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1. Introduction
The concept of quasi-K-concavity was introduced by
Porteus (1971) to prove the optimality of a generalized
�s� S� policy for inventory systems with concave order-
ing costs. To apply this concept to characterize optimal
inventory policies, one relies heavily on some preservation
properties under certain optimization operations. In this
paper, we provide a new preservation property of quasi-
K-concavity, which says that under mild technical condi-
tions, maxd���d� + ��y − d�� is quasi-K-concave if the
one-dimensional functions �� · � and �� · � are concave and
quasi-K-concave, respectively.
The preservation property plays a critical role in analyz-

ing joint inventory-pricing models with concave ordering
costs. Specifically, consider a firm managing an inventory
system with concave ordering cost, which may arise when
the firm replenishes from a single supplier providing incre-
mental quantity discount or multiple suppliers with differ-
ent fixed costs and variable costs. Demand is random and
depends on the selling price. Unsatisfied demand in each
period is fully backlogged. At the beginning of each period,
the firm makes pricing and inventory replenishment deci-
sions simultaneously so as to maximize the total expected
discounted profit over a finite planning horizon.
For such a model, we show by employing the preserva-

tion property of quasi-K-concavity that when demand is a

deterministic function of the selling price plus a random
perturbation with a positive Pólya or uniform distribution,
the value functions belong to the class of quasi-K-concave
functions, and therefore a generalized �s� S�p� policy is
optimal. Under such a policy, inventory is managed based
on a generalized �s� S� policy. That is, there is a sequence
of reorder points si and order-up-to levels Si (both are
increasing in i) such that if the starting inventory level is
lower than the reorder point si but higher than si+1, the
firm places an order to raise its inventory level to Si. The
optimal price is set according to the inventory level after
replenishment. For the special case with two suppliers, one
with only variable cost, whereas the other has both fixed
and variable costs, we prove that the generalized �s� S�p�

policy is still optimal when the additive random component
in the demand function has a strongly unimodal density.
Our model falls within the growing research stream on

inventory and pricing coordination. Recently, significant
progress has been made on analyzing integrated inventory
and pricing models with fixed ordering cost and stochas-
tic demand for both backlog (see Chen and Simchi-Levi
2004a, b; Huh and Janakiraman 2008) and lost sales (see
Chen et al. 2005, Huh and Janakiraman 2008, Song et al.
2009) cases. For a recent review of this literature, readers
are referred to Chen and Simchi-Levi (2008). However, we
are not aware of any paper analyzing inventory and pricing
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models with concave ordering cost, which may be partly
due to the technical complexity involved.
Our paper is closely related to classical stochastic inven-

tory models with general concave ordering costs analyzed
by Porteus (1971, 2002), who introduced the concept of
quasi-K-concavity to prove the optimality of generalized
�s� S� inventory policies when demand is a positive Pólya
or uniform random variable. Recently, Fox et al. (2006)
analyzed a special case of Porteus’s model with two sup-
pliers, one with only variable cost and the other with both
fixed and variable costs. Using the concepts of K-concavity
introduced by Scarf (1960) and quasiconcavity (equiva-
lently, quasi-0-concavity), they prove that the generalized
�s� S� policy (indeed, a bit simplified policy) is optimal
when demand has a strongly unimodal density. Our results
and analysis, building upon the new preservation prop-
erty of quasi-K-concavity as well as preservation proper-
ties of K-concavity and quasiconcavity, extend those in
Porteus (1971, 2002) and Fox et al. (2006) to include pric-
ing decision.
The rest of this paper is organized as follows. In §2, we

present our major technical results, which are then applied
to characterize the optimal policy for our inventory and
pricing model with concave ordering cost in §3.

2. Main Technical Results
In this section, we present our preservation property of
quasi-K-concavity. Quasi-K-concavity was introduced by
Porteus (1971) to prove the optimality of a generalized
�s� S� policy for inventory systems with general concave
ordering costs. By definition, a one-dimensional function
f is quasi-K-concave if for any x1 � x2 and 	 ∈ �0�1�,
f ��1− 	�x1 + 	x2� �min
f �x1�� f �x2� − K�. For brevity,
readers are referred to Porteus (2002) for properties of this
class of functions.
Among all quasi-K-concave functions, we mainly con-

sider one class called quasi-K-concave function with
changeover a. A function f is quasi-K-concave with
changeover a if it is increasing on �−�� a� and non-
K-increasing on �a��� (non-K-increasing means that for
x1 < x2, f �x1� � f �x2� − K). An important property for
this class of functions is that the quasi-K-concavity is pre-
served under integral convolution with respect to a positive
Pólya or a positive uniform random variable. Positive Pólya
(also called one-sided Pólya) distribution includes, among
others, all finite convolutions of exponentially distributed
random variables. Thus, as a special case, Erlang distribu-
tion is positive Pólya. Although the positive Pólya distri-
bution appears to be restrictive, Cox (1962) notes that for
any given � and 
2 ∈ ��2/n��2� for some natural number
n, a random variable with mean � and variance 
2 can
be generated through a convolution of n exponential ran-
dom variables. We refer to Porteus (1971) for more details
on this class of random variables and its relationship with
quasi-K-concave functions.

We now present our major result of this section, which
says that quasi-K-concavity can be preserved under a max-
imization operation. Let �� · � and �� · � be one-dimensional
continuous functions defined in a bounded interval � =
� d� d̄� and in the real line, respectively. Define a new
function

��y� =max
d∈�

���d� + ��y − d��� (1)

Theorem 1. If �� · � is a differentiable concave function
and �� · � is a continuously differentiable quasi-K-concave
function with some finite changeover �0, then the function
�� · � defined in problem (1) is quasi-K-concave with a
finite changeover no less than �0.

Because the proof is quite involved and long, it is pro-
vided in the appendix. An electronic companion to this
paper is available as part of the online version that can be
found at http://or.journal.informs.org/. Here we only briefly
sketch the main idea of the proof. First, we show that
y − d�y� is nonincreasing in y, where d�y� is the smallest
maximizer for problem (1). Second, we show that d�y0� is
a maximizer of function �� · �, where y0 is the largest point
such that �� · � is nondecreasing in �−�� y0�. Third, we
show that y0 is no less than the largest changeover of �� · �.
Finally, we use the results from the previous steps to prove
that �� · � is non-K-increasing for y � y0, and thus is quasi-
K-concave with y0 as its changeover.
In the next section, we will use Theorem 1 to analyze

an inventory and pricing model with concave ordering cost.
For a special case of the model involving two suppliers,
one with only variable cost and the other with both fixed
and variable costs, we can prove that a generalized �s� S�p�
policy is optimal under a bit more relaxed conditions using
similar preservation properties of quasiconcavity (equiva-
lently, quasi-0-concavity) and K-concavity.

Theorem 2. Let �� · � and �� · � be two continuous func-
tions and �� · � be defined in problem (1). We have the
following results: (a) if �� · � and �� · � are both quasicon-
cave, �� · � is also quasiconcave; (b) if �� · � is concave and
�� · � is K-concave, �� · � is also K-concave.

Note that, different from Theorem 1, part (a) of the above
result only requires the quasiconcavity of �. We also com-
ment that K-concavity was first introduced by Scarf (1960)
to show that an �s� S� policy is optimal for stochastic inven-
tory models with fixed ordering costs. Chen and Simchi-
Levi (2004a) implicitly use Theorem 2, part (b) to prove the
optimality of �s� S�p� policy for an inventory and pricing
problem with fixed ordering cost and additive demand.

3. Applications: Optimality of
Generalized �s�S�p� Policy

In this section, we show how to apply our preservation
properties in the previous section to analyze joint inven-
tory and pricing models with concave ordering costs. It is
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worthwhile mentioning that a similar approach can be used
to analyze another important application, namely, inventory
models incorporating sales effort/promotion decisions and
concave ordering costs.

3.1. The Model

Consider a single-product periodic-review inventory system
in which a firm needs to replenish its inventory and set
the selling price simultaneously at the beginning of each
period over a finite planning horizon with length T . Cus-
tomer demand is random but depends on the price. Unsatis-
fied demand is fully backlogged. The firm faces a concave
piecewise-linear ordering cost, which can be viewed as
ordering from different (say M) suppliers with different
fixed and variable ordering costs. Delivery lead times from
all suppliers are assumed to be zero, as is common in
the literature of joint inventory and pricing optimization.
Ordering from supplier i incurs a fixed cost Ki and a unit
cost ci. Without loss of generality, assume that c1 > c2
> · · · > cM � 0, and 0�K1 < K2 < · · · < KM .
The remaining inventory at the end of each period t

incurs a unit holding cost ht , whereas the unsatisfied
demand incurs a unit backlog cost bt . We use Lt�x� = ht

max
x�0� + bt max
−x�0� to denote the inventory hold-
ing and customer backlog cost given the ending inven-
tory x. Let � be the discount factor, 0� � � 1. Similar to
Porteus (2002) (Assumption B1, Chapter 9.4), we assume
that �c1 − �cM� � bt , which implies that it is more cost
effective to fill an order now from a more expensive sup-
plier than delaying it until the next period using a cheaper
supplier (in terms of only variable cost). The selling price
of the product in period t is pt ∈ � pt� p̄t�, and the demand
has the following additive form

Dt�pt� �t� = Dt�pt� + �t�

in which �t is a continuous random variable with cdf Ft� · �
and mean �t . We also make the following assumption on
the function Dt�pt�.

Assumption 1. For all t = 1�2� � � � � T , Dt�p� has an
inverse D−1

t �d�, which is continuous and strictly decreas-
ing. Furthermore, the expected revenue

Rt�d� �= �d + �t�D
−1
t �d�

is differentiable and concave in d.

Assumption 1 implies that there is a one-to-one cor-
respondence between the selling price pt ∈ � pt� p̄t� and
dt = Dt�pt� ∈ �t ≡ � dt� d̄t�, where dt = Dt�p̄t� and
d̄t = Dt� pt�. Therefore, in what follows, to facilitate the
analysis, we will use d instead of p as the decision vari-
able. The concavity requirement for Rt�d� is standard in
the literature. Demand functions that satisfy this require-
ment include, among others, linear demand Dt�p� = a−bp
and exponential demand Dt�p� = ae−bp.

We seek an optimal ordering and pricing policy for the
firm so as to maximize its total expected discounted profit
over the entire planning horizon. Let vt�x� be the optimal
total expected discounted profit from period t to T . Note
that vt�x� is a maximization over possible ordering from
all M available suppliers:

vt�x� = max
1�i�M

{
−ci�y − x� + sup

y�x

� �Ht�y� − Ki��y − x��
}
�

where ��q� = 1 if q > 0 and 0 otherwise, �Ht is given as

�Ht�y� =max
d∈�t

{
Rt�d� + E� �Gt�y − d − �t��

}
�

and �Gt�x�, including inventory-holding and customer back-
log cost as well as the discounted profit from next period,
is given by

�Gt�x� = −Lt�x� + �vt+1�x��

To facilitate our sequel analysis, we define

Git�x� = �Gt�x� − cix�

Hit�y� = �Ht�y� − ciy�

and

�Rit�d� = Rt�d� − cid�

With these definitions, we easily rewrite the above
equations as

vt�x� = max
1�i�M

{
cix + sup

y�x

�Hit�y� − Ki��y − x��
}

(2)

Hit�y� =max
d∈�t

{ �Rit�d� + E�Git�y − d − �t�� − ci�t

}
(3)

Git�x� = −cix − Lt�x� + �vt+1�x�� (4)

We assume without loss of generality that vT +1� · � = 0.
Note that

lim
�x�→�

Git�x� = lim
�x�→�

Hit�y� = lim
�x�→�

vt�x� = −� as

lim
�x�→�

Lt�x� = +� and bt � c1 − �cM�

We end this section with the definition of generalized
�s� S� policy.

Definition 1. A policy � is called generalized �s� S� if
there exists an m and a sequence of parameters

sm � sm−1 � · · ·� s1 � S1 � S2 � · · ·� Sm�

such that, given starting inventory level x, the optimal
order-up-to level ��x� is given by Sm if x < sm, Si if si+1 �

x < si for i = 1�2� � � � �m − 1, and x otherwise.
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3.2. Analysis

In this section, we analyze the optimization problem (2)–(4)
and characterize the optimal policies.
Let V ∗ denote the set of continuous functions v� �→�

such that −cMx + v�x� is nondecreasing on �−��0� and
that −cix + v�x� is non-Ki-increasing for each i on �. The
following result provides a characterization of the optimal
policy of problem (2)–(4).

Theorem 3. If vt+1 ∈ V ∗ and �t is a positive Pólya or a
positive uniform random variable, then (a) Hit is quasi-
Ki-concave with changeover at some ait � 0 for each i;
(b) there exists a generalized �s� S�p� policy that is optimal
in period t; and (c) vt ∈ V ∗. Thus, for our joint inventory
and pricing problem (2)–(4), a generalized �s� S�p� policy
is optimal.

Proof. For part (a), we first rewrite

Git�y� = −[
�ci − �cM�y + Lt�y�� + ��vt+1�y� − cMy

]
�

The property of vt+1�y�, together with the assumptions
�c1 − �cM� � bt and ci < c1, implies that each term in
Git�y� is increasing in �−��0�, and thus Git�y� is increas-
ing in �−��0�. Moreover, for y > 0, we rewrite Git�y� as

Git�y� = −[
�1− ��ciy + Lt�y�

[+��−ciy + vt+1�y���

Because −��1 − ��ciy + Lt�y�� is decreasing and hence
non-�1 − ��Ki-increasing and ��−ciy + vt+1�y�� is non-
�Ki-increasing as vt+1 ∈ V ∗, Git�y� is non-Ki-increasing
for y > 0. Thus, Git�y� is quasi-Ki-concave with
changeover 0. Because �t has positive Pólya distribution,
E�Git�y − d − �t�� is quasi-Ki-concave in y with a pos-
itive changeover. lim�x�→� Git�x� = −� implies that this
changeover is finite. In addition, because �t is a continuous
random variable, E�Git�y − d − �t�� is continuously differ-
entiable. Thus, by Theorem 1, Hit�y� is quasi-Ki-concave
with a changeover at some ait � 0, and part (a) is proven.
For part (b), because Hit�y� is quasi-Ki-concave, it is

optimal to replenish inventory following a generalized
�s� S� policy, which follows directly from Lemma 9.13 in
Porteus (2002). Moreover, there exists an optimal d∗

it�y�,
such that

d∗
it�y� = arg max

d∈� dt � d̄t �

{ �Rit�d� + E�Git�y − d − �t��
}
�

Note that the optimal d∗
it�y� is set based on the resulting

inventory level y after the replenishment decision, and we
can find the optimal price p∗ through D−1

t �d∗
it�y�� = p∗

given i is the supplier being ordered from.
For the proof of part (c), readers are referred to Porteus

(2002, pp. 147–148) for detailed steps. �

We now focus on a special case of the model presented
above. Specifically, we assume that there are only two sup-
pliers: suppliers H and L, where supplier H charges a vari-
able cost c1 per unit but no fixed cost �K1 = 0�, whereas

supplier L charges a variable cost c2 (c1 > c2) per unit plus
a fixed cost K2 = K > 0. Such a cost structure is commonly
seen in the practice of a dual sourcing strategy, as demon-
strated by Fox et al. (2006). Similar to the general model,
we assume bt � c1 − �c2.
Given this cost structure, Fox et al. (2006) prove for

a corresponding inventory model without pricing deci-
sions the optimality of generalized �s� S�-type policies
when demand has strongly unimodal densities. The class
of strongly unimodal density functions is a broader
class of random variables and includes many commonly
used probability distributions such as normal, uniform, or
gamma distribution with shape parameter p � 1. A salient
property of strongly unimodal density functions is the
preservation of quasiconcavity, i.e., E�f �x−��� is still qua-
siconcave if f is and � has a strongly unimodal density (for
more discussion on strongly unimodal density functions,
see Dharmadhikari and Joag-Dev 1988).
The result in Fox et al. (2006) can be extended to our

setting with pricing decisions. Specifically, the following
result implies that the optimal inventory policy is a hybrid
version of a base-stock policy plus an �s� S� policy.

Theorem 4. For our joint inventory and pricing problem
with two suppliers, under Assumption 1 with �t having a
strongly unimodal density, there exist parameters st , SL

t , SH
t

for period t such that the optimal order-up-to level y∗
t takes

one of the two forms: If SH
t � st , order from supplier L

based on the following �st� SL
t � policy,

y∗
t =

{
SL

t � if x � st

xt� if x > st�

otherwise, follow an �st� SH
t � SL

t � mixed-ordering policy,

y∗
t =

⎧⎪⎨
⎪⎩

SL
t �order from supplier L� if x � st

SH
t �order from supplier H� if st < x � SH

t

x if x > SH
t .

Finally, set the optimal price p∗ = D−1
t �d∗

t �y
∗
t �� based on

the inventory level after replenishment.

The proof of the above result is almost parallel to the one
by Fox et al. (2006), who essentially show that both quasi-
concavity and K-concavity can be preserved under dynamic
programming recursions. Thus, rather than presenting the
complete proof, we will only sketch the key steps to prove
the preservation of quasiconcavity and K-concavity under
dynamic programming recursions (2)–(4) while highlight-
ing the major differences with Fox et al. (2006). The main
idea of the proof is to show by induction that vt�x� is
K-concave and G1t−1�x� is quasiconcave in two steps. In
the first step, one can prove that if H1t�y� is quasiconcave
with nonnegative changeover and H2t�y� is K-concave,
then the policy described in Theorem 4 is optimal, and
in addition, vt�x� is K-concave and G1t−1�x� is quasicon-
cave with nonnegative changeover. This step can be proven
by following an argument similar to the one in Fox et al.
(2006).
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In the second step, we prove that if vt+1�x� is K-concave
and G1t�x� is quasiconcave with nonnegative changeover,
then H1t�y� is quasiconcave with nonnegative changeover
and H2t�y� is K-concave. Observe that quasiconcavity
is preserved under integral convolution with a strongly
unimodal densities, whereas K-concavity is preserved
under integral convolution with general densities. Thus, to
complete the proof of the second step, it suffices to use
Theorem 2 to show that quasiconcavity and K-concavity
are preserved under the optimization operation (1), which
constitutes the major difference between our proof and the
one in Fox et al. (2006).

4. Electronic Companion
An electronic companion to this paper is available as part
of the online version that can be found at http://or.journal.
informs.org/.
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