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Abstract. We establish analytic linearization of s-proper analytic grou-
poids around invariant submanifolds. We apply this result to show that
any such groupoid admits a holomorphic extension.
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1. Introduction

Proper Lie groupoids are known to be linearizable around their orbits
and, more generally, around saturated submanifolds. This was conjectured
by Alan Weinstein [22, 23] and later proved in full generality in [7, 26] (see
also [20, 8]). All these works were carried out in the smooth category. In this
paper, we show that analogous linearization results hold in the real analytic
category. We apply these results to study holomorphic extensions of real
analytic algebroids and groupoids.

An indication that such linearization results may exist is provided by the
classical Bochner linearization theorem, which states that an action of a
compact Lie group can be linearized around a fixed point (see, e.g., [9]).
This theorem holds in both the smooth and analytic settings and can be
proved via a simple averaging argument: one first constructs a metric in-
variant under the group action and then applies the exponential map to
achieve linearization. This approach was extended to the setting of proper
Lie groupoids in [8], where the authors introduced the notion of a 2-metric
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on a Lie groupoid. They proved that (i) every proper Lie groupoid admits a
2-metric, and (ii) a Lie groupoid equipped with a 2-metric can be linearized
around an orbit via the exponential map of the 2-metric.

It is not difficult to see that if a real analytic groupoid admits an analytic
2-metric, then the exponential map yields an analytic linearization around
an orbit. In this paper, we show that a real analytic s-proper Lie groupoid
admits such an analytic 2-metric. The construction of a 2-metric relies on an
averaging procedure adapted to the analytic setting, which in turn requires
the existence of an analytic Haar density. In Appendix A, we establish
that any s-proper real analytic groupoid admits such a density. Hence, the
exponential map provides an analytic linearization, yielding our first main
result:

Theorem 1. Every s-proper real analytic groupoid admits an analytic lin-
earization around any invariant submanifold.

Note that it is shown in [17] that every proper Lie groupoid admits a
compatible real analytic structure.

Theorem 1 can be applied to promote known linearization results from
the smooth to the real analytic category. One example is the following real
analytic version of [10, Theorem 8.6]:

Corollary 1. Let (M,π) be a real analytic Poisson manifold and S ⊂ M
a Poisson submanifold. If T ∗

SM is integrable by a compact, Hausdorff, Lie
groupoid whose source fibers have trivial 2nd de Rham cohomology, then
(M,π) is analytically linearizable around S.

Let us turn now to holomorphic extensions. By a holomorphic ex-
tension of a real analytic algebroid A ⇒ M we mean a holomorphic
Lie algebroid AC ⇒ MC together with a totally real algebroid embedding
ι : A → AC (cf. Definition 4.3). It is not hard to see that any real analytic
Lie algebroid admits a holomorphic extension, that the germ of this exten-
sion is unique, and that it satisfies a universal property. We discuss these
and other results about holomorphic extensions of real analytic algebroids
in Section 4.

At the groupoid level, the notion of holomorphic extension is more subtle.
In Section 5, we introduce a notion holomorphic extension of a real
analytic groupoid which extends both the notion of complexification of
a manifold and of holomorphic extension of a Lie group. Note that a real
analytic groupoid may not have a holomorphic extension. This is already
the case for Lie groups. However, by a classical result of Chevalley, every
compact Lie group admits a holomorphic extension, and our second main
theorem extends this fact.

Theorem 2. Every real analytic s-proper groupoid admits a holomorphic
extension.
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Our proof of this result, given in Section 6, uses Theorem 1 to obtain
local holomorphic extensions around orbits, which are then glued into a
global holomorphic extension.

In general, one may ask:

• Given an integrable real analytic algebroid, does it admit a holomor-
phic extension that is also integrable?

This question is relevant, for example, to the problem of integrating com-
plex Lie algebroids – see the speculations about this issue by Weinstein in
[24]. Note that the integrability criterion from [2] is difficult to apply in
this context since it requires computing the monodromy groups of orbits.
However, it is easy to construct an example of an integrable analytic Lie
algebroid A⇒M whose complexification AC ⇒MC has orbits in MC −M
with closures intersecting M .

Theorem 2 provides the following partial answer to this question.

Corollary 2. If a real analytic algebroid A admits an s-proper integration
then A admits a holomorphic extension which is integrable.

There are also interesting consequences of these results to Poisson geom-
etry. For example, we have the following application to Poisson manifolds
of s-proper type, i.e., which integrate to some s-proper symplectic groupoid
(see [3, 4, 5] for a detailed discussion of this class of Poisson manifolds).

Corollary 3. Every real analytic Poisson manifold of s-proper type admits
an extension to an integrable holomorphic Poisson manifold.

The techniques used in this paper rely on s-properness and do not extend
to the general proper case. It remains unclear to us to what extent the
theory developed here can be extended to the proper case.

Acknowledgments. We would like to thank Ana Balibanu, Matias del
Hoyo, Brent Pym, Florian Zeiser, and Maarten Mol for several valuable
discussions that helped shape the ideas in this paper. We are in debt to
David Martinez Torres for many comments and suggestions on an earlier
draft of this paper.

2. Analytic 2-metrics

Convention. Throughout this paper we assume that Lie groupoids are
Hausdorff and source connected. Also, by an analytic algebroid/groupoid
we means a real analytic one.

The main aim of this section is to prove the following result:

Theorem 2.1. Every analytic s-proper groupoid admits an analytic 2-metric.

The proof to be given in the next paragraphs is an adaptation to the
analytic setting of the proof in the smooth setting given in [8].
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2.1. Analytic Riemannian submersions. The classical results of Grauert
[11] and Morrey [18], show that any analytic manifold can be embedded ana-
lytically in euclidean space. Hence, every analytic manifold admits analytic
Riemannian metrics.

Let (E, ηE) and (B, ηB) be Riemannian manifolds. Recall that a map
p : E → B is called Riemannian submersion if for any e ∈ E, the differential
of p at e restricts to an isometry between the horizontal space at e and the
tangent space of B at b = p(e):

dep : (ker dp)
⊥
e
∼−→ TbB

Given any submersion p : E → B we say that a Riemannian metric
ηE is p-transverse if for any two points e, e′ ∈ E with p(e) = p(e′), the
composition

(ker dp)⊥e → TbB ← (ker dp)⊥e′

is an isometry. When ηE is p-transverse, it induces the push-forward metric
ηB = p∗η

E on B, which makes p : E → B a Riemannian submersion. If we
further assume that ηE is analytic and p is analytic, then the push-forward
metric ηB = p∗η

E is also analytic.

Lemma 2.2. Let p : E → B be an analytic submersion. There exists a
p-transverse analytic metric ηE on E.

Proof. Choose an auxiliary analytic metric η̄E on E. The orthogonal pro-
jection TE → (ker(dp))⊥ gives an analytic splitting σ of the exact sequence
over E

0 // ker(dp) // TE
p∗ // p∗(TB) //
σ

kk 0.

This induces an analytic isomorphism

TE ∼= p∗TB ⊕ ker(dp),

so choosing an analytic metric ηB, we can define an analytic p-transverse
metric by

ηE := η̄E |ker(dp) +p∗ηB.
□

Lemma 2.3 ([8]). Let q : Ẽ → E and p : E →M be surjective submersions.

Let η be a q-transverse metric on Ẽ. Then η is q ◦ p-transverse if and only
if q∗η is p-transverse. In that case, (q ◦ p)∗η = p∗(q∗η).

2.2. Transversely invariant analytic metrics. Let θ : G ↷ E be an
analytic groupoid action with momentum map q : E → M . Let O be an
orbit of the action. Restricting the action groupoid G ⋉ E to the orbit O,
we get the analytic groupoid

G ⋉ E|O = G ⋉O = {(g, e) ∈ G ×O|s(g) = q(e)}.
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The groupoid G ⋉ O acts linearly on the normal bundle NO = TE/TO as
follows. Any (g, e) ∈ G ⋉O induces a linear isomorphism

(g, e) : Ne → Nge, (g, e)[v] =

[
d

dt

∣∣∣∣
t=0

g(t)e(t)

]
,

where g(t) and e(t) are curves in G and E such that g(0) = g, e(0) =
e, e′(0) = v and s(g(t)) = q(e(t)). One can check that this definition is
independent of choice of curves. One obtains a groupoid action, called the
normal representation, denoted by NO(θ).

We can dualize the normal representation to define the conormal rep-
resentation

N ∗
O(θ) : G ⋉O ↷ N ∗

O.

Identifying N ∗
O
∼= (TO)◦, this representation is given by:

N ∗
O(θ)(g,e)(α) = α ◦ NO(θ)(g−1,ge).

To explicitly express the normal and conormal representations, let A be
the Lie algebroid of G and let σ be a right-splitting of the exact sequence

0 // t∗A // TG s∗ // s∗TM //
σ

kk 0. (1)

Notice that such a splitting σ always exists and can be taken to be analytic
(use an analytic Riemannian metric on G as in the proof of Lemma 2.2).
The splitting allows us to express the normal representation as:

NO(θ)(g,e)([v]) = [dθ(σg(deq(v), v)] . (2)

On the other hand, the conormal representation can be expressed as:

⟨N ∗
O(θ)(g,e)(α), v⟩ = ⟨α, dθ(σg−1(dgeq(v), v)⟩. (3)

The above expressions do not depend on the choice of splitting σ.
Now fix an analytic metric η on TE and identify the normal bundle NO ∼=

(TO)⊥. The metric η induces a dual analytic metric η∗ on the cotangent
bundle T ∗E. Restricting the metric η to (TO)⊥ ∼= NO and the metric η∗ to
(TO)◦ ∼= N ∗

O, we get analytic metrics on NO and N ∗
O respectively.

Definition 2.4. Let θ : G ↷ E be a groupoid action. We say that a
metric η on E is transversely θ-invariant if for any orbit O, the normal
representation NO(θ) : G ⋉ O ↷ NO acts by isometries or, equivalently, if
the conormal representation N ∗

O(θ) : G ⋉O ↷ N ∗
O acts by isometries.

Recall that a groupoid G is called:

(i) proper if the map (s, t) : G →M ×M is proper,
(ii) s-proper if the source map s : G →M is proper.

The following result which is proved in [8] in the smooth category, is easily
seen to hold also in the analytic setting.
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Lemma 2.5. Let θ : G ↷ E be free and proper groupoid action with quotient
map π : E → E/G. A metric η on E is transversely θ-invariant if and only
if η is π-transverse. In that case, E/G has a push-forward metric π∗η, which
makes π a Riemannian submersion.

2.3. Quasi-actions and analytic metrics. To construct 2-metrics on a
groupoid by averaging one needs the following generalization of a groupoid
action.

Definition 2.6. Let G ⇒M be a Lie groupoid E be a manifold with a map
q : E → M . Denote G ×M E = {(g, e) ∈ G × E | s(g) = q(e)}. We say that
θ : G ×M E → E is a quasi-action if q(θ(g, e)) = t(g),

We denote a quasi-action by the symbol θ : G↷̃E. The quasi-action θ
associates to an arrow g : y ← x a map θg : Ex → Ey between the fibers of
the moment map q. A groupoid action θ : G ↷ E may not admit a lift to
a groupoid action on the tangent bundle TE, but can always be lifted to a
quasi-action with the help of a splitting of (1).

Definition 2.7. Let σ : s∗TM → TG be a splitting of the sequence (1)
and let θ : G ↷ E be a groupoid action with moment map q : E → M .
The tangent lift of θ is the groupoid quasi-action Tσθ : G ⋉ E↷̃TE, with
moment map the projection p : TE → E, defined by:

Tσθ(g,e)(v) := dθ(σg(deq(v), v). (4)

The cotangent lift is the quasi-action T ∗
σθ : G ⋉ E↷̃T ∗E defined by:

⟨T ∗
σθ(g,e)(α), v⟩ := ⟨α, Tσθ(g−1,ge)(v)⟩. (5)

Remark 2.8. In [8] the tangent and cotangent lift were defined using a
connection, but for this one only needs a splitting of (1).

In the analytic setting, the tangent lift Tσθ and the cotangent lift T ∗
σθ

are also analytic. The following theorem generalizes a result of [8] to the
analytic setting.

Proposition 2.9. Let θ : G ↷ E be a groupoid action with moment map
q : E → M , let O be an orbit of the action and fix a splitting of (1). Then
the conormal bundle (TO)◦ is invariant under the cotangent lift quasi-action
T ∗
σθ : G ⋉ E↷̃T ∗E. and the restriction of the quasi-action to the conormal

bundle (TO)◦ agrees with the conormal representation: T ∗
σθ |(TO)◦= N ∗

O(θ).

Proof. Restricting the action to the orbit

θ |O: G ×M O → O,
and differentiating, we find that

dθ |O (TG ×TM TO) ⊂ TO.
Hence, for any v ∈ TeO, we have

Tσθ(g,e)(v) = dθ(σg(deq(v), v) ∈ TgeO.
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This shows that TO is invariant under the quasi-action Tσθ. Moreover, by
(5), (TO)◦ is also invariant under the cotangent quasi-action T ∗

σθ. Upon
restriction to (TO)◦, the conormal representation (3) and cotangent lift (5)
coincide. □

2.4. Averaging. Henceforth, given a groupoid action θ : G ↷ E and a
splitting σ of (1), for simplicity, we write

ge := θg(e), gα := T ∗
σθ(g,e)(α).

Assume now that the groupoid G is s-proper and let µ be an analytic
normalized Haar density on G, which always exists – see Appendix A. Given
an analytic metric η on E, we can average the metric by considering the
dual metric, as in [8], to obtain a transversely invariant metric. Namely, for
any x = q(e) and α, β ∈ T ∗

eE we set

(η̃)∗e(α, β) :=

∫
g∈G(−,x)

η∗ge(gα, gβ)µ
x(g). (6)

We call the metric η̃ the cotangent average of η. We have the following
analytic version of a result of [8].

Theorem 2.10. If G is an s-proper analytic groupoid, θ : G ↷ E is an
analytic groupoid action and η is an analytic metric, the cotangent average
η̃ is a transversely θ-invariant, analytic, metric.

Proof. According to Lemma A.5, η̃ is analytic, so it suffices to show that for
any orbit O ⊂ E, the conormal representation N ∗

O(θ) : G ↷ (TO)◦ acts by
isometries with respect to the metric η̃∗|(TO)◦×TO)◦ . According to Theorem
2.9, for any α ∈ (TO)◦, one has

N ∗
O(θ)(g,e)(α) = gα,

so for α ∈ (TO)◦ and any pair of composable arrows we have the usual
action identity:

h(gα) = (hg)α).

Using this, we find for α, β ∈ (TO)◦ that

(η̃)∗ge(gα, gβ) =

∫
G(−,y)

η∗h(ge)(h(gα), h(gβ))µ
y(h)

=

∫
G(−,y)

η∗(hg)e((hg)α, (hg)β)µ
y(h)

=

∫
G(−,y)

η∗he(hα, hβ)µ
y(h)

=(η̃)∗e(α, β).

□
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2.5. Existence of analytic 2-metrics. We have now everything in place
to prove existence of analytic 2-metrics. First, we recall their definition.

Let G be an analytic Lie groupoid. We denote by G[k] the space of k-
tuples of arrows with the same target and by G(k) the space of k-tuples
of composable arrows. The groupoid G acts on G[k] by left multiplication
g(h1, · · · , hk) = (gh1, · · · , ghk). This action is free and proper with quotient
map

π(k) : G[k] → G(k) ∼= G[k]/G, (g1, · · · , gk) 7→ (g−1
1 g2, · · · , g−1

k−1gk).

For G(2) = Gs ×t G we have the multiplication map and the two projections
on each factor

m,π1, π2 : G(2) → G.

Definition 2.11. An analytic 2-metric in G is an analytic Riemannian
metric η(2) on G(2) which is m,π1, π2-transverse and the push-forward met-
rics along these maps coincide:

(π1)∗η
(2) = (π2)∗η

(2) = m∗η
(2).

Theorem 2.12. Every analytic s-proper groupoid admits an analytic 2-
metric.

Proof. The proof is entirely similar to the smooth case – see [8]. By Lemma
2.2, we can choose an analytic t-transverse metric η on G. It induces a
k-fold metric η[k] on G[k] which is transverse to the the map G[k] → M .
By Theorem 2.10 its cotangent average is a metric η̃[k] on G[k] which is
transversely invariant for the left G-action on G[k]. Hence, by Lemma 2.5, it

induces a push-forward metric η̃(k) = π
(k)
∗ η̃[k] on G(k). We claim that η̃(2) is

an analytic 2-metric on G(2).
For that we just need to observe that we have a commutative diagram

· · · G[3]
p3 //
p2 //
p1

//

π(3)

��

G[2]
pr1 //
pr2

//

π(2)

��

G

s=π(1)

��
· · · G(2)

π1 //
m //
π2

//G
t //
s
//M

where all the arrows are Riemannian submersions. Here, pi : G
[3] → G[2] is

the map that omits the arrow gi:

p1(g1, g2, g3) = (g2, g3), p2(g1, g2, g3) = (g1, g3), p3(g1, g2, g3) = (g1, g2).

Since the diagram is commutative, we have

(π1)∗η̃
(2) = (π2)∗η̃

(2) = m∗η̃
(2) = π

(1)
∗ η̃[2].

□
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3. Analytic linearization of s-proper groupoids

Let G ⇒ M be a Lie groupoid. We say that a submanifold S ⊂ M is an
invariant submanifold if S is a union of G-orbits. Given such invariant
submanifold, we let

GS := s−1(S), NGS
:= TG/TGS , NS := TM/TS.

The normal bundle NGS
has a groupoid structure over NS with structure

maps induced by the differential of structure maps of G, i.e., by ds, dt,dm, dι.
We call the groupoid NGS

⇒ NS the linear model of G around S.
There are various other ways of describing the groupoid structure of the

linear model. For example, the normal bundle NGS
coincides with the pull-

back of NS along the source map

NGS
= {(g, v) ∈ GS ×NS |s(g) = π(v)} .

The groupoid GS acts on NS by the normal representation and the groupoid
NGS

⇒ NS is just the action groupoid GS ⋉NS ⇒ NS .

Definition 3.1. Let G ⇒M be an analytic groupoid and let S ⊂M be an
invariant submanifold. We say that:

(i) G is analytically linearizable around S if there exist open neighbor-
hoods of S, U ⊂ M and V ⊂ NS , and an analytic groupoid isomor-
phism

G|U ∼= NGS
|V

which is identity on GS .
(ii) G is analytically invariantly linearizable around S if the open

neighborhoods U and V can be chosen to be invariant.

The fundamental observation made in [8] is that the exponential map of
a 2-metric yields a linearization map. This remains true in the analytic
category.

Theorem 3.2 ([8]). Let G ⇒ M be an analytic groupoid and let S ⊂ M
be an invariant submanifold. If G admits an analytic 2-metric then it is
analytically linearizable around S.

Proof. An analytic 2-metric η(2) on G(2) induces an analytic metric η(1) =
m∗η

(2) on G and their exponential maps gives an analytic linearization of G
around S. Namely, there exist open neighborhoods U ⊂M and V ⊂ NS of
S where the exponential maps restrict to a groupoid isomorphism:

NGS
|V

exp(2) //

����

G|U

����
V

exp(1) // U

□
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If we further assume that G is s-proper, then U and V in the previous
proof can be chosen to be invariant so that G is analytically invariantly
linearizable around S. Therefore, as a consequence of Theorem 2.12 we
deduce our first main result.

Theorem 3.3. Let G ⇒ M be an analytic s-proper Lie groupoid and let
S ⊂M be an invariant submanifold. Then G can be analytically invariantly
linearizable around S.

This result can be applied to obtain analytic versions of known lineariza-
tion results in the smooth category. For example, in Poisson geometry, one
obtains the following analytic version of [10, Theorem 8.6]:

Corollary 3.4. Let (M,π) be an analytic Poisson manifold and S ⊂ M
a Poisson submanifold. If T ∗

SM is integrable by a compact, Hausdorff, Lie
groupoid whose source fibers have trivial 2nd de Rham cohomology, then
(M,π) is analytically linearizable around S.

Proof. Theorem 8.2 in [10] states that a Poisson manifold (M,π) is lineariz-
able around a Poisson submanifold S if and only if the algebroid T ∗M is
linearizable around S. The proof in [10] holds in the analytic category, so
all we need to show is that the algebroid T ∗M is analytically linearizable
around S. If we show that (M,π) is integrable by an analytic s-proper Lie
groupoid on an invariant neighborhood U of S, then Theorem 3.3 shows that
it is analytically linearizable around S, so its algebroid will be analytically
linearizable around S, and the proof will be completed.

Corollary 8.9 in [10] shows that the assumptions made in the statement
imply that there is an invariant neighborhood U of S such that (U, π|U ) is
integrable by an s-proper Lie groupoid. But this groupoid has a unique com-
patible real analytic structure, since it integrates an analytic algebroid: this
follows either by observing that the exponential map gives a real analytic
structure in a neighborhood of the identity section and any such neighbor-
hood generates the whole groupoid (Proposition 13.7 in [6]) or, alternatively,
by using the result of [17] which shows that every proper groupod has a com-
patible analytic structure. □

4. Holomorphic extensions of Lie algebroids

Given a real Lie algebra g, one can complexify the underlying vector
space and extend the Lie algebra structure linearly to obtain the complex
Lie algebra gC. One calls g a real form of gC and gC the complexification of
g. A generalization of these notions to analytic Lie algebroids was proposed
by Weinstein in [24]. We will start by recalling this notion and then we
discuss some of its properties. Before, we collect some useful facts about
totally real submanifolds.

4.1. Totally real submanifolds. Let (X,J) be a complex manifold and
let M ⊂ X be an embedded real analytic submanifold of X. We recall that



ANALYTIC LINEARIZATION AND HOLOMORPHIC EXTENSIONS 11

M is called a totally real submanifold of X if

TM ⊕ J(TM) = TX|M .

A classical result of Bruhat and Whitney [25] states that every real ana-
lytic manifold M admits a totally real closed embedding

ι :M →MC

into some complex manifold MC. The manifold MC is not unique, but the
germ of M in MC is: given two totally real embeddings ιk :M → Xk, there
exists open neighborhoods Vk ⊂ Xk of M and a holomorphic isomorphism
ϕ : V1 → V2 such that ϕ ◦ ι1 = ι2.

Remark 4.1. A useful fact is a classical result of Grauert [11] showing that
one can takeMC to be an open neighborhood of the zero section ι :M → TM .
For example, it follows that if one is given an open cover {Ui} of M with
Ui ∩ Uj connected, then one can assume that MC, possibly after shrinking,
also admits a cover {U∗

i } such that

U∗
i ∩M = Ui, U∗

i ∩M = Ui,

and the intersections U∗
i ∩ U∗

j are connected.

The following result is well-known and not hard to prove. We state it for
future reference.

Lemma 4.2. Let MC be a complex manifold and let M ⊂MC be an embed-
ded real analytic submanifold of MC. The following are equivalent:

(i) M is a totally real submanifold of MC
(ii) For any x ∈M , there is a chart U for MC centered at x, such that

M ∩ U = {(x1, . . . , xn) ∈ Cn | xi ∈ R i = 1, . . . , n}

(iii) There is an open neighborhood V ⊂ MC containing M and an anti-
holomorphic involution σ : V −→ V with Fix(σ) =M

Moreover, if Y is a holomorphic manifold and ϕ :M → Y is a real analytic
map, there exists an open V ⊂ MC and a holomorphic map ϕ∗ : V → Y
such that ϕ = ϕ∗ ◦ ι.

Notice that the germ of the holomorphic extension ϕ∗, in the last part
of the statement, is unique: if ϕ∗k : Vk → Y , k = 1, 2, are two holomorphic
extensions of ϕ :M → Y , then there exists an open V ⊂ V1 ∩ V2 containing
M such that ϕ∗1|V = ϕ∗2|V .

4.2. Definition of holomorphic extension. Let (A, ρ, [·, ·]) be an ana-
lytic Lie algebroid, so A is an analytic vector bundle over the analytic man-
ifold M , ρ is an analytic map, and the bracket [·, ·] takes analytic sections
to analytic sections. It follows from [2] that any Lie groupoid integrating an
analytic algebroid A is automatically analytic.
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Definition 4.3. Let (A, ρ, [·, ·]) be an analytic Lie algebroid over an ana-
lytic manifold M . A holomorphic algebroid (AC, ρC, [·, ·]C) over a complex
manifoldMC is called a holomorphic extension of A if the following hold:

(i) M is a totally real submanifold of MC;
(ii) AC|M = A⊕ J(A), where J is the complex structure on AC;
(iii) ρC is an extension of ρ, i.e., the following diagram is commutative

A //

ρ

��

AC

ρC
��

TM // TMC

(7)

(iv) [·, ·]C an extension of [·, ·], i.e., for any x ∈ M , any local analytic

sections α and β of A with local holomorphic extensions α̃ and β̃

[α, β](x) = [α̃, β̃]C(x).

Remark 4.4. Under the assumptions of this definition, one can also call
A ⇒ M a real form of AC ⇒ MC. However, at the groupoid level these
two notions become distinct. For this reason, we will not use this term.

Lie algebroids often arise from some geometric structure. In this case,
their holomorphic extensions arises from a holomorphic extension of the
geometric structure. Here is a simple example.

Example 4.5. Let (Rn, π) be an analytic Poisson manifold. Write

π =

n∑
i,j=1

πij(x)
∂

∂xi
∧ ∂

∂xj

This gives rise to an analytic Lie algebroid (T ∗Rn, π#, [·, ·]π).
Now consider the standard embedding Rn ⊂ Cn. Since the components πij

are analytic, we can extend them to get holomorphic functions π̃ij near a
connected open neighborhood U ⊂ Cn of Rn. This gives rise to a holomorphic
bivector

πC =
n∑

i,j=1

π̃ij(z)
∂

∂zi
∧ ∂

∂zj
.

The Schouten bracket of πC is a holomorphic extension of the Schouten
bracket of π, so it vanishes. Hence, πC is a holomorphic Poisson struc-

ture and one checks easily that its cotangent algebroid (T ∗U, π#C , [·, ·]πC) is a

holomorphic extension of (T ∗Rn, π#, [·, ·]π).
More generally, any analytic Poisson manifold (M,π) has a holomorphic

extension (MC, πC) whose holomorphic cotangent algebroid (T ∗MC, π
#
C , [·, ·]πC)

is a holomorphic extension of (T ∗M,π#, [·, ·]π).
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4.3. Existence. The holomorphic extension of an algebroid A is not unique,
but its germ is unique: if A1 and A2 are two holomorphic extension of A,
then they are isomorphic when restricted to open neighborhoods ofM . This
follows from uniqueness of holomorphic extensions. Moreover, it is not hard
to show that holomorphic extensions always exist.

Proposition 4.6. Every analytic algebroid A ⇒ M admits a holomorphic
extension.

Proof. According to [25, 21, 16], there exists a holomorphic vector bundle
AC → MC such that M is a totally real submanifold of MC and AC|M =
A⊕J(A). Locally we can always choose trivializations and charts such that
the embedding i : A→ AC looks like the standard embedding of Rn×Rr in
Cn × Cr, where r = rankRA = rankCAC:

A|U∩M
i //

≃
��

AC|U
≃
��

Rn × Rr // Cn × Cr

Then locally ρ can be expressed as a function Rn →Mn×r(R), which locally
can be extended to a holomorphic function Cn → Mn×r(C). Possibly by
shrinking MC to an open neighborhood of M , we can glue those extensions
to get a holomorphic anchor map ρC : AC → TMC. Similarly, we can define
the bracket [·, ·]C by holomorphically extending [·, ·]. □

4.4. Anti-holomorphic involutions. Let AC ⇒MC be a holomorphic Lie
algebroid. Forgetting the complex structure on the vector bundle AC, we
can view AC as a real vector bundle and the anchor map ρC : AC → TMC as
a real bundle map. According to [14], there exists a unique real Lie algebroid
structure on AC with the same anchor map and such that Lie bracket when
restricted to holomorphic sections coincides with the Lie bracket of AC. We
denote the real Lie algebroid structure by (AR, ρR, [·, ·]R).

Proposition 4.7. Let (AC, ρC, [·, ·]C)⇒MC be a holomorphic Lie algebroid.
Let AR be the underlying real Lie algebroid. Let A → M be an analytic
subbundle of AC → MC. Then AC is a holomorphic extension of A if and
only if there exists an open neighborhood V ⊂MC containingM and an anti-
holomorphic Lie algebroid involution σ : AR|V → AR|V with Fix(σ) = A.

Proof. Assume AC is a holomorphic extension of A. Locally we can always
choose trivializations and charts such that the embedding i : A→ AC looks
like the standard embedding of Rn in Cn:

A|U∩M
i //

≃
��

AC|U
≃
��

Rn × Rr // Cn × Cr
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Write (zk, ul) for coordinates in Cn × Cr. Let σU be defined by requiring
σU (z1, · · · , zn, u1, · · · , ur) = (z̄1, · · · , z̄n, ū1, · · · , ūr). By analytic continu-
ation, we can glue such σU to get an anti-holomorphic involution σ on a
neighborhood of M with Fix(σ) = A. We claim that σ is a Lie algebroid
morphism.

To prove our claim, let λ : V → V be the anti-holomorphic involution
covered by σ. Then dλ ◦ ρR ◦ σ : AR|V → TV is a holomorphic map which
when restricted to A coincides with ρC. By analytic continuation,

dλ ◦ ρR ◦ σ = ρC,

or equivalently
dλ ◦ ρR = ρR ◦ σ,

so σ preserves anchors. To check that it preserves brackets, observe that any
smooth section of A can be locally written as linear combination

∑
k fkek,

where ek is a holomorphic section and fk is a complex-valued smooth func-
tion. To finish proving our claim, it suffices to show that for any smooth
complex valued functions f and g we have

[σ∗(fei), σ∗(gej)]R = σ∗[fei, gej ]R,

where σ∗(e) = σ ◦ e ◦ λ−1. This follows by the following straightforward
computation

σ∗[fei, gej ]R(z) = [fei, gej ]R(z̄)

=f(z̄)g(z̄)[ei, ej ] + ρR(ei)(g)(z̄) · f(z̄)ej − ρR(ej)(f)(z̄) · g(z̄)ei
=f(z̄)g(z̄)[ei, ej ] + ρR(ei)(g(z̄)) · f(z̄)ej − ρR(ej)(f(z̄)) · g(z̄)ei
=[f(z̄)ei, g(z̄)ej ]R

=[σ∗(fei), σ∗(gej)]R.

□

4.5. Universal property. The holomorphic extension of an algebroid sat-
isfies the following “universal property”.

Proposition 4.8. Let AC ⇒MC be a holomorphic extension of a real ana-
lytic Lie algebroid A⇒M with canonical embedding ι : A→ AC. Then

(i) for any holomorphic algebroid B ⇒ X and real analytic morphism
ϕ : A → B there exists a neighborhood V of M and a holomorphic
morphism ϕ∗ : AC|V → B with ϕ = ϕ∗ ◦ ι;

(ii) if ψ : AC|V → B is a morphism of holomorphic Lie algebroids, defined
on some neighborhood V of M , and ϕ = ψ ◦ ι, then ψ = ϕ∗ on some
neighborhood V ′ ⊂ V of M in MC.

Proof. In order to prove (i), one can first find local holomorphic extensions
of ϕ by working in local coordinates, as in the proof of Proposition 4.7. By
uniqueness of analytic continuation, there is an open neighborhood V of M
where these local extensions glue to a well-defined holomorphic morphism
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ϕ∗ : AC|V → B with ϕ = ϕ∗ ◦ ι. Property (ii) follows from the uniqueness of
holomorphic extensions of maps. □

5. Holomorphic extensions of Lie groupoids

The notion of holomorphic extension of a groupoid is more subtle than
the one of an algebroid. Some inspiration can be drawn from the case of Lie
groups.

Recall that given a real Lie group G its universal complexification is
a complex Lie group GC together with a continuous morphism ι : G → GC
satisfying the following universal property: for every complex Lie group H
and every continuous morphism ϕ : G → H there exists a unique holo-
morphic morphism ϕ∗ : GC → H such that ϕ = ϕ∗ ◦ ι. Every Lie group
admits a complexification which is unique, up to isomorphism. The image
of ι : G → GC is a closed, totally real, subgroup of GC. See, e.g., [12] for
the proofs of these facts.

Notice that the morphism ι : G → GC may have non-trivial, even non-
discrete, kernel. Hence, the following peculiarities with the notion of com-
plexification can occur:

• two non-isomorphic Lie groups can have isomorphic complexifica-
tions;
• the Lie algebra of the complexification GC may not be isomorphic
to the complexification of the Lie algebra of G.

These issues disappear when ι : G→ GC has trivial kernel, in which case one
calls GC a holomorphic extension of G. The holomorphic extension of
G, if it exists, is unique (up to isomorphism). Several classes of Lie groups
admit holomorphic extensions, such as compact Lie groups, linear groups
and solvable groups (see, e.g., [12, 19]).

5.1. Definition of holomorphic extension. In the sequel, given a Lie
groupoid G ⇒ M and a subgroupoid H ⇒ N , by a groupoid neighborhood
of H in G we mean a pair of open subsets N ⊂ V ⊂ M , H ⊂ V ⊂ G such
that V ⇒ V is a subgroupoid of G ⇒ M . When V = G|V we call V ⇒ V
a full groupoid neighborhood. When G ⇒ M is a proper Lie groupoid every
groupoid neighborhood always contains a full groupoid neighborhood (see,
Lemma 5.1.3 in [8]).

Definition 5.1. A holomorphic groupoid GC ⇒ MC is called a holomor-
phic extension of a real analytic Lie groupoid G ⇒M if there exists a real
analytic morphism ι : G → GC such that:

(C1) ι : G → GC is a totally real, closed, embedding;
(C2) for any holomorphic groupoidH and real analytic morphism ϕ : G → H

there exists a groupoid neighborhood V of ι(G) in GC and a holomor-
phic morphism ϕ∗ : V → H with ϕ = ϕ∗ ◦ ι;
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(C3) if ψ : V → H is a morphism of holomorphic groupoids on some
groupoid neighborhood V of ι(G) in GC, and ϕ = ψ ◦ ι, then ψ = ϕ∗ on
some groupoid neighborhood V ′ ⊂ V of ι(G) in GC.

A full holomorphic extension is a holomorphic extension where in (C2)
the groupoid neighborhood V can be taken to be full, and where in (C3)
whenever V is full, one can take V ′ also to be full.

An analytic Lie groupoid may not admit a holomorphic extension (as we
discussed above, this is already true for Lie groups). However, it follows from
properties (C2) and (C3) in the definition that the germ of a holomorphic
extension of G, if it exists, is unique.

Given a Lie groupoid G we denote its Lie algebroid by Lie(G). If G is a
real analytic (respectively, holomorphic) Lie groupoid then Lie(G) is a real
analytic (respectively, holomorphic) Lie algebroid.

Proposition 5.2. Let GC be a holomorphic extension of G. Then Lie(GC)
is a holomorphic extension of Lie(G).

Proof. Since ι : G → GC is totally real, one has

TMGC = TG ⊕ J(TG).

Using that

TMG = TM ⊕ ker(ds), TMCGC = TMC ⊕ ker(dsC),

and the fact that MC and the source fibers are complex submanifolds of GC,
one concludes that

TMC = TM ⊕ J(TM), ker(dMsC) = ker(dMs)⊕ J(ker dMs).

This shows that the vector bundle AC = Lie(GC) := ker(dMsC) is a holo-
morphic extension of the vector bundle A = Lie(G) := ker(dMs).

Since ι : G → GC is a groupoid morphism, it follows that i∗ ◦ ρ = ρ ◦ i∗,
so ρC is an extension of ρ. On the other hand, let α, β ∈ Γ(A) be analytic

sections of A and denote by −→α and
−→
β the corresponding right-invariant

vector fields in G so that

[−→α ,
−→
β ] =

−−−→
[α, β]A.

Extending α and β to holomorphic sections α̃ and β̃ of AC, the Lie bracket
of the corresponding right-invariant vector fields in GC

[
−→̃
α ,
−→̃
β ] =

−−−→
[α̃, β̃]AC

is a holomorphic extension of [−→α ,
−→
β ]. It follows that [α̃, β̃]C is a holomorphic

extension of [α, β].
□

Remark 5.3. The previous proof only used property (C1) in the definition
of holomorphic extension.
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5.2. Examples. We discuss several classes of groupoids which admit holo-
morphic extensions.

5.2.1. Unit groupoid. Let M be an analytic manifold and consider the unit
groupoid M ⇒ M . If MC is any complexification on M , the unit groupoid
MC ⇒ MC is a full holomorphic extension of M ⇒ M (for the canonical
embedding M ↪→ MC). Indeed the properties in the definition follow from
Lemma 4.2 and the fact that any groupoid morphism from the unit groupoid
M ⇒M to some other groupoid H⇒ N amounts simply to a mapM → N .
In other words, the complexifications M are in 1:1 correspondence with the
holomorphic extensions of the unit groupoid M ⇒M .

5.2.2. Pair groupoid. Let M be a real analytic manifold and let MC be a
complexification of M , with totally real embedding i : M → MC. The pair
groupoid MC ×MC ⇒ MC is a holomorphic extension of the real analytic
groupoid M ×M ⇒M for the groupoid embedding

ι := (i, i) :M ×M →MC ×MC.

To see this, let H ⇒ X be a holomorphic groupoid and ϕ : M ×M → H a
real analytic morphism. Any such morphism takes the form

ϕ(p, q) = ψ(p)ψ(q)−1,

where ψ :M → s−1
H (x0) is an analytic map. This map has a unique holomor-

phic extension ψ∗ : V → s−1
H (x0) defined in some open V ⊂ MC containing

M . Hence, we can define a holomorphic morphism ϕ∗ : V ×V → H extend-
ing ϕ by setting

ϕ∗(p, q) := ψ∗(p)ψ∗(q)−1.

Since V := V × V ⇒ V is a full groupoid neighborhood of M × M in
MC ×MC, this shows that (C2) holds. Also, one checks easily that (C3)
holds due to the uniqueness of holomorphic extensions of maps.

5.2.3. Transitive proper groupoids. Generalizing both compact Lie groups
and pair groupoids, let G ⇒ M be an analytic transitive proper groupoid.
Then G is isomorphic to the gauge groupoid of an analytic principal bundle
P →M with structure group a compact Lie group G:

G ≃ P ×G P.

For such principal bundles we have the following result (for a proof see also
Appendix B).

Theorem 5.4 ([12]). Let G be a compact group and P →M be an analytic
principal G-bundle. Let GC be the holomorphic extension of G. There exists
a holomorphic principal GC-bundle PC → MC such that P is a totally real
submanifold of PC and the embedding P → PC is G-equivariant.
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Using this result, we claim that the transitive groupoid G = P ×G P has
full holomorphic extension the holomorphic transitive groupoid

GC = PC ×GC PC,

with the obvious embedding ι : G → GC. Property (C1) clearly holds. To
check the other two properties, we use the following.

Lemma 5.5. Given a holomorphic groupoid H ⇒ X, every analytic mor-
phism ϕ : G → H can be written in the form

ϕ([p1, p2]) = ψ(p1)ψ(p2)
−1,

for an analytic map ψ : P → s−1(y0) satisfying:

(a) ψ is G-equivariant relative to a Lie group morphism ρ : G→ Hy0;
(b) ψ covers a map ψ0 :M → X.

Proof. Fix any x0 = p0G ∈ M = P/G so we can identify the source fiber
and isotropy group of G = P ×G P at x0 with, respectively, P and G, via
the embeddings

iP : P ↪→ P ×G P, p 7→ [p, p0],

iG : G ↪→ P ×G P, g 7→ [p0g, p0].

If 1y0 = ϕ(1x0), we define ψ : P → s−1(y0) and ρ : G → Hy0 as the
composition of ψ with these embeddings:

ψ := ϕ ◦ iP , ρ := ϕ ◦ iG.

Then, using that ϕ is a groupoid morphism, we find

ϕ([p1, p2]) = ϕ([p1, p0] · [p0, p2]) = ψ(p1)ψ(p2)
−1.

One also checks easily that (a) and (b) hold. □

In this case, it follows from [12] that ψ has a holomorphic extension

ψ∗ : P̂ → s−1(x) defined in some GC-equivariant neighborhood P̂ of P in
PC. This extension is GC-equivariant relative to the complexification of the
morphism ρ : G→ Hx.

We can then define a holomorphic groupoid morphism

ϕ∗ : P̂ ×GC P̂ → H, ϕ∗([p1, p2]) := ψ∗(p1)ψ
∗(p2)

−1.

Notice that P̂ ×GC P̂ ⇒ P̂ /GC is a full groupoid neighborhood of G in GC,
and properties (C2) and (C3) now follow.

5.2.4. Bundle of compact Lie groups. Let G → M be a bundle of compact,
connected, Lie groups. Such bundles are always locally trivial and it follows
that there is a holomorphic extension GC →MC of G →M , which is locally
trivial with fiber type the complexification of the fiber type of G.
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5.2.5. Holomorphic extension of compact Lie group actions. LetG be a com-
pact Lie group acting analytically on an analytic manifoldX. Let GC denote
the complexification of G. By [12], the action extends to a holomorphic ac-
tion of GC on the complexification XC of X. Consequently, the holomorphic
action groupoid GC ⋉ XC provides a holomorphic extension of the action
groupoid G⋉X.

5.2.6. A non-full holomorphic extension. Consider the flow groupoid G ⇒ R
of the vector field X = x d

dx . Explicitly, G is the action groupoid R⋉R ⇒ R
associated with the R-action

t · x = exp(t)x.

This groupoid has holomorphic extension the action groupoid C ⋉ C ⇒ C
associated with the C-action

z · w = exp(z)w.

This extension is not full because there are no C-invariant neighborhoods
of the totally real embedding ι : R → C, so there are no full groupoid
neighborhoods of R ⋉ R ⇒ R in C ⋉ C ⇒ C (except for C ⋉ C ⇒ C itself).
Note that in this case the groupoid G = R⋉ R is not proper.

6. Holomorphic extensions of s-proper groupoids

Our aim in this section is to prove the following result.

Theorem 6.1. Every analytic s-proper Lie groupoid admits a holomorphic
extension.

It is easy to give examples of analytic Lie algebroids which are not inte-
grable. If an analytic algebroid A ⇒ M is integrable, one may ask if the
holomorphic extension AC ⇒ MC is also integrable. The problem in ap-
plying the integrability criteria from [2] to answer this question is that, in
general, AC will have orbits inMC−M whose closure intersectM . This may
happen even if A⇒ M integrates to an s-proper groupoid (e.g., the cotan-
gent Lie algebroid of the linear Poisson manifold so∗(3)). Hence, it seems
hard to control the monodromy groups obstructing integrability. However,
the previous theorem has the following corollary.

Corollary 6.2. If an analytic Lie algebroid admits an s-proper integration
then it admits a holomorphic extension which is integrable.

Proof. Let G ⇒ M be a Lie groupoid integrating an algebroid A ⇒ M . If
A is analytic then G is also analytic. This follows from the following two
observations:

(i) It is enough to show that a neighborhood of the identity section M ⊂
U ⊂ G has a compatible analytic structure making U a local analytic
groupoid. Indeed, such a neighborhood generates G, so one obtains a
compatible analytic structure in the whole of G.
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(ii) The construction of the spray groupoid in [1] shows that a choice of
an analytic A-connection (which always exist) determines an analytic
local groupoid V integrating A. Possibly after restriction, U and V are
isomorphic local Lie groupoids.

Therefore, if A⇒M has an s-proper integration G ⇒M , we can apply The-
orem 6.1 to obtain a holomorphic extension GC ⇒MC, whose Lie algebroid
is a holomorphic extension of A⇒M . □

Remark 6.3. It is also possible to show that an analytic algebroids which
(i) are transitive or (ii) have almost injective anchor, have integrable holo-
morphic extensions.

Corollary 6.4. Every analytic Poisson manifold of s-proper type admits an
extension to an integrable holomorphic Poisson manifold.

Proof. If (M,π) is analytic of s-proper type then there exists an s-proper,
analytic symplectic groupoid (G,Ω) ⇒ M integrating it. In particular, the
cotangent algebroid (T ∗M,π♯, [·, ·]π) has an s-proper integration. By the
previous corollary, this algebroid admits a holomorphic extension which is
integrable. Possibly after restriction, this holomorphic extension is the holo-
morphic cotangent algebroid of a holomorphic Poisson manifold (MC, πC)
extending (M,π) – see Example 4.5. □

Remark 6.5. In the previous proof, the symplectic groupoid (G,Ω) ⇒ M
has a groupoid holomorphic extension GC ⇒MC, but it is not clear it can be
chosen to admit a holomorphic symplectic form ΩC extending Ω. However,
by the results of [15], the 1-connected integration of T ∗MC is a holomorphic
symplectic groupoid integrating (MC, πC).

A similar result holds for analytic Dirac structures of s-proper type.

6.1. The strategy to prove Theorem 6.1. The proof Theorem 6.1 con-
sists of the following steps:

Step 1. Analytically linearize G ⇒M on invariant opens Ui around each of
its orbits;

Step 2. Construct full holomorphic extensions (Gi)C ⇒ (Ui)C for the restric-
tions Gi := G|Ui using the linear local model;

Step 3. Assemble the full local holomorphic extensions (Gi)C into a holo-
morphic extension of G.

Note that Step 1 follows immediately from Theorem 3.3. The next two
paragraphs implement the other two steps.

6.2. Holomorphic extension of the linear local model. Assume that
G ⇒ M is an analytic s-proper groupoid and let O be an orbit of G. Fix
x ∈ O and let P := s−1(x), so t : P → O is a principal bundle over O with
structure group G := s−1(x)∩t−1(x). The group G acts on the normal space
N = TxM/TxO and the linear local model for G can be recast as follows
(see, e.g., [7]):
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• The normal bundle ofO is isomorphic to the associated vector bundle

NO ∼= (P ×N)/G,

where the G-action on P ×N is g(p, v) = (pg−1, gv).
• The normal bundle of GO is isomorphic to

NGO ⇒ NO ∼= (P × P ×N)/G⇒ (P ×N)/G.

where the G-action on P×P×N is g(p1, p2, v) := (p1g
−1, p2g

−1, gv).

Viewing P ×P ×N ⇒ P ×N as the groupoid product of the pair groupoid
P ×P ⇒ P and the identity groupoid N ⇒ N , the G-action is by groupoid
automorphisms and the resulting groupoid structure on the quotient is iso-
morphic to the linear local model:

NGO

����

(P × P ×N)/G

����
∼=

NO (P ×N)/G

(8)

Letting NC := N ⊗C and denoting by PC →MC the principal GC-bundle
extending P →M , given by Theorem 5.4, we now have the following result.

Proposition 6.6. The linear local model around an orbit (8) admits a full
holomorphic extension of the form

(PC × PC ×NC)/GC ⇒ (PC ×NC)/GC. (9)

Proof. The proof is a generalization of Example 5.2.3. First, we have the
obvious embedding

ι : (P ×P ×N)/G⇒ (P ×N)/G ↪→ (PC×PC×NC)/GC ⇒ (PC×NC)/GC,

and property (C1) clearly holds.
To check the other two properties, observe that for any holomorphic

groupoid H⇒ X, any morphism

ϕ : (P × P ×N)/G→ H
can be written in the form

ϕ([p1, p2, v]) = ψ(p1, v)ψ(p2, v)
−1,

for a map ψ : P ×N → s−1(x) satisfying:

(a) ψ is G-equivariant relative to a Lie group morphism ρ : G→ Hx;
(b) ψ covers a map ψ0 : (P ×N)/G→ X.

If ϕ is analytic, so is ψ. In this case, it follows from [12] that ψ has a
holomorphic extension ψ∗ : Q → s−1(x) defined in some GC-equivariant
neighborhood Q of P × N in PC × NC. This extension is GC-equivariant
relative to the complexification of the morphism ρ : G→ Hx.

Next, we have the GC-equivariant embedding

Q×NC Q→ PC × PC ×NC, (p1, v, p2, v) 7→ (p1, p2, v),
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and we can define a holomorphic groupoid morphism

ϕ∗ : Q×NC Q/GC → H, ϕ∗([p1, p2]) := ψ∗(p1)ψ
∗(p2)

−1.

Notice that Q×NC Q/GC ⇒ Q/GC is a full groupoid neighborhood of (P ×
P ×N)/G in (PC×PC×NC)/GC, and properties (C2) and (C3) now follow.

□

This completes the proof of Step 2.

6.3. Gluing the local holomorphic extensions. Step 3 of the proof will
follow from the previous two steps and the following general result.

Proposition 6.7. Let G ⇒M be an analytic Lie groupoid and assume that
there is an open G-invariant cover {Ui}i∈I of M such that each restriction
G|Ui ⇒ Ui admits a full holomorphic extension. Then G ⇒ M admits a
holomorphic extension.

Proof. Note that the orbits of an s-proper Lie groupoid are compact. Hence,
we can assume that the open G-invariant cover {Ui}i∈I is locally finite and
that the closures Ui are compact. Let MC be a complexification of M , and
let G∗i ⇒ U∗

i be a full holomorphic extension of G|Ui ⇒ Ui. Then both
MC and U∗

i are complexifications of Ui, hence by restricting G∗i ⇒ U∗
i we

can assume that {U∗
i }i∈I is a locally finite collection of open sets in MC

satisfying
Ui = U∗

i ∩M, Ui = U∗
i ∩M.

Set Uij := Ui ∩Uj and U∗
ij := U∗

i ∩U∗
j . The restrictions G∗i |U∗

ij
and G∗j |U∗

ij

are both full holomorphic extensions of G|Uij . It follows that one can choose
T ∗
ij , open neighborhoods of Ui ∩ Uj in MC, satisfying

Ui ∩ Uj ⊂ T ∗
ij ,

for which there exist holomorphic groupoid isomorphisms

ψ∗
ij : G∗i |T ∗

ij

∼−→ G∗j |T ∗
ij
, ψ∗

ji = (ψ∗
ij)

−1.

Applying Lemma B.1, one can find a family of open sets {W ∗
i }i∈I in MC

such that:

(i) W ∗
i ⊂ U∗

i
(ii) W ∗

i ∩M = Ui;
(iii) If U∗

i ∩ U∗
j ̸= ∅, then W ∗

i ∩W ∗
j ⊂ T ∗

ij .

Then the restrictions Gi|Wi form a collection of full holomorphic extensions
of the Gi’s and the ψ∗

ij ’s restrict to holomorphic groupoid isomorphisms

ψ∗
ij : G∗i |Wi∩Wj

∼−→ G∗j |Wi∩Wj , ψ∗
ji = (ψ∗

ij)
−1.

Replacing MC by the union of the W ∗
i ’s, we obtain a holomorphic groupoid

GC :=

⊔
i G∗i |W ∗

i

∼
⇒MC,

where g ∼ ψij(g).
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It remains to prove that GC ⇒ MC satisfies properties (C1)-(C3) in Def-
inition 5.1. The obvious embedding ι : G → GC is totally real so (C1) is
obvious. Let ϕ : G → H be real analytic morphism into some holomorphic
groupoid H. The restriction of ϕ to each Gi has a holomorphic extension
ϕ∗i defined on some full groupoid neighborhood GC|V ∗

i
of Gi. Eventually

after restriction of the V ∗
i ’s, one can assume that both the V ∗

i ’s and the
intersections V ∗

i ∩ V ∗
j are connected. Since the Gi’s have connected s-fibers,

it follows that ϕ∗i = ϕ∗j , by uniqueness of holomorphic extension. Hence,

letting V ∗ :=
⋃

i∈I V
∗
i , we can define a holomorphic groupoid morphism

ϕ∗ : GC|V ∗ → H, ϕ∗|GV ∗
i
:= ϕ∗i ,

which extends ϕ. This shows that (C2) holds. Condition (C3) follows from
the fact that (C3) is satisfied for the local holomorphic extensions G∗i .

□

Appendix A. Analytic Haar densities

In this section, we will show that any analytic s-proper groupoid G admits
an analytic Haar density.

Let E be a vector bundle on M . We denote by

D(E) :=
⊔
p∈M
D(Ep)

the density line bundle whose sections are the densities of E. In this paper we
only consider positive densities, i.e., densities µ such that µ(e1, · · · , en) > 0
for any local frame {e1, · · · , en} for E. When the bundle E is analytic, the
line bundle D(E) is analytic and we say that a density µ is analytic if it is
an analytic section of D(E).

For a manifold M we let D(M) := D(T ∗M) and we call sections of D(M)
densities onM . When the manifoldM is oriented, a volume form ω induces
a positive density µ by setting µp := |ωp| for every p in M . Not every
manifold is oriented and admits a volume form, but every manifold admits
a density and we can further assume it to be analytic when M is analytic.
In fact, we have:

Proposition A.1. Every analytic vector bundle has a positive analytic den-
sity.

To prove this, we recall the following well-known criterion for analytic
functions [13].

Lemma A.2. A smooth function f : U → R is an analytic function on an
open set U ⊂ Rn if and only if for any compact set K ⊂ U , there exists a
constant C > 0 depending on K such that for all α ∈ Z≤0 and all x ∈ K,∣∣∣∣∂αf∂xα

∣∣∣∣ ≤ C |α|+1α!
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By the classical results of Grauert [11] and Morrey [18] every analytic
bundle E admits an analytic Riemannian metric g. It has an associated
positive density µ which on a local frame {e1, · · · , en} for E, where g =
gαβeα ⊗ eβ, is given by

µ =
√
det(gαβ)|e1 ∧ · · · ∧ en|.

This density is analytic because, by the above criterion for analyticity,
√
f

is analytic whenever f is a positive analytic function.

Definition A.3. Let G ⇒M be an analytic s-proper groupoid. We say that
a family of positive densities {µx}x∈M on the s-fibers of G is an analytic
normalized Haar density if the following conditions hold:

(i) Analyticity : The function

x 7→
∫
s−1(x)

f(g)µx(g)

is analytic on M for any analytic function f ∈ Cω(G).
(ii) Right-invariance: For any arrow y

h←− x and f ∈ Cω(s−1(x)), we have∫
s−1(y)

f(gh)µy(g) =

∫
s−1(x)

f(g)µx(g).

(iii) Normalization: For all x ∈M∫
s−1(x)

µx(g) = 1.

The rest of this section is devoted to the proof of the following fact.

Theorem A.4. Every s-proper groupoid G admits an analytic normalized
Haar density.

Let A be the Lie algebroid of G and let µ be any positive analytic density
on the dual bundle A∗. Consider the vector bundle map

ker(ds)
ϕ //

��

A

��
G

t
// M

ϕ(v) := dRg−1(v).

Pulling back µ through ϕ yields an analytic density µ̃ on (ker(ds))∗, i.e., a
family of analytic densities {µ̃x} on each fiber s−1(x). It is easy to check

that for any arrow y
h←− x, µ̃y = R∗

hµ̃
x, so {µ̃x} is right-invariant. By Lemma

A.5, the positive function c : G → R defined by

c(x) :=

∫
s−1(x)

µ̃x(g).
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is analytic. Replacing µ̃x by 1
c(x) µ̃

x, we obtains an analytic normalized

density. Finally, property (i) in Definition A.3 follows from the following
useful lemma.

Lemma A.5. Let s : E → M be a proper analytic submersion. Given an
analytic density µ on the vector bundle (ker(ds))∗ → E, for any analytic
function f : E → R the average

x 7→
∫
s−1(x)

f(g)µx(g)

is an analytic function on M .

Proof. By the analytic version of Ehresmann theorem, s is a locally trivial
fibration. Choosing some open neighborhood U of x, we can assume that
E|U = U × s−1(x) and s = prU . Let {Vi} be a finite open cover of s−1(x)
and {ρi} be a partition of unity subordinate to it.∫

s−1(x)
f(g)µx(g) =

∑
i

∫
Vi

ρif(g)µ
x(g).

It suffices to prove that fi(x) :=
∫
s−1(x)∩Vi

ρif(g)µ
x(g) is analytic. In local

coordinates, write g = (x, y) and µx(g) = λ(x, y)dy, we have

fi(x) =

∫
Vi

ρi(y)f(x, y)λ(x, y)dy.

Since f and λ are analytic, so is fλ. By Lemma A.2, for any compact

set K ⊂ U ×Vi, there exists constant C such that
∣∣∣∂α(fλ)

∂xα (x, y)
∣∣∣ ≤ C |α|+1α!.

Therefore∣∣∣∣∂αfi∂xα
(x)

∣∣∣∣ ≤ ∫
supp(ρi)

∣∣∣∣∂α(fλ)∂xα
(x, y)

∣∣∣∣ dy ≤ |supp(ρi)|C |α|+1α!,

proving that fi is analytic. □

Appendix B. Complexification and refinement of covers

Let M be an analytic manifold and MC a complexification of M . We
identify M with its image under the closed embedding ι : M → MC. We
need the following lemma concerning refining complexifications of covers.
Similar results were used in the proof of existence of holomorphic extensions
by Whitney and Bruhat [25]).

Lemma B.1. Let {Ui}i∈I be a locally finite cover of M by open sets with
compact closures and let {U∗

i }i∈I be a locally finite family of open sets of
MC such that:

Ui = U∗
i ∩M, Ui = U∗

i ∩M.

Suppose one is given open neighborhoods T ∗
ij of Ui ∩ Uj in MC satisfying

Ui ∩ Uj ⊂ T ∗
ij .
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Then one can find a family of open sets {W ∗
i }i∈I in MC such that:

(i) W ∗
i ⊂ U∗

i
(ii) W ∗

i ∩M = Ui;
(iii) If U∗

i ∩ U∗
j ̸= ∅, then W ∗

i ∩W ∗
j ⊂ T ∗

ij.

Proof. For any i, j ∈ I, let
V ∗
ij := (U∗

i − U∗
i ∩ U∗

j ) ∪ T ∗
ij .

We claim that the interior V̊ ∗
ij is an open neighborhood of Ui. To see this,

given x ∈ Ui, we consider two possibilities:

(a) x ∈ Ui ∩ Uj : then x ∈ T ∗
ij , so it is an interior point of V ∗

ij .

(b) x ̸∈ Ui ∩ Uj : since U∗
i ∩M ⊂ Ui, we have

U∗
i ∩ U∗

j ∩M ⊂ U∗
i ∩ U∗

j ∩M ⊂ Ui ∩ Uj

Hence, x is an interior point of U∗
i − U∗

i ∩ U∗
j and, hence, also of V ∗

ij .

We now define

W ∗
i :=

 ⋂
U∗
i ∩U∗

j ̸=∅

V̊ ∗
ij

 ∩ U∗
i .

Clearly, W ∗
i is an open set contained in U∗

i which, by the previous claim,
contains Ui. Hence, W

∗
i ∩M = Ui. Finally, If U

∗
i ∩ U∗

j ̸= ∅, then

W ∗
j ∩W ∗

j ⊂ V̊ ∗
ij ∩ U∗

i ∩ U∗
j ⊂ T ∗

ij .

□

As an application of the previous lemma, we give a proof of Theorem 5.4
different from the original one in [12].

Assume that P is an analytic principalG-bundle over an analytic manifold
M , with G a compact Lie group. Choose a trivializing open cover {Ui}i∈I
of M , which we can assume is locally finite, has compact closures and con-
nected double intersections. Denote by gij : Ui ∩Uj → G the corresponding
transition functions.

Let MC be a complexification of M and choose {U∗
i }i∈I a locally finite

family of open sets of MC extending the family {Ui}i∈I , as in Lemma B.1,
with connected double intersections (see Remark 4.1). We can holomorphi-
cally extend the transition functions to

g∗ij : T
∗
ij → GC

where the T ∗
ij are open neighborhoods of Ui∩Uj in MC. By analytic contin-

uation, possibly after shrinking the T ∗
ij , we may also assume that the family

{g∗ij} satisfies the cocycle condition.

Now let {W ∗
i } be the family of open sets given by Lemma B.1. We can

restrict the transition function g̃ij to Wi ∩Wj and define:

PC =
⊔
i

Wi ×GC/ ∼
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where (x, λ) ∼ (x, gijλ). Replacing MC by the union of the W ∗
i ’s, we obtain

a holomorphic principal GC-bundle PC →MC which is easily seen to satisfy
the properties in Theorem 5.4.
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