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Cameras now span 6+ orders of magnitude in
scale and 9+ orders in time:

microns (on-chip) to meters (space optics),
microseconds to hours (Earth-observing revisits)




Mathematical Model of Camera: the Pinhole Camera

How Pinhole Photography Works

Light rays

Hole in the box

Upside down image

SmugMug &




The forward imaging model: from a 3-D point to a 2-D image point
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The forward imaging model has two stages
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Coordinate frames: the same point, different numbers

A frame A = an origin 0,4 + three orthonormal, right-handed axes X4, ¥4, Z4
A point p has coordinates p, = (x4, Va,2Z4)T inframe A: p = 04 + x4%4 +
YaVa + Zazy
The same point has different coordinates pg in another frame B — the
vehicle, the camera, the map all have their own frame
Translation only (axes of A and B parallel): let t45 = position of Op
expressed in A. Then
* Pa=Dp*tUlp inverse pp=py—tap (=Pg+tpy, with
tga = —lyB)
Subscript convention: p4 = "coordinates in A"; t4g, Rap, T4 = "takes B-
coordinates to A-coordinates"




Rotation in 2-D: build the matrix from the axes of the
rotated frame

Frame B has the same origin as A, rotated counter-clockwise by 8
cosB] ~" [—sin@
» JB

Axes of B written in A-coordinates: Xz = [

sinf cos6@
A point with B-coordinates pg = (x5,¥5)T isp = 0 + xgXg + Y5, so in
A-coordinates XB
 Pa=xpXp+ys¥s =% VrlPr = Rap(0) D5
_te o 1_ |cosB —sinf
Rap(0) = %5 sl = [sin@ cosf ] F

Rotation matrix R,5: its columns are the axes of B expressed in 4; it maps
B-coordinates to A-coordinates

Q: What is Rp,, the matrix that takes A-coordinates to B-coordinates?

cost Sing] = R,p(0)" — the inverse of a rotation is its transpose (next slide:

Rotate back by —6: Rgs = Rsp(—0) = [—sin@ cosf

why, in any dimension).



Rotation in 3-D: yaw, pitch and roll

11 Tiz T3 Ya
Rug =I[Xs ¥V Zp] =|"21 T22 T23|: column j = axis j of B in A-coordinates 4
31 7132 7133 n
P4 = Rup Pp; row i = axis i of A in B-coordinates (since Rg4 = R13) yBV’j pitch 6
Any rotation = yaw 1) about Z, pitch 6 about ¥, roll ¢ about X (figure) — each a 2-D Xs
rotation in one coordinate plane:
* R=R,(¥)R,(8)Re(¢) (actingon pp right to left: roll, then pitch, then yaw) [} >
yaw ¢ ~ U
n Zg roll ¢
ZA
1 0 0 cosd 0 sind cos —sinp 0
Ry(¢) =|0 cos¢ —sing|, R,(O)=| 0 1 0|, R,(¥)=|siny cosp O
0 sing cos¢ —sinfd 0 cosfO 0 0 1

cosy cosf cosy sinf sing — siny cos¢p  cosy sinf cos¢ + siny sing
R = R,(¥) R, (6) Ry (¢p) = |siny cosf siny sinb sing + cosy cos¢p  siny sinf cos¢p — cosy sing
—sinf cosf sing cosf cos¢p

Checks: 8 =y = 0 leaves R = R,(¢); each factor has det = +1, hence detR = +1; three angles for the 3 degrees of freedom of SO(3).
Order matters: R,.(¢) R, () # R,(}) R ().



Rotation + translation: the

Frame B is rotated by R, and its origin sits at t,5 (in A-coordinates).
Then

e ps=Ryuppp +tsg — firstrotate B-coordinates into the axes of
A, then add the origin offset

Inverse: pg = RYp(Pa — tag),i.e. Rga = Rigand tgy = —RIg tap

A rigid transform preserves distances and angles (6 degrees of freedom: 3
rotation + 3 translation) — exactly what "moving a camera" can do




Homogeneous coordinates: one 4x4 matrix

Q: Canpy = Ry P + t4p be written as a single matrix product Mpg?
No. A linear map sends 0 to 0, but pg = 0 (the origin of B) must map to t45 # 0. The map is affine, not linear.

p

» The fix: append a constant 1 — the homogeneous coordinates p = [1

] € R*. Rotation and translation

become one 4 X 4 matrix:
~ ~ R t
— Pa=TaPp Tup = OATB iB] € SE(3)
« Checkthelastrow: 0-xg+0-yg+0-2z5+1-1=1;rows 1-3 give R gpp + tsp

Riz —Riptas

« Inverse and chaining are now matrix algebra: Tg, = Ti5 = [ oT .

], Tyc = Typ Tpe

« Example, map — vehicle —» camera: iimap = Tmap,veh Tyven cam Peam



World — camera: the extrinsic parameters (question)  World
coordinate

Camera Pinhole yw frame

coordinate X, Xy p

frame L5
/,

X, Ve
Q: We know the camera’s pose in the world: its centre c,, and its orientation R, . (columns = the
camera axes X, y,, Z. written in world coordinates), and the world coordinates x,, of a point P. What
are the camera coordinates x,. of P?

Slide ideas from First Principles of Computer Vision by Shree Nayar



World — camera: the answer World
coordinate
Camera Pinhole y» frame

P [
coordinate Xw 2
frame v

Xc

Camera — world is the rigid transform: x,, = R,,. x. + ¢,

Invertit (R, =RL.): x.=RL.(x,—c,)=Rx, +1

Camera convention: R: = Rl . = R,,, (its rows are the camera axes in world coordinates), t: = —R c,,,.
(R, t) = the camera’s extrinsic parameters

Xc 11 T2 1131 [Xw Ly
Xe=|Yc|=1|T21 T2z T23||Iw]|+ |ty X = Rxy,, +1
Zc 31 T3 T3311Zy t,
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Extrinsic parameters: how toread Rand t World
coordinate

Camera Pinhole y» frame

coordinate X, X, p
frame | 3
/s

11 T2 T3
21 Tz T23
31 732 133
row 1 = direction of %, in world coordinates, row 2 of y.., row 3 of 2,

x.=Rx,+t, R= = RT.:

R is a rotation matrix: RTR = RRT =1, detR = +1 (detR = —1 would be a reflection) — so R~1 = RT
Q: Is t the position of the camera?

No. t = —R ¢, is the world origin expressed in the camera frame (the displacement camera — world origin,
measured along the camera axes). The camera position is ¢,, = —RTt. Together (R, t) hold 3 + 3 = 6 numbers: the 6-
DoF pose.
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Summary: the extrinsics map the world frame W to the camera frame C

Camera Pinhole p
coordinate /x/" Xy -

xW
frame /

X Ve
leen camera’s extrinsic parameters (R, c¢,,), the coordinates of P in camera coordinates

= R(xy, — ¢y) = Rx,, — Rc, = Rx,, + t with t = —Rc,,
tx

Xc 11 T2 13 [*w
X, = J’c = 7’21 T22 123 yw + |ty | Using homogeneous coordinates
32 133 2

Xw

Yw ~ ~
7 Z Meyxr Xe = Mgyt Xy,
c 7‘31 7”32 7‘33 z w
1

Mex; = Ty, Of the previous slides (A = C, B = W); Mg = T, Slide ideas from First Principles of Computer Vision by Shree Nayar

~ o~
RSN




Put numbers in: a camera on the vehicle

Camera 1.5 m above the road, looking forward. World frame: X,, right, ¥,
forward, Z,, up, origin on the road directly below the camera, so ¢,, =

(0,0,1.5)T (metres) C %
Camera frame: X, right, §. down, Z. forward. Columns of R,,,. = the camera ' Xc
axes in world coordinates: (1,0,0)7, (0,0,—1)7, (0,1,0)7, so R = RL has A P
rows (1,0,0), (0,0,—1), (0,1,0); t = —Rc,, = (0,1.5,0)T e ¢
Q: The bumper of the lead car is at x,, = (0.5,20,0.4)T. What is x.? Interpret 2 .
each coordinate. w ¢

Rx,, = (0.5,—0.4,20)", x. = Rx, +t= (0.5, 1.1, 20)7

z. = 20: 20 m ahead of the camera (depth); x. = 0.5: half a metre to the right; y. = 1.1: 1.1 m below the camera (y, points
down, and the bumper at 0.4 m is 1.1 m under the camera at 1.5 m).

Check with x. = R(x,, — ¢,,) = R (0.5,20,—1.1)7 = (0.5,1.1,20)7 V. Next lecture: this point - pixel (u, v).



Forward Imaging Model: 3D to 2D

Image plane Pinhole P 5
> x x A
c w —{W
- e - /
& 2, World
Ye Camera ](czoordlr\mlste
Image coordinate rame
i frame C
coordinates
frame
X; Xc Xy
l
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Perspective imaging with pinhole

Image plane
/ f >
Pinhole
P,/ *i 5C\C ﬂ yc

f: Effective focal length
X Xi
Xe=|Ve| x; = \|Vi

Ze f
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Perspective imaging with pinhole

Image plane

/ f > X 'P

Pinhole optical axis

-————‘— ————————— —._—_r ——————————————————————
/I -
ply Xi o 5

f: Effective focal length

X Xi
— — . Xi — Xc Xi Xc Yi Yc
xc—)’c xi—yl — D= =—, ===
7 f f ZC f Zc f Zc
C

Not a linear transformation because division by z,.
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Perspective projection of a line and magnification

Image plane
< > Xc Xo + 6xq, Vo + 6o, Zo

Pinhole
N SO S
Zc
X; ﬂ | X0, Y0, 20 "‘5 i

P,/ fC yC

Aline in 3D (not through the pinhole) is imaged as a line
Xi Xc
— = — = X _Xc Vi _ Ve
f Zc f ze' f Zc
Exercise: show that for a small segment parallel to the image plane at depth z,

/ 2 2
image length Oxj +0y; _
objectlength /6x§+8y§
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f

Zo

the magnification is |m| =




Camera coordinates to image plane coordinates

Image plane Pinhole

/ f R
Vi I/ X

———== c
“e ! Zy  World frame
xi | o . -
/ Xe Y. Camera
Image frame frame
1 X ; X y
Perspective X _Zegnd L= |x; = f=andy; = f=
projection Zc f z Zc Zc
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Image plane to image sensor mapping

Image sensor Pixels may be rectangular

Image plane _ u (pixels)  Letm, and m, be the pixel
2 densities (pixels/mm) in x and

y directions

v (pixels)
X; (mm)

(0x, 0y): principal point (pixel
coordinates of the optical axis)

xl=f—andyl— e
Zc
u=mf—andv=mf& u=mf=<4+o,andv=m,fZX+o0

Intrinsic parameters: /., /,, 0., 0,
u= fx— +o0,andv = fy— + 0y | fo =myf, £, = myf (pixels): f in
mm, m,, m,, in pixels/mm
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Nonlinear to linear model using

u—fx—+oxandv—fy—+0y

UZe = fyXe + 0xzcand vz, = fy, Y. + 042,
Addingz, =0-x,+0-y.+1-2z

Stacking them
fxxC-I_ZCO.X .;C]C
SHEE \f oo ol

1
Homogeneous representation of (u, v) as a 3D point U = (u, 7, W)
(uzq,vz. z.) = (u,v,1)

Linear model of perspective projection 6 = [K|0]X, = M;,,: X,
(Mint)
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Forward Camera Model

Camera to pixel World to camera
EA [ 61 [xy]
i £, 0 o, O Xc c 11 T2 N3 Ix| | Xw
| Ye Ye| _|T21 T22 T23 Uty |Vw
v|=(0 f, o, O =
~ Zc Zc 31 132 133 tz||%w
wi 100 1 0])q1 1] Lo o o 1ll1]
U= My, X; = [K|O]X, X, = Myt Xy
U = My Moy Xy, = PX,, = K[R | t] X,
a1 [Pu Pz Pz Pl
If _ pll p12 p13 p14 Yw The left 3x3 matrix in P is a product
E Bl 22 23 24 Zw of an upper triangular and an
w P31 P32 P33 P34 |1 | orthonormal matrix
p- P is 3x4 and defined only up to scale

= 11 degrees of freedom



Worked example: a 3-D point to a pixel

Camera 1.5 m above the road, looking forward. World frame: %,, right, y,, forward, Z,, up,
origin on the road below the camera, soc¢,, = (0, 0, 1.5) m

Rows of R = camera axes in world coordinates: X, = (1,0,0), . = (0,0,—1) (down), Z, =

1 0 O
(0,1,0) (forward), soR = [0 0 —1|,detR=+1, t=—Rc,, = (0, 1.5, 0)
0 1 0

Bumper of the lead car at x,, = (0.5, 20, 0.4) m: x. = Rx,, +t = (0.5, —0.4, 20) +
(0, 1.5, 0) = (0.5, 1.1, 20) — depthz, =20m > 0

With f, = f, = 800 pxand (o, 0,) = (320,240): u =800-0.5/20 + 320 = 340, v =
800 -1.1/20 + 240 = 284 (below the centre, as it must be with y. down)
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  f


   𝒙 c


   𝒙 i =  [     x i    y i   f ]


   𝒙 c =  [     x c    y c    z c ]


  f :


  P ′


   𝒙 i


  P


     x ^ c


     y ^ c


     z ^ c


  f


   𝒙 c


   𝒙 i =  [     x i    y i   f ]


   𝒙 c =  [     x c    y c    z c ]


  f :


  P ′


   𝒙 i


     𝒙 i f =    𝒙 c   z c


  ⇒    x i f =    x c   z c


     y i f =    y c   z c


   z c


  P


     x ^ c


     y ^ c


     z ^ c


  f


   𝒙 c


  P ′


   𝒙 i


     𝒙 i f =    𝒙 c   z c


  ⇒    x i f =    x c   z c


     y i f =    y c   z c


   z 0


  | m | =   image   length  object   length =    𝛿  x i 2 + 𝛿  y i 2   𝛿  x 0 2 + 𝛿  y 0 2 =  |  f   z 0 |


   x 0 ,  y 0 ,  z 0


   x 0 + 𝛿  x 0 ,  y 0 + 𝛿  y 0 ,  z 0


     x ^ w


     y ^ w


     z ^ w


  P


   𝒙 w


     x ^ i


     y ^ i


     x ^ c


     y ^ c


     z ^ c


  f


   𝒄 w


   𝒙 c


     x i f =    x c   z c


     y i f =    y c   z c


   x i = f    x c   z c


   y i = f    y c   z c


   x i


     y ^ i


   m x


   m y


   x i = f    x c   z c


   y i = f    y c   z c


  u =  m x f    x c   z c +  o x


  v =  m y f    y c   z c +  o y


  u =  f x    x c   z c +  o x


  v =  f y    y c   z c +  o y


     x ^ i


  v  


  u


  u =  m x f    x c   z c


  v =  m y f    y c   z c


  (  o x ,  o y )


   f x ,  f y ,  o x ,  o y


   f x =  m x f ,    f y =  m y f


  f


   m x ,  m y


  u =  f x    x c   z c +  o x


  v =  f y      y c   z c +  o y


  u  z c =  f x  x c +  o x  z c


  v  z c =  f y    y c +  o y  z c


   z c = 0 ⋅  x c + 0 ⋅  y c + 1 ⋅  z c


   𝒖 ~ ≡  [    u   v   1 ] ≡  [     z c u    z c v    z c ] =  [     f x  x c +  z c  o x    f y  y c +  z c  o y    z c ] =  [     f x  0   o x  0   0   f y   o y  0   0  0  1  0 ]  [     x c    y c    z c   1 ]


   ( u , v )


   𝒖 ~ = (  u ~ ,  v ~ ,  w ~ )


   ( u  z c , v  z c ,  z c ) ≡ ( u , v , 1 )


   𝒖 ~ =  [ K | 0 ]    𝒙 ~ c =  M  i n t    𝒙 ~ c


   M  i n t


  K


   [     u ~    v ~    w ~ ] =  [     f x  0   o x  0   0   f y   o y  0   0  0  1  0 ]  [     x c    y c    z c   1 ]


   𝒖 ~ =  M  i n t        𝒙 ~ c = [ K | 0 ]    𝒙 ~ c


   [     u ~    v ~    w ~ ] =  [     p 11   p 12   p 13   p 14    p 21   p 22   p 23   p 24    p 31   p 32   p 33   p 34 ]  [     x w    y w    z w   1 ]


   [     x c    y c    z c   1 ] =  [     r 11   r 12   r 13   t x    r 21   r 22   r 23   t y    r 31   r 32   r 33   t z   0  0  0  1 ]  [     x w    y w    z w   1 ]


     𝒙 ~ c =  M  e x t        𝒙 ~ w


   𝒖 ~ =  M int    M ext      𝒙 ~ w = P      𝒙 ~ w = K [ R   |   𝒕 ]      𝒙 ~ w


     x ^ w


     y ^ w


     z ^ w


   𝒄 w = ( 0 ,   0 ,   1 . 5 )


  R


     x ^ c = ( 1 , 0 , 0 )


     y ^ c = ( 0 , 0 , − 1 )


     z ^ c = ( 0 , 1 , 0 )


  R =  [    1  0  0   0  0  − 1   0  1  0 ]


  det R = + 1


  𝒕 = − R  𝒄 w = ( 0 ,   1 . 5 ,   0 )


   𝒙 w = ( 0 . 5 ,   20 ,   0 . 4 )


   𝒙 c = R  𝒙 w + 𝒕 = ( 0 . 5 ,   − 0 . 4 ,   20 ) + ( 0 ,   1 . 5 ,   0 ) = ( 0 . 5 ,   1 . 1 ,   20 )


   z c = 20


  > 0


   f x =  f y = 800


  (  o x ,  o y ) = ( 320 , 240 )


  u = 800 ⋅ 0 . 5 / 20 + 320 = 340


  v = 800 ⋅ 1 . 1 / 20 + 240 = 284


     y ^ c

