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Perception: Reconstructing 3D world from images
Lectures 5-6
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Role of Perception in Autonomy

Perception module converts signals from the
environment state estimates for the
autonomous agent and its environment

Examples of state estimates:
* Type of lead vehicle, traffic sign

* Position of ego on the map, relative to the
lane, distance to the leading vehicle

e Position of lead vehicle, speed, intention of
the pedestrian

Types of estimates:
 Semantic: E.g., type of vehicle, sign
 Geometric: E.g., position, speed
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Problem

Reconstructing the 3D structure of the scene from images

Input: image with points in pixels
Output: position of objects in millimeters in world camera frame

We will develop a method to find camera’s internal and external
parameters

QOutline:
Linear Camera Model (Projection matrix)
Camera calibration

Simple stereo



Forward Imaging Model: 3D to 2D

Image plane Pinhole p Yw
/ f > A xc xW A
~ Ye Xw
X ZAC S
——— ;C-.Z: ____________ Cw /
;ﬁ,ﬁ Camera £, World
/ *¢ coordinate coordinate
frame C frame W
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Forward Imaging Model: 3D to 2D

Image plane Pinhole Yw
/ f d [
< R 5C‘W
xl- >
xi‘ N Camera »/2W World
/ *c coordinate coordinate
frame C frame W
Image
coordinates
frame
X Xc Xw
[
xi=[,] @ Xc = |Ye| Gl x,, = | Ww
yl 7 yA
C w
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World to camera Transformation (Extrinsic parameters) World

coordinate
Camera Pinhole p y» frame
. ) y )
coordinate 9. X w 2,
—_

frame
VA “ /i
Zy
X

Position c¢,, and the orientation R of the camera in the world coordinate frame (W) are the
camera’s Extrinsic Parameters

11 Tiz T3
21 T22 T23| - row 1 is the direction of X, in world coordinates, 2 for y,, ...
31 7132 133

R =

This is an orthonormal matrix, i.e., the row vectors or the colum vectors are orthonormal
R '=RTie.,RTR=RRT =1
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World
coordinate

Camera Pinhole p 9, frame
coordinate Xc e X,y ‘ .
xW

frame

World to camera Transformation

Position c¢,, and the orientation R of the camera in the world coordinate frame (W) are the

camera’s Extrinsic Parameters
Given the extrinsic parameters (R, c,,) of the camera, the camera-centric location of the

point P in the world coordinate (w) is simply (x.),, = x,, — ¢,
In the camera coordinate (c) = Rx,, — Rc,, = Rx,, +t t = —Rcy,
Xc "1 T2 T3] [Xw Lx
Xe = |Ve|=|T21 T2z T23||Iw]|+ |ty X, = Rx,, +t
Zc 31 T3z T133] 12w t,
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Xc

Ye
Zc

Xw
Yw

Zy

1 Ti2 T3
T21 T2 T23
31 T332 7133

+

Extrinsic Matrix xe =

(2%
ty]
ty

We have an affine transformation: x, = Rx,, + t

Can we representitas x, = Mx,,? No

We can introduce a new coordinate X, = [%,¥,Z, 1]7

Now can we represent this as a matrix multiplication X, = MX,,,

Xc]  [T11 Tz Tz by ] [Xw
% = Ye| _ |T21 T2z T23ly||Dw
Z¢ 31 7132 T331,||%w
1] | O 0 0 1111
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World to camera Transformation (Extrinsic matrix) World

coordinate
Camera Pinhole frame
coordinate
frame / L.

Zc

xC
Given the extrinsic parameters (R, c,,) of the camera, the camera-centric location of the

point P in the world coordinate is
= R(xw cw) = Rx,, — Rc,, = Rx,, +t t = —Rc,

"1 T2 N3] [Xw] [tx
= 7"21 22 123 |Yw| + |ty | Using homogeneous coordinates
31 132 133112y t,

insi IXM,,t X, =M X
a1 Tiz Taat,||Zw Extrinsic matrix M,,; X, cext X

0 0 0 1111

Xc "1 Tz T3 b ] [Xw
< _ | 21 T2 T3ty || Vw
ZC
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Geometry of Homogeneous coordinates (for 2D)

Affine transformation: x. =
How to represent this as X. = MX,,

The homogeneous representation of a 2D point
p = (x,y) isa 3D pointp = (X, ¥, 2).

Rxyy, + t

=l =l bl +lg)

N
A
o~

The third coordinate Z # 0 is fictitious such that: =1
% ¥ ";{p(x Y)
p=y x=2y=1 A
X ZX X /< ¥
1 Z Z X
Geometric interpretation: all points on the line L . P
igi _y| Wyl _ 7] _ &
(except origin) represent homogeneous _ [Z _[ ‘ M =5
1 W

coordinate p(x,y)
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Forward Imaging Model: 3D to 2D

Image plane Pinhole Yw
/ f d [
< R 5C‘W
xl- >
xEZ‘ N Camera »/2W World
/ *c coordinate coordinate
frame C frame W
Image
coordinates
frame
X. Xc Xw
l
xi=[,] @ Xc = |Ye| | Gl x,, = | Ww
yl 7 yA
w
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Perspective imaging with pinhole

Image plane

optical axis

PI

f: Effective focal length
Xc Xi
X, =\|Ye| x;=1Yi

Zc f
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Perspective imaging with pinhole

Image plane
P
/ X 2
optical axis
R S RN G RN AN
P’y
f: Effective focal length
Xc Xi X; X
l C . .
xc= yC xi:yi — :}&:ﬁ &:&
f oz fooz' f oz
Z f
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Perspective projection of a line and magnification
Image plane

.___yt____;i_

i

Aline in 3D gets mapped to a line in the image plane

fi Xc X X ;
t_ ¢ - X _ c Yi _JYc

f Zc f _Z_C,F Zc

- e . object length \/6xi2+5yi2 f
Exercise: Show that magnification |m| = == |

image length ,6x(2) 152 Zy
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Camera coordinates to image plane coordinates

Image plane Pinhole p Yw
/ f > 5} xc XW f
X z, ’ —
7] '47/‘ """" “w ./ World
o . Camera Zw or
X; 7 e soordinate coordinate
frame frame
Image
coordinates
frame
X X : X y
Perspective = ==¢and Y — Ye Xi = f_c and Vi = =
projection foozc Foooye “e Ye
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Image plane to image sensor mapping

Pixels may be rectangular
Image plane Image sensor Let m, and m, be the pixel
densities (pixels/mm) in x and
y directions

£, (mm) u (pixels)
(0, 0,) Principle point

Yc v (pixels)
X; = f “andy; =

Yc

x
u—mxf andv—myfyc u=mxf—c+oxandv=myf&+oy
Zc Zc Zc

— r X — r X
U= fy z toyandv=J, Zc 0y | Intrinsic parameters: f,, f,, 0., 0,

c
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Nonlinear to linear model using homogeneous coordinates

u—fx—+oxandv—fy—+o

Zc

Use homogeneous representation of (u, v)
UZe = fyuXxe + 0xzc and vz, = f), yo + 042,
(uz;, vz, z:) = (u,v,1)

asa 3D point i = (U, U, W)

fxxC_l_ZCOx
u_[v]_ ZcV| = fyyc+zcoy =10 f, o, O z,

X
fxooxoyz

0 0 1 0]|;

Linear model of perspective projection it = [K|0]X, = My, X,

Intrinsic matrix (M;,,;)

Calibration matrix K (upper right triangular)
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Forward Camera Model

Camera to pixel World to camera
a1 [/ 0 o, o][¥] Xl [ Tz T3 U | [Xw
[~] 0 f, o, 0 %’C Ve 21 T2z T2z ly||Vw

0 0 1 0 1C Zc 31 132 1331,||%w
- - LS 1] 0 0 0 1111,
U= Miny X Xe = Moyt Xy
u= mt Mext Xw = PXx Xw i
) P11 P12 P13z Pl
["" [P21 P22 D23 P24] :;w
P31 P32 P33 P34l {V

P: Projection matrix




Camera Calibration Procedure

Step 1. Capture image of object with known geometry

u
—_—
v
/|
ey
X0 '
known geometry object captured image
Xy u
Zyy
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Camera Calibration

Step 3. For each point i in the scene and the image we get a linear
equation

_x(i)_

. w

u® P11 P12z P13 Pua]|

v =|P21 D22 P23 Paa||Pw
1 P31 P32 P33 P34 ZS)

| 1

0 0 0
. , x4 + P13z D+ . .
Step 4. Collecting many u® = 11 o p“yv("i) Pis G P14 1oints and rearranging p

P31X,,” tP32Y,, +P33Z,, t+D34

as a vector we get Ap =0

Step 5. Solve for p



Projection matrix scale

Since projection matrix works on homogeneous coordinates

u
=k [ﬁ]
w
Therefore

P11 P12 P13 P14” ] P11 P12 D13 P1T

SR

xW
P21 D22 P23 D24 =k|P21 D22 P23 P2 ;’W]
P31 P32 P33 D34 P31 P32 P33 P3a {V

Therefore, Projection Matrices P and kP produce the same homogenous pixel
coordinates

Projection matrix is defined only upto a scale factor

Scaling the world and the camera will produce indistinguishable images

Thatis, we can only find the projection matrix up to scale; we choose ||p|| =1



Least Squares Solution for Projection Matrix

2
We want Ap as close to 0 as possible and ||p||” = 1

mpin||/1p||2 such that ||p||2 =1

2
min “pTATAp” suchthatp’p =1
p
Lip, V) =pTATAp — A(p"p — 1)
Taking derivative L-p gives 2ATAp —2Ap =0

op

ATAp = Ip
p is the Eigenvector corresponding to the smallest eigenvalue of ATA

Rearrange p to get the projection matrix P
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