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Previously

• ODE language for control systems
• Solutions, Lipschitz continuity, equilibria, steady state, transient

• Control design
• Open loop vs closed loop
• PID design
• state-feedback

• Today
• What are the requirements of a control system

• Stability, Asymptotic stability
• Lyapunov’s method for proving stability
• Relationship to invariance



Example 1: Pendulum

Pendulum equation
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𝑘: friction coefficient 
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What is described?

-> Center of mass movement relative to the origin
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Aleksandr M. Lyapunov
A. M. Lyapunov (June 6 1857–November 3, 
1918), Russian mathematician and physicist. 

Defines stability of ordinary differential 
equations. In the theory of probability, he 
generalized the works of Chebyshev and 
Markov, and proved the Central Limit 
Theorem under more general conditions 
than his predecessors.
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Lyapunov stability

Lyapunov stability: The system (1) is said to be Lyapunov stable (at the 
origin) if 
∀𝜀 > 0 ∃ 𝛿! > 0 such that 𝑥" ≤ 𝛿! ⇒ ∀ t ≥ 0, 𝜉 𝑥", 𝑡 ≤ 𝜀.

How is this related to 
invariants and 
reachable states ?

𝛿'

𝜀
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Asymptotically stability
The system (1) is said to be Asymptotically stable (at the origin) if it is 
Lyapunov stable and 

∃𝛿#> 0 such that ∀ 𝑥" ≤ 𝛿# as t → ∞, 𝜉 𝑥", 𝑡 → 𝟎.

If the property holds for any 𝛿# then Globally Asymptotically Stable
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Phase portrait of pendulum with friction
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Butterfly*
̇𝑥#
̇𝑥$

= 
2𝑥$𝑥#
𝑥$# − 𝑥##

All solutions converge to 0 but the 
equilibrium point (0,0) is not 
Lyapunov stable

*Not discussed in class



Verifying Stability for Linear Systems

Consider a linear system �̇� = 𝐴𝑥

Theorem 1. (Stability of linear systems)

1. It is asymptotically stable iff all the eigenvalues of A have strictly negative 
real parts (Hurwitz).

2. It is Lyapunov stable iff all the eigenvalues of A have real parts that are 
either zero or negative and the Jordan blocks corresponding to the 
eigenvalues with zero real parts are of size 1.



Jordan decomposition*
For every n x n matrix A, there exists a nonsingular n x n matrix P such that 

where each 𝐽) is an upper triangular matrix called a Jordan block
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−1/4 −2/5
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λ1=−0.25−i1.10å
λ2=−0.25+i1.10
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λ1=−0.375−i1.088
λ2=−0.375+i1.088



Nonlinear hybrid dynamics

15

merge left

cruise

merge right

speed up

close to 
front car

slow down

speeding

Decision and control software Physical plant
#$
#%
= 𝑓 𝑥, 𝑢

𝑥 = [𝑣, 𝑠$, 𝑠&, 𝛿, 𝜓]

𝑢 = [𝑎, 𝑣']

State variables

Control inputs

𝑥 𝑡 + 1 = 𝑓 𝑥 𝑡 , 𝑢[𝑡]

System dynamics



Hybrid system model

Nonlinear hybrid dynamics

Physical plant
#$
#%
= 𝑓()#* 𝑥, 𝑢

merge left
𝑑𝑥
𝑑𝑡 = 𝑓!"#$(𝑥, 𝑢)

cruise
𝑑𝑥
𝑑𝑡 = 𝑓%&'(𝑥, 𝑢)

merge right
𝑑𝑥
𝑑𝑡

= 𝑓!"#$%(𝑥, 𝑢)

speed up
𝑑𝑥
𝑑𝑡 = 𝑓()(𝑥, 𝑢)

slow down
𝑑𝑥
𝑑𝑡 = 𝑓&'()(𝑥, 𝑢)

Decision and 
control software 

Interaction between computation and 
physics can lead to unexpected behaviors



Run

Walk

Each of the modes of a walking robot are asymptotically stable

Is it possible to switch between them to make the system unstable?

Hybrid Instability: Switching between two stable linear models



Run

Walk

Yes! By switching between 
them the system becomes 
unstable


