) using K samples, and Model (32), respectively. We
then use Monte Carlo simulation with 100,000 samples to estimate the actual objective function values
achieved by the first stage solutions derived from Models (31) and (32). The corresponding estimated
objected function values are recorded in columns Zl(K ) and Z5. The computation experiment is
conducted on an 800 MHz Labtop with 1G RAM using CPLEX version 9.1.

From Table 1, we can see how the performance of stochastic optimization of Model (31) changes as
we change the sample sizes. We observe that the optimal objective value of Model (31) underestimates
the expected completion time derived from the solutions of Model (31), which is due to the artifact
of sampling approximation of stochastic optimization. When the parameter 3 becomes very small,

the variances of the primitive uncertainties Z;; increases dramatically and the gap between Z; and

7, increases significantly. On the other hand, under the same circumstances, Model (32) provides a
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very consistent bound of the expected completion times and significantly outperforms the sampling
method using 1000 samples. When the variances of Z;; are moderate, the sampling approximation with
1000 samples slightly outperforms our approximation method. Given the approximation nature of our

approach, the quality of the solutions generated by Model (32) is encouraging.

7 Conclusions

Although we only solve the stochastic optimization model approximately, we feel that the key ad-
vantage of our approach is the scalability to multistage models without suffering from the “curse of
dimensionality” experienced by most dynamic and stochastic programs.

We see that being able to formulate as a standard mathematical programming model such as a second
order cone programming problem is a definite advantage. It enables us to exploit specific structures for

computationally efficiency suited for large scale implementations.
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