







































































































Previously on control

ODE models solutions equilibria
Designing controller PID stale feedback

Hurwitz condift
247 0

for linear systems FAX
today Requirements

Stability
Asymptotic stability

General method for proving stability
Relationship to invariants
Balls sub level sets

What are requirements for a control system
o statariables stay bounded
i Invariance tx Cole 0 At Xlt E Ifnioneset
2 Sets f invariants
3 Convergence to equilibria
u small inputs to A f Xiu produce
small outputs BIBO

















































































Setup We are studying an ODE x f x
KEIRN f Rn IRN

Assume that the origin Je IR
is an equilibrium i e f E 8
if not apply appropriate coordinate transformtof

You have aready seen that for linear systems
fee An

X Ax is asymptotically stable at O if
for every eigenvalue ai f A Recti 20

Hurwitzeriterion

Tody General nonlinear systems

Def Br E IR is the ball of radius r centered at 8
i e Br a 1 later

I some norm










































































































Def Lyapunoustability
The system x fix is stable Lyapunov stable

if HE o 78 0 suchthat
if Nco E Bs then At act E Be

Otherwise the system is Unstable

Def The system is asymptoticallystable if

it is Lyapunov stable and 1,147
0















































































































Stable Unstable
Asymptotically stable










































































































Blair x'e IR I In Nlp EP

If ma r then B N V E BCN Nz
n 2

Parameters defining the set I Éx Center
r radius
p norm distance measure

Palen dimension

factoid

for 2 1

what is the volumeof
an n dimensional sphere
of unit radius
N I 2
2 IT

3 BIT
i

r










































































































Relatinginvariancefstability
Re tall I ER is an invariant of naif Mt

provided Xo EI and f I EI

How is Lyapunov stability related to
invariance

I










































































































How to prove stability

How do you prove aprogram like this
terminates

While azo

x feel

Do you think this is easy
Example

While n 1

f n Miz if 7 0 mod 2

3ntl if NE 1 mod 27
Does this always end with n 1










































































































Generally proving termination is

undecidable but we try to find
a ranking function R X IN

energy function

such that An RG 0

and RcfCall a Real

Similar idea for ODES

Tim Suppose there exists a positive
definite radially unbounded continuous
function V IR IR o Such that

so then X fix is Lyapunov stable

ico then si fire is asymptoticallystable

Positive definite fr to f o o

Radially unbounded x N fix N

V V X IR Veal










































































































V is a funition f the stale veal
and a state is a function f time
so really V sett

I V64 2 gg

2g.ftlExampleje
asin2cxl flat

V Kl 23 6

Note we never solved the ODE

V Lyapunov function










































































































Ex X x y y
Candidate v 2211

I I 7,3 9931 Etsy

O is globally asymptotically stable

HowmanyE É a 92
ay 322 equilibria

Consider V x y 22 42 P.D R.O

jeans a 9127 3,13 2

get xyz 92 3222g

x2 1 3 y 42 l se

This is ve t see I Y 23

origin is asymptotically stable but not
globally










































































































Level sets and sub level sets

for any function f IR IR

and a ER the alevetset
of f is the set Lat xer fora
a sub level set Sa x EIR fora

Obviously 9192

Saz E Sa

B Oir Sr
m Éiltit










































































































Corollary Consider a nonlinear system
je fca and suppose V is a

Lyapunov function Then every sublevel
Set La containing seco is an invariant

How to find Lyapunov functions
Guessatemplateleg.quadratic
V x aye taza seat azxE t

ay su t as Kz 96

Then solve for parameters
a 96 with constraints

II Fat so

Can often be solved using
Convex optimization










































































































For Linear systems si AN KEIRN
Them there is always a quadratic

Lyapunov function if the system is
stable

Quadratic function x'x Emma

x P x p e Rmn at the

general quadratic form unknown P

V x x'Px Guessed form

x IT Px XT PI Chain ruled
AXIT Px XT P Ax

NT ATP PAIN
set this to

get se

that is Fix a to be positive definite
and symmetric matrix Iran
eg G I

Solve for P in AT Pt PA g
L a uno e nati





































































Summary o Definitions f stability
and Asymptotic stability

Lyapunov's method for proving
stability of Nonlinear systems
Relationship to invariants s sub level set

Additional reading

Proofoflyapuno smethod










































































































Proof a Fix E 0 We have to find

8 o such that for any Noe IR

if notes then ft 0

xo.tl E E

Pick a o such that
Sa E B O E why Fa by continuityJD

Pick Se such that B O Se E Sa

Now Consider any No E Se

V Xo t V Xo 011 V no Sa

By deff Sa Voit E Sa E B Oise
i e I Xo t S E










































































































b Consider any o traj with roo Es

As VISIT 30 and decreasing ast
F a limit C o

III tort c

IF c o then 4,2 lxo.tl o

and since V x o x o

It xo.tl o A S

Else I o

That is system evolves in the
donut 0 B o e BCom for
some small but ve r

As this set is compact

Let d max V x To Slowest rate of
XE decrease

Thus t t V xo.tl I V63 Xo 01
d t

But then for any'd we can find
at so that Xo it C
which contradicts
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