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Abstract

This thesis explores analytic and holomorphic structures in Lie groupoids, Lie algebroids, and Poisson
geometry. The first chapter provides background material on Lie groupoids, Lie algebroids, and Poisson
structures. In the second chapter, we prove that any analytic s-proper Lie groupoid is analytically linearizable.
Our approach relies on constructing an analytic Haar density and an analytic 2-metric on groupoids. The
third chapter introduces the notion of complexification for analytic Lie algebroids. We establish that when
the anchor map is injective or surjective, the integrability of the original algebroid implies the integrability of
its complexification. Moreover, if the analytic algebroid is of s-proper type, its complexification is locally
integrable. In the fourth chapter, we develop a computer program for computing the holomorphic Poisson

cohomology of projective spaces.
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Introduction

Lie groupoids and Lie algebroids are geometric structures that generalize Lie groups and Lie algebras,
respectively. While Lie groups capture global symmetries and Lie algebras describe infinitesimal ones, Lie
groupoids and algebroids provide a framework for describing symmetries and constraints that vary from point
to point on a manifold. These objects can be defined not only in the smooth category, but also in the real
analytic and holomorphic settings. Much of the foundational theory has been developed in the smooth case.
In this thesis, we aim to extend key results and techniques from the smooth category to the analytic category.

The first topic of the thesis is linearization of proper groupoid. It is known that proper Lie groupoids are
linearizable around their orbits, originally conjectured by Weinstein [1], [2] and later proved in full generality
in [3], [4] (see also [5], [6]). A special case is the classical Bochner linearization theorem, which states that
every compact group action can be linearized around a fixed point. To prove this theorem, one can firstly
find a Riemannian metric invariant under the group action and use the exponential map to achieve the
linearization. This approach was generalized to proper Lie groupoids through the introduction of 2-metrics in
[6], which enable linearization via the exponential map of the 2-metric.

These results, however, are all formulated in the smooth setting. In Chapter 2, we investigate whether
the linearization theorem holds in the analytic category. We show that an analytic s-proper Lie groupoid
admits an analytic 2-metric, constructed using an analytic averaging process based on the existence of an

analytic Haar measure. As a consequence, we obtain an analytic version of the linearization theorem:
Theorem 1. Every s-proper analytic groupoid admits an analytic invariant linearization.

The second topic is to study the complexification of an analytic Lie algebroids. Given a real Lie algebra
g, we can complexify the underlying vector space and extend the Lie algebra structure linearly to get the
complex Lie algebra gc. We say that g is a real form of g¢ and gc is a complexification of gc.

One has analogues of the concepts of real form and complexification for Lie algebroids. Given an analytic
manifold M, by [7], we can always embed M into a holomorphic manifold M¢, such that on local charts it
looks like the standard embedding of R™ in C™. Given a real analytic Lie algebroid A — M one can extend it
to be a holomorphic Lie algebroid Ac — Mc. In this case, we say that A is a real form of A¢ and Ac is a
complexification of A, which was original proposed by Weinstein in [8].

Let G be a Lie group. Recall that its Lie algebra g consists of all left invariant vector fields on G. Similarly,
given a Lie groupoid G, we can associate to G a Lie algebroid A = Lie(G), such that sections of A correspond
left invariant vector fields in G. Lie’s third theorem states that every Lie algebra g is the Lie algebra of some
Lie group G. Lie’s third theorem fails, in general, for Lie algebroids, and Crainic and Fernandes [9] found
the necessary and sufficient conditions for integrability of a real Lie algebroid. Later [10] showed that a
holomorphic Lie algebroid is integrable if and only if its underlying real Lie algebroid is integrable. Hence the

Cranic-Fernandes criterion applies also in the holomorphic context. Since a subalgebroid of an integrable Lie



algebroid is integrable, if Ac is integrable it follows that A must be integrable. We want to explore whether,
conversely, the integrability of A implies the integrability of its complexification A¢ near M.
In Chapter 3, we will show that:

Theorem 2. When the anchor map is ”almost” injective or surjective everywhere, the integrability of A

implies the integrability of Ac near M.

We will also look at the case when the real analytic algebroid A is of s-proper type, meaning that it
can be integrated to an analytic s-proper groupoid. Since every s-proper analytic groupoid is analytically
linearizable, by complexifying the linear model, we obtain a local integration of Ac near A. This leads to the

following theorem:

Theorem 3. If an analytic groupoid A is of s-proper type, then its complezification Ac is locally integrable

near A.

While integrability implies the local integrability, the converse is not true. There exist locally integrable
Lie algebroids that are not globally integrable, as well as Lie algebroids that are not even locally integrable
(cf. [9]). However, we can not establish the global integrability in this context.

The final topic of this thesis concerns the Poisson cohomology of projective spaces. Poisson cohomology
groups are invariants associated with Poisson manifolds and can be defined in both the smooth and holomorphic
categories. In the smooth setting, these groups may be infinite-dimensional even when the underlying manifold
is compact. However, in the holomorphic setting, Poisson cohomology groups are always finite-dimensional
for compact manifolds (cf. [10]).

In projective space P”, a Poisson structure can be described via a homogeneous quadratic bivector
field on C"*!, and multivector fields on P" correspond to homogeneous multivector fields on C"**!. This
correspondence allows for an explicit, linear-algebraic description of the Poisson differential. Based on this
observation, we develop a computer program that computes holomorphic Poisson cohomology for projective
spaces in arbitrary dimensions.

As an application, we examine the case of P?, whose holomorphic Poisson structures have been classified in
[11], [12]. We compute the Poisson cohomology for some Poisson structures on P3| illustrating the effectiveness

of our algorithm.



Chapter 1

Background

This chapter provides an overview of Lie algebroids, Lie groupoids and Poisson geometry. For further details,
the reader is referred to the textbook [13]. Readers already familiar with the material may wish to proceed
directly to Chapter 2. In this thesis, when we say analytic, we always mean real analytic. We will use

holomorphic for complex analytic.

1.1 Lie Algebroids and Lie Groupoids

Definition 1.1.1. A Lie algebroid over a manifold M is a triple (4, p, [, -]) where:
e A — M is a vector bundle;
e the anchor map p: A — T'M is a bundle map;
e [-,:] is a Lie bracket on the 4, sheaf of smooth sections on A,
such that:
(X, fY] = p(X)(f)Y + fIX,Y] (Leibniz rule)
for any X,Y € A(U), f € C=(U).

Remark. We can define the notion of an algebroid in different categories. We say that A is an ana-
lytic/holomorphic algebroid by requiring A to be a analytic/holomorphic bundle, the anchor map p to be

an analytic/holomorphic bundle map and A4 to be the sheaf of analytic/holomorphic sections.

Lie algebroids are generalization of Lie algebras. Let M be a point, g be a Lie algebra, and p be the

trivial map, then g becomes a Lie algebroid.

Example 1.1.2. For any smooth manifold, TM is a Lie algebroid with identity anchor map and usual Lie

brackets for vector fields.

Example 1.1.3. Let A — M be a bundle of Lie algebra, where each fiber A, comes with a Lie algebra

structure varying smoothly. Then A is a Lie algebroid with zero anchor map.

Example 1.1.4. Let a: g — X(M) be a Lie algebra homomorphism. The action algebroid g x M is defined
as follows. The vector bundle A is the trivial vector bundle M X g, the anchor map p: M x g — TM is:

pl,v) = a(v),.

3



Since the section of M X g can be viewed as smooth g-valued functions on M, the bracket can be defined by:

[f:9le = [f(2), 9(2)]g + a(f ()2 (9) — alg(2))(f)

Definition 1.1.5. Let A be a Lie algebroid over M. At each point x € M, the kernel of the anchor map
g: := Ker(p), is a Lie algebra with the Lie bracket defined by:

[Ua w]gz = ["77 "I}}A(x)

where 0, w are local sections of A with 0(z) = v and w(z) = w. g, is called the isotropy Lie algebra at x.
One can show by Leibniz rule that the above definition does not depend on the choice of the local extension
v and .
We say that a Lie algebroid is called regular if the anchor map is of constant rank. When the anchor
map p is regular, since p preserves Lie brackets, Im(p) C T M gives an involutive distribution on 7'M, hence

define a foliation F4 with
TFa=Im(p) C TM.

The leaf of of this foliation is called the orbit of A.
In the case when A is not regular, Im(p) C T M is a singular distribution, which gives a singular foliation
on M (cf. [14]). We also call the leaf this this foliation the orbit of A. Points in the same leaf has isomorphic

isotropy Lie algebras. We say that a Lie algebra is transitive if the anchor map is surjective.

Definition 1.1.6. Let
(A—>M7 ['a']A) PA) and (B—>N7 ['7']Ba /)B)

be two Lie algebroids. A morphism of Lie algebroids F is a vector-bundle map:
AL, B

|

ML N

such that:

(i) Anchor compatibility:
ppoF = Tfopy

(ii) Bracket compatibility: For all section o € A(U), we write
Fla)=Foa, f*(a)=aolf.
Given a section «, 8 € A(U), we can write their image of F' as finite linear combinations:
=Sl FO)=Xd )
where ¢;, ¢, € C*°(U) and «y, 8; € B(U). We require the following compatibility for Lie bracket:

F(lo, Bla) = > _cic; f* (s, Bils Zﬁ () () £ (B)) — Zﬁp(ﬁ) (ci) [* (i)

2%



Definition 1.1.7. A groupoid is a category where every morphism is invertible. We denote the space of
arrows by G, the space of objects by M and the groupoid by G = M.

A groupoid consists of the following structure maps:
e source/target map s,t: G — M

e multiplication m : G := G, x, G - G

e unit map u: M — G, u(z) =1,

-1

e inverse map t: G — G, 1(g) =g

We denote an arrow g € G with s(z) =y, t(g) =y by g: y < =.

G is a Lie groupoid if M and G are manifolds, all structure maps are smooth, and s, ¢ are submersions.
We say that the Lie groupoid is analytic/holomorphic if M and G are analytic/complex manifold and all
structure maps are analytic/holomorphic.

Let G, := s~ !(x) Nt~ (x). Since every two arrows in G, can be multiplied, G, is a Lie group, called the
isotropy Lie group at x. G defines an equivalence relation ~¢g on M: x ~¢g y if there is an arrow g € G
such that s(z) = « and ¢(x) = g. The equivalence class of z is called the orbit O, through z. Points in the

same orbits share some common properties, they have:
e isomorphic source fiber s~!(z) and target fiber ¢t~!(z),
e isomorphic isotropy groups.
Proposition 1.1.8 ([15]). We have the following properties for a Lie groupoid:
1. uw: M — G is an embedding,
2. every orbit is an immersed submanifold,
3. t:s7(x) = O, is a principal G, bundle for all z € M.
Lie groupoids generalize Lie groups. Every Lie group is a Lie groupoid over a point.

Example 1.1.9 (Pair groupoids). Let M be a smooth manifold. M x M is a Lie groupoid with s(y,z) = x,
t(y,(E) =Y and (Zvy) . (y7x) = (Z7£C)

Definition 1.1.10. Let G be a groupoid over M. A G action on a manifold £ with moment map y: E — M
is defined by a map:

G xm E:={(g,¢)ls(9) = ple)} = B, (g,€) = ge
satisfying:
1. p(ge) = t(g),
2. g(he) = (gh)e, where every both sides are defined,

3. lyee=cforallecE.

Given a G action on E. We say that e and €’ in E are in the same orbit if there exists g € G, such that

e’ = ge.



Example 1.1.11. Let G be a Lie group acting on a manifold M. The manifold G x M has a groupoid
structure with s(g,x) =z, t(g,2) = g-x and (h,g-x) - (g,2) = (hg,x). We denote the groupoid by G x M.

Example 1.1.12. Given a G action on E with moment map p : E — M. We can define the action

groupoid G x X E, with space of arrows is G Xy E. The structure maps are:

S(gae) = evt(gve) = ge, (h’ge) : (g,@) = (hg7e)

Example 1.1.13 (Gauge groupoids). Let P be a principal G bundle. The gauge groupoid P @¢ P is defined
as follows: the space of arrows is the quotient space (P x P)/G, where G acts on P x P by

9-(¢,p) = (a9~ ", pg™"),

the structure maps are: s([q,p]) = p,t([q,p]) = ¢,[r, 4] - [g,p] = [, p].

We say that a groupoid is transitive if it consists of a single orbit. Gauge groupoids are examples of
transitive groupoids. In fact, every transitive groupoid can be described as a gauge groupoid.

Let G be a transitive groupoid. Pick a point x € M. Let G, = s~1(x) Nt~ (x) be the isotropy group.
According to Proposition 1.1.8, P, = s~ !(z) is a Principal G,-bundle. Then G is isomorphic to P ®¢, P.

Let G be a Lie groupoid. Let A := Kerds|y be the kernel of ds restricting on M. A becomes a Lie
algebroid with anchor map p = dt|4 : Kerds|py — TM. Let g :y < x € G. Let Ry : s~ (z) = s7(y) be the

right multiplication by g. Given a section « on A, we can extend it to obtain a section & on Kerds C TG by

a(g) = dRy(a(lyg)))-

Then bracket of A is defined by:
[0‘7 B]A('r) = [d’ /BKLL)v

where the left hand side is just the usual Lie bracket of vector fields. We call A the Lie algebroid of the
groupoid G, denoted by Lie(G). If we assume that the groupoid G is analytic/holomorphic, then Lie(G) is
an analytic/holomorphic Lie algebroid.

Let A be the Lie algebroid of a Lie groupoid G. The orbit of A is the connected component of the orbit of
G. If G is source connected, then the orbit of A coincides the orbit of G.

Definition 1.1.14. Given two Lie groupoids G = M and H = N, a morphism of groupoids is a pair of
smooth maps (F, f):

g LA,
ol
M N

which is compatible with all structure maps. We say that (F, f) is an isomorphism of groupoids if it is

N

invertible.
By compatibility of (F, f), we mean that the following conditions hold:
1. F(g) has source f o s(g) and target f ot(g),

2. For any composable arrows g, h € G, F(gh) = F(g)F(h),

6



3. F(1;) = 1y(4) for any x € M.

4. F(g™) = (F(g)™"

Given a morphism F : G — H between two Lie groupoids, the differential of F induces a morphism
Lie(F) : Lie(G) — Lie(H) between their corresponding Lie algebroids.

1.2 Integrability of Algebroids

1.2.1 Source Simply Connected Integration

Given a Lie algebra g, there is a unique simply connected Lie group integrating G, which is known as Lie’s

third theorem. Lie’s third theorem fails, in general, for Lie algebroids.

Definition 1.2.1. Let A be a (holomorphic/analytic) Lie algebroid. We say that A is (holomorphi-
cally/analytically) integrable if there is a (holomorphic/analytic) Lie groupoid G with Lie(G) = A. In

that case, we say that G is an integration of A.

Crainic and Fernandes [9] found the necessary and sufficient conditions for integrability of a real Lie
algebroid. Later [16] showed that a holomorphic Lie algebroid is integrable if and only if its underlying real
Lie algebroid is integrable. Hence the Crainic-Fernandes criterion applies also in the holomorphic context.

There may be multiple Lie groupoids integrating the same Lie algebroid A. A groupoid is said to be
source connected if its source fibers are connected. It is called source simply connected if the source
fibers s~1(x) are simply connected. The source simply connected groupoid plays a central role: if A is

integrable, there exists a unique source simply connected Lie groupoid integrating A.

Proposition 1.2.2 ([15]). Let G be a source connected Lie groupoid. There exist a groupoid morphism
T C; — G covering the identity, where:

e G is source simply connected,
e 7 is a local diffeomorphism,
e G and G has the same Lie algebroid.

A morphism of Lie algebroids can be integrated to obtain a morphism from the corresponding simply

connected Lie groupoid. We get the following algebroid version of Lie’s II theorem.

Theorem 1.2.3. [[9], [17], [18]] Let F : A — B be a morphism between integrable Lie algebroids. Let G and
H be integrations of A and B, respectively. Assume that G is simply connected, then F can be integrated to a

Lie groupoid morphism F : G — H.

Proposition 1.2.2 and Theorem 1.2.3 show that: once a Lie algebroid A is integrable, its source simply
connected integration exists and is unique up to isomorphism. The source simply connected integration can
be constructed as Weinstein groupoid of A, denoted by G(A) (see [9] for the detail). Without assuming
the integrability of A, one can define G(A) as a topological groupoid (without smooth structure). It turns

out that the Weinstein groupoid is the canonical model for measuring the integrability:

e A is integrable iff G(A) is a Lie groupoid ([9]),



e A is holomorphically integrable iff G(A) is a holomorphic groupoid ([16]),
e A is analytically integrable iff G(A) is an analytic groupoid.
The last argument can be proved as follows:

Proposition 1.2.4. If A be an analytically integrable algebroid, then its source simply connected integration

1s analytic.

Proof. Let G be an analytic groupoid integrating A. On each fiber s~!(x), we take the connected component
containing the identity 1,. Union all those connected components gives us a subgroupoid whose source fibers
are connected. Hence we may assume that the G is source connected. Let G be the source simply connected

integration with the groupoid morphism:

G—">¢

where 7 is a local diffeomorphism.
Let (Uy, ¢o) be an analtyic atlas for G with ¢, : U, — R™. For any point p € G, there is an open
neighborhood V C G such that «|y : V — 7(V) is a diffeomorphism. Possibly by shrinking the V, we may

assume that (V') is contained in some chart U,. Then (V, ¢ o 7) is a coordinate chart on G with
Paomy: V=R
Combining such coordinate chart gives us an atlas on G, whose transition functions:

(pgomw)o(daormly) ™ =dgom|wo(nly)  ody' =dgod,’

are analytic. With such analytic structure on G, « is just the identity map on the local coordinates. Since 7
is a groupoid morphism, on local coordinates, the structure maps of G has the same representations as in G,

hence are analytic. O

1.2.2 Cranic-Fernandes Criterion

In this subsection, we will describe the construction of Weinstein groupoid and the obstruction for the
integrability. Given a Lie algebroid A, let p : A — M be the projection onto the base manifold. We say that

aClcurve a: I — Ais an A-path if
d
t)) = —(t
pla(t)) = ZA(0)

where v(t) = poa(t) is the base curve. Let P(A) denote the space of all A-paths, which is a Banach manifold

with the topology of uniform convergence.

Definition 1.2.5. We say that two A-path ag,a; : I — A are A-path homotopic if there exists a Lie

algebroid morphism

O:T(IxI)— A, &= dt+ Dode



such that
Dy (t,0) = ag, Pu(t,1) =a1, P(0,¢) =D (1l,e) =0

In this case, we say that ® is an A-path homotopy between ag and a;.

The A-homotopy defines an equivalence relationship on the space of A-path, P(A4). The Weinstein
groupoid G(A) = P(A)/ ~, where s(a) = a(0), t(a) = a(1) and the multiplication is induced by concatenating
two paths (see [9] for details). With the quotient topology, G(A) becomes a topological groupoid. G(A) is
smooth if and only if A is integrable.

Example 1.2.6. Let g, be the isotropy Lie algebra of at x € M, which can be viewed as a Lie algebroid over
a point. The simply connected Lie group integrating g, is G(g.), which can also be viewed as a Lie groupoid

over a point.

Let F': A — B be a morphism between two Lie algebroids. F induces a morphism G(F) : G(A) — G(B)
between the corresponding Weinstein groupoids. For any A-path a : I — A, G(F)([a]) = [F o a]. If the both
A and B are integrable, then G(F) is a smooth map.

For any = € M, that the inclusion ¢ : g, — A is a morphism of Lie algebroids. Hence it induces a
morphism between topological groupoids G (i) : G(g.) — G(A). Let G(A), = s~ (z) Nt~ (x) be the isotropy
group and G(A)Y be its connected component of containing the identity. We have the image of G(i) is in
G(A)Y. Suppose that A is integrable, then G(i) : G(g,) — G(A4)% becomes a morphism of Lie groups. From
the classical Lie theory we know that G(i) gives a covering map and G(A)% = G(g,)/ker(G(i)). Therefore,
ker(G(i)) must be discrete when A is integrable. The kernel of G(4) is called the monodromy group of A,
denoted by N, (A). More explicitly,

Nz(A) :={[a] € G(g.)| a ~ 0, as A-paths }

The usual exponential map exp : g, — G(g.) between the Lie algebra and the corresponding Lie group is

given by mapping v € g, to its g,-homotopy class, i.e., exp(v) = [v]. Define
No(A) := exp L (N, (A)) = {v € go| v ~ 0, as A-paths}

It turns out that discreteness of N (A) and N, (A) are equivalent to each other.
Proposition 1.2.7 ([9]). For any Lie algebroid A and any x € M, the following are equivalent:
1. N (A) is discrete,
2. N,(A) is discrete,
3. N.(A) is closed,
4. No(A) is closed.
For the points in the same orbit, their monodromy groups coincide.

Proposition 1.2.8 ([15]). If x,y € M are in the same orbit of A, then there are canonical isomorphisms:



Combining all the monodromy groups at each point, we get:
N(A) :=U N (A) C A

The property of N'(A) gives a necessary and sufficient condition for measuring the integrability of A, which is

called Cranic-Fernandes criterion.

Theorem 1.2.9 ([9]). A is integrable if and only if there is an open neighborhood U C A containing the zero
section Op; such that UNN(A) =0y

The condition for N(A) in the above theorem is called the uniform discreteness of N(A). Notice that
if N(A) is uniformly discrete, then N, (A) is discrete for all # € M, which implies each N,(A) is also discrete.
Later we will see that the converse also holds when the algebroid is transitive.

According to Proposition 1.2.8, for a transitive Lie algebroid, to check the integrability, we just need to

check discreteness of the monodromy group at one point.

Corollary 1.2.10. [9] Let A be a transitive Lie algebroid. A is integrable if and only if one of the following
holds for some point x € M :

1. N, (A) is discrete,
2. N.(A) is discrete,
3. N (A) is closed,
4. N,(A) is closed.

Let @ C M be an orbit passing through z. Let [y] € m2(O,z) be represented by a smooth map
~v: I xI— O with the v(0(I x I)) = z. We choose an A-path homotopy:

O:T(I xI)— Alp, ®=,dt+ d.de
Dy(t,0) = 0,, D.(0,€) = D(1,¢) = 0y,

such that ® covers 7 in the commutative diagram:

T x I) —2= Alp

| 4

IxI —— 0.

Write a(t) = ®4(t,1). Since po ® = dvy and v is constant on the boundary of I x I, we have a(t) € g, for
all t € [0,1]. Hence a represents [a] € G(g,). It has been shown that the equivalence class [a] does not the
choice of the A-path homotopy ®. It only depends on the homotopy class [y]. Hence we obtain a morphism
of groups:

Oy 1 m2(0, 1) = G(g2), ] = [a] = a[n].

Moreover, we have

which can be seen from the following proposition.
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Proposition 1.2.11. [9] For any Lie algebroid A, there is a short exact sequence of groups:

10(0,2) 25 G(g.) 2% G(A), 25 m(0,2) — 1

where pg([a]) = [p o a].

If a Lie algebroid has zero anchor map, it is a bundle of Lie algebras. Since the orbits are discrete points,

we have that the monodromy group N, (A) is trivial. Hence, the algebroid is integrable.

Corollary 1.2.12 ([19]). A bundle of Lie algebras can be integrated to a bundle of Lie groups.

1.2.3 Holomorphic Lie Algebroid

In this section, we will see that the Cranic-Fernandes criterion also works on the holomorphic category.

Let (A, p, [, -]) be a holomorphic algebroid and let J be the complex structure on A. Forgetting about the
complex structure on A, we can view A as a real vector bundle, and the anchor map p: A — T M as a real
vector bundle map. Let A be the sheaf of holomorphic sections on A and A, be the sheaf of smooth sections

on A. By choosing local trivialization, any smooth section s € A, (U) can be written as linear combination:

= (fran + grJ (ax))
k=1

where f;, g; € C°°(U) are smooth functions on U and aj € A(U) is a holomorphic section. We can define a
bracket [, ]r in Ax(U) by extending the bracket on A(U) using Leibniz rule and C-linearity. Explicitly, the
bracket of s = Y7 | (frar + grJ(ax)) and s = >"\0, (flak + g, J(ax)) is given by:

[s,8']r _Z(fk filar,as) + fu filaw,as] + fi folaw,as] + fu folax, as))
+Z p(s) fs as + ‘Cp(s (gs) J( ))
—Z o) (fr) aw + Lo (gr) J(ar))

Let Ar be the underlying real vector bundle of A and pr = p. It has been shown that the above bracket
defines a real Lie algebroid (Ag,pr, [, ]r), which is called the underlying real Lie algebroid of the
holomorphic Lie algebroid A.

Theorem 1.2.13 ([10]). Let (A, p,[-,-]) be a holomorphic Lie algebroid. Then there is a unique real Lie
algebroid structure on the real vector bundle A with the same anchor map p such that the inclusion of the

sheaf A — Aso is a morphism of sheaf of Lie algebras.
The integrability of A is equivalent to the integrability of its underlying real Lie algebroid Ag.

Theorem 1.2.14 ([16]). Let A be a holomorphic Lie algebroid. A is holomorphically integrable if and only if

the underlying real Lie algebroid AR is integrable as a real Lie algebroid.

Moreover, Lie’s IT theorem holds for holomorphic algebroids.

11



Theorem 1.2.15 ([16]). Let G and F be holomorphic Lie groupoids. Let F : G — H be a real Lie groupoids
morphism between the underlying real Lie groupoids. Assume that Lie(F) : Lie(G) — Lie(H) is a morphism

of holomorphic algebroids. Then F is a morphism of holomorphic Lie groupoids.

Corollary 1.2.16. Let F': A — B be a morphism between integrable holomorphic Lie algebroids. Let G
and H be integrations of A and B, respectively. Assume that G is source simply connected, then F' can be

integrated to a holomorphic Lie groupoid morphism F : G — H.

Proof. According to Theorem 1.2.3, F' can be integrated to a morphism F : G — H of real Lie algebroid.
Since F' = Lie(F) : A — B is holomorphic, F is actually a morphism between holomorphic Lie groupoids. [

1.3 Poisson Manifolds

Let M be a smooth manifold and denote by C37 sheaf of smooth function of M.
Definition 1.3.1. A Poisson bracket on M is a sheaf morphism

{3} O xCip — O
such that for all f,g,h € CR(U):

1. Skew-symmetry: {f,g} = —{g, f}.
2. Leibniz rule: {f,gh} ={f,9}h+g{f, h}.

3. Jacobi identity: {f,{g,h}} + {g,{h, f}} + {h. {f,g}} = 0.

In local chart, by Leibniz rule, the Poisson bracket f,g € C$7(U) can be written as:

of o

Locally, a Poisson structure can be expressed as:
0 0
= Tijm— N .
Z Y (r“)l'z axj
Hence the above definition is equivalent to specifying a bivector field:

T e NTM

satisfying the Schouten bracket [m, 7] = 0 (cf. [13, Chapter 2]). The Poisson bracket can be recovered form
the bivector by

{f,9} = n(df,dg).

Remark. The above definitions extend to the categories of real-analytic and complex-analytic manifolds. If
M is a real-analytic manifold and the bracket takes analytic functions to analytic functions, then 7 defines an
analytic Poisson structure. If X is a complex manifold, replacing C°°(M) by the sheaf Ox of holomorphic
functions, and T'M by the holomorphic tangent bundle, the same axioms yield a holomorphic Poisson

structure on X.
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Let (M, ) be a Poisson manifold. 7 induces a bundle map

7 T*M — TM  a v igT,

and a Lie bracket on the space of differential one forms:

[, B)r := Lo (B) — Lazp(a) — d(w(a, B)) )
Then the triple (T* M, 7#,[-,-];) define a Lie algebroid over M.
Example 1.3.2. Any smooth manifold has a zero Poisson structure m = 0.

Example 1.3.3. Let g be a Lie algebra. For any & € g*, the tangent bundle T¢g* can be identified with g.
There is a Poisson structure m on g* called the Kostant-Kirilov-Souriau (KKS) Poisson structure, which
1s defined by:

7T§(df, dg) =< [dgf, dgg],f >
for any holomorphic functions g, h on g*.

More explicitly, if g has a basis {e1,- - ,en} with the bracket

e, €] g cwek

Then the KKS Poisson structure on g* = C™ can be written as:

7] 0
— E k

1<i<j<n

Such Poisson structures are also called linear Poisson structure.

Definition 1.3.4. For a smooth Poisson manifold (M, 7). The Poisson differential is the linear map
dr : T(AFTM) — T(AFHLT M) defined by:

k
(dat) (a0, .- ) = Y (=1 Loz (W00, .., &, ..., ax))
=0
Z ’+J19 ([ais ]y oy ooy @y Oy i)
0<i<j<

The Poisson differential gives a cochain complex:
o dr dr dr k dr dr n
0—=-C*M) =>TM = --- S ANTM - --- 5 A"TM =0

Definition 1.3.5. The Poisson cohomology of a Poisson manifold (M, 7) is the cohomology of the cochain
complex (D(AFTM), d):
ker(dy : T(AFTM) — AFTITM)

Hi(M) := Im(dy : D(AF=1TM) — T(AFTM))’

Remark. For a holomorphic Poisson manifold, the Poisson differential is defined on the sheaf of multi-vector

fields, and the Poisson cohomology is the sheaf cohomology of the cochain complex.
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Example 1.3.6. Let M be a smooth manifold and m = 0 be the zero Poisson structure on M. Then the
Poisson cohomology is HE(M) = T'(A*T M), which is always an infinitely dimensional vector space.

Example 1.3.7. Let g be a Lie algebra. Then g* is a Poisson manifold with linear Poisson structure w. The

Poisson cohomology of (g*,m) can be expressed as the Lie algebra cohomology with coefficients:
Hy(g") = H*(g,0%(g")),
Here we view C*°(g*) as an infinitely dimensional representation induced by Poisson structure:
p:g— ol (C=(g") p(v)(f) = 7(dgo, df),

where any v € g can be viewed as a linear function g, : o —< a,v > on g*.

In the smooth category, Poisson cohomology groups may have infinitely many dimensions and are difficult
to compute in most cases. However, Poisson cohomology groups for holomorphic Poisson manifold is always
of finite dimension ([10]).
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Chapter 2

Linearization of Groupoids

2.1 Linear Model of Groupoids

Let G = M be a Lie groupoid. We say that a submanifold S C M is a saturated submanifold if S is a union
of orbits. Denote Gg = s~1(S). Then we have the following groupoid:

Ngs =TG/TGs = Ng:=TM|TS,

whose structure maps are induced by the differential of structure maps of G. We call the groupoid Ng, = Ng
the linear model of G at S.

There are various ways of describing the groupoid structure of the linear model. The normal bundle Ng,
is also the pull-back of Ng by s:

Ngs = {(g.v) € Gs x Ns|s(g) = 7(v)}

Gs acts on S by normal representation. The groupoid structure on Mg, is given by the action groupoid

Gs x Ns.

Definition 2.1.1. Let G = M be an (analytic) Lie groupoid and S be a saturated submanifold of M. We
say that:

1. G is (analytically) linearizable at S if there exist an open neighborhoods of S, U € M and V C N,

such that the there is an (analytic) groupoid isomorphism:
g|U = Ngs |V

which is identity on Gg.
2. G invariant (analytically) linearizable if we can choose open neighborhoods U and V' to be invariant.
Definition 2.1.2. We say that a Lie groupoid G is:
e proper if the map (s,t) : G x G — M x M is proper,

e s-proper if the the source map s : G — M is proper.
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In the smooth category, proper groupoids can be linearized.

Theorem 2.1.3 ([4], [5], [1], [2], [3]). If a groupoid G is proper, then it is linearizable at any saturated

submanifold S. If we further assume that G is s-proper, then it is invariantly linearizable.

In the remainder of this chapter, we will mainly focus on the analytic category. We will show that when

G is analytic and s-proper, the linearization can be made analytic.

2.2 Riemannian Submersions

Let (E,n®) and (B,n”) be Riemannian manifolds. Let p : E — B be a submersion, we say that p is a
Riemannian submersion if for any e € F, the differential of p at e restricts to an isomortry between the

horizontal space at e and the tangent space of B at b = p(e):
dep : (kerdp): — T,B

In that case, n® = p,n¥ is completely determined by the metric n%, called the push-forward metric. We say

that the metric % is p-transverse if for any two points e, e’ € E with p(e) = p(e’), the composition
(kerdp): — TyB « (kerdp)Z

is an isometry. When n¥ is p-transverse, it induces the push-forward metric n® = p,n® on B, which makes
p: E — B a Riemannian submersion. If we further assume that n is analytic and p is analytic, then the

push-forward metric p,n is also analytic.

Lemma 2.2.1. Let p: E — B be an analytic submersion. There exists a p-transversal analytic metric ng on
E.

Proof. We have the following exact sequence on F

0 —— ker(dp) —— TE —>=— p*(TB) — 0.
'\/

o

Choose an analytic metric gz on E. Let o : TB — (Ker(dp))* be the projection onto the orthogonal

complement of Ker(dp), which induces an isomorphism
TE = p*TB & Ker(dp)

Choose an analytic metric gg on the manifold B, which induces a metric p*gg on p*(T'B). Define ng =

9E |Ker(dp) TP gB. We have np is p-transversal and analytic. O

Lemma 2.2.2 ([6]). Let q: E — E and p: E — M be surjective submersions. Let 1) be a q-transverse metric
on E. Then n is q o p-transverse if and only if ¢.n is p-transverse. In that case, (gop)en = pi(qsm).
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2.3 Quasi-action on Groupoids

Let 6 : G ~ E be an analytic groupoid action with momentum map ¢ : E — M. Let O be an orbit of the
action. Restricting the action groupoid G x FE to the orbit O, we get the analytic groupoid

G x Elo =g x 0 ={(g.€) € G x Ols(g) = q(e)}.
G x O acts linearly on the normal bundle Np = TE/TO. Any (g,¢) € G x O induces a linear isomorphism:
(g,€) : Ne = Nye,

which is defined as follows. Given v € N, choose curves ¢(¢) in G and e(¢) in E such that g(0) = g, e(0) = e,
€’(0) represents v, and s(g(t)) = g(e(t)). Then (g, e)v is represented by %|t20 (g(t)e(t)). One can check it
is independent of choice of curves, hence defines a groupoid action, called the normal representation,
denoted by No ().

We can dualize the normal representation to define the conormal representation N5(6) : G x O ~ N
Identifying N = (TO)°, for any « € (T'O)°, the action is given by:

NG (0)(g.e) (@) = a0 No(0) (g1 ge)-

To explicitly express the normal and conormal representations, let A be the Lie algebroid of G and let o

be a right-splitting of the following exact sequence.

0 t*A TG —>— s*TM —— 0. (2.1)
~_ —

o

By right-splitting of the exact sequence, we mean that the bundle map o : s*T'M — TG satisfies
S« 00 = idg«7pr- Notice such o always exists and can be analytic. Given an analytic Riemannian metric
on G, let (t*A)* be the orthogonal complement of t* A C TG. Restricting to the orthogonal complement,
Sul(e=ays (t*A)*+ — s*TM is an isomorphism. Let o : s*T'M — TG be the inverse of the isomorphism. We
have ¢ is an analytic right-splitting.

Given a vector v € T, E, which represents a normal vector [v] € Np ., the normal representation can be

written as:

No(0)(g.e)([v]) = [d0(o4(deq(v), v)] (2.2)

For o € (TO)? and v € Ty E, the conormal representation is:

N6(0)(g,e) (), v) = (e, dO(0g-1 (dgeq(v), v)) (2.3)

The above expressions does not depend on the choice of our splitting o.
Given an analytic metric 7 on TE, we can identify the normal bundle No = (T'O)+. 1 induces an analytic
metric n* on the cotangent bundle T*E. Restricting the metric n on (TO)L =2 N and n* to (TO)° = N,

we get metrics on Np and N respectively.

Definition 2.3.1. Let Let 0 : G ~ E be a groupoid action. We say that a metric n on F is transversely
f-invariant if for any orbit O, the normal representation No(0) : G x O ~ Np acts by isometry, or

equivalently, if the conormal representation Nj(0) : G x O ~ N acts by isometry.
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Lemma 2.3.2 ([6]). Let 6 : G ~ E be free and proper groupoid action with the quotient map ©: E — E/G.
The metric n on E is transversely O-invariant if and only if n is mw-transverse. In that case, E/G has a

push-forward metric mn, which makes m a Riemanina submersion.

Definition 2.3.3. Let § = M be a Lie groupoid FE be a manifold with a map ¢ : £ — M. Denote
Gxpu E={(g,e) €GxE|s(g) =qle)}. Wesay that 6 : G xy E — E is a quasi-action if ¢q(6(g, e)) = t(g),
denoted by 0 : GAE.

For any arrow g : y < x, the quasi-action 6 gives a map 0, : £, — E, between the fibers of the moment
map q. A groupoid action 6 : G ~ E may not be lifted to a groupoid action on the tangent bundle TE, but
we can always lift it to have a quasi-action.

With the splitting map, we can list the action 6 to the tangent space of E.

Definition 2.3.4. Let o : s*T'M — TG be a splitting of the exact sequence 2.1 and 6 : G ~ E be a groupoid
action with moment map ¢ : E — M. The tangent lift of 6 is the groupoid quasi-action 7,0 : G x EATE
with the moment map the projection p : TE — E defined by:

T50(g,e)(v) = db(o4(deq(v),v) (2.4)

We can also define the cotangent lift 70 : G x EAT*E by:

<T;9(975)(05),’U> = <a,T00(971,ge)(1})> (2.5)

In the analytic setting, we have the tangent lift 7,0 and the cotangent lift 7770 are analytic maps.
The following theorem generalizes [6] on the analytic context. When restricting to the conormal bundle,

the cotangent lift is independent of the choice of the splitting.

Proposition 2.3.5. Given a (analytic) right-splitting of the exact sequence 2.1 and a groupoid action
0 : G ~ E with moment map q : E — M, let O be an orbit of the action. (TO)° is invariant under the
cotangent lift quasi-action T0 : G x EAT*E. Moreover, when restricting to the conormal bundle (TO)°, the

cotangent lift and the conormal representation agree with each other, namely, T30 |(roye= N§(0).

Proof. When restricting to the orbit O,
0lo: G xp O— O.
Taking differentiation on both sides, we have
d0 |o: TG Xy TO — TO

For any v € T.O, T,0(4.¢)(v) = df(0o4(deq(v),v) € TyeO. Hence TO is invariant under the quasi-action 750.
By equation 2.5, (TO)° is invariant under the cotangent quasi-action T,:6. When restricting to (T'O)°, the

conormal representation 2.3 and cotangent lift 2.5 gives the same formula. O

2.4 Analytic Haar Density

It is well known that every proper groupoid admits a Haar density (cf. [20], [21]), which can be used to

average functions or sections of vector bundles. We will extend this result to the analytic setting.
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For the reminder of this chapter, we always assume that that the groupoid G is analytic and s-proper. In
this section, we will demonstrate the existence of a Haar density that varies analytically across the source
fibers.

Let V' be a vector space of dimension n. A density on V is a function

p:Vx---xV R
—_——

n copies

such that p(Twvy, -+, Tvy,) = |det(T)| (v, . .. ,v,) for any linear map T. D(V) denote the set of all densities
on V. We say that p is positive if p(vy,---,v,) > 0 for any linearly independent vectors vy, -+ ,v,. Let E
be a vector bundle on M. The set of all densities on each fiber D(E) = || .5, D(E)) gives a line bundle
over M, called density bundle of E. Let eq,--- , e, be a local basis of E, then |e; A--- A e,| is local basis
of D(E). A smooth section p of D(FE) is called a density of E. We say that u is positive if it is positive
at every point. In this paper, we only consider positive densities. When the bundle E is analytic, the line
bundle D(E) is analytic. We say that a density p is analytic if it is an analytic section of D(E). We denote
D(M) =D(T*M) and say u is a density on M if it is a density on its cotangent bundle. When the manifold
M is oriented, a volume form w induces a positive density |w| by requiring w, = |w,| for every p in M. Not
every manifold is oriented and admits a volume form, but every manifold admits a density and we can further
assume it to be analytic when M is analytic.

The following lemma is a well-known criterion for analytic functions [22].

Lemma 2.4.1. A smooth function f: U — R is an analytic function on an open set U C R™ if and only if
for any compact set K C U, there exists a constant C > 0 depending on K such that for all o € Z<y and all

re K,
9T < laltig
or™| —

The above lemma immediately yeilds the following.
Lemma 2.4.2. If f is a positive analytic function, then \/f is also analytic.
By the result of Morrey and Grauert, every analytic bundle E admits an analytic Riemannian metric

{gap}. We can define a positive analytic density by the local formula

pw=1/det(gap)ler A+ Aeyl.

According to the above lemma, p is analytic. Hence we have the following theorem.
Theorem 2.4.3. Fvery analytic vector bundle has a positive analytic density.

Lemma 2.4.4. Let s : E — M be an proper analytic submersion between two analytic manifolds. Given an
analytic measure on the vector bundle (Ker(ds))* — E, it induces a family of analytic measure p* on each

fiber s=Y(x). For any analytic function f on E, we have the function

18 analytic on M.
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Proof. By analytic version of Ehresmann theorem, s is a locally trivial fibration. Choosing some open
neighborhood U of z, we can just assume E|y = U x s~1(z) and s = pry;. Let {V;} be a finite open cover of
s71(z) and {p;} be a partition of unity subordinate to it.

/S_I(I) F@)u*(9) ZZ:/ipif(g)u (9).

It suffices to prove that g;(z) = fs*I(a:)va pif(g)n*(g) is analytic. In local coordinates, write g = (z,y) and
1 (g) = Mz, y)dy, we have
50) = | pi) .y,
Vi
Since f and A are analytic, so is fA. By Lemma 2.4.1, for any compact set K C U x V;, there exists
constant C such that ‘3a(f,\) (x, y)‘ < Clel+1q). Therefore

oz

‘a 2 (x)‘ < /
O supp(pi)

Definition 2.4.5. We say that a family of positive density {u”}.car on s-fibers of G is an analytic

9*(fA)
oz

(Hf,y)‘ dy < |supp(p;)|C1¥1al,

O

normalized Haar density if the following condition are satisfied:

1. (Analyticity) The function
T - flg)n*(g)

s (@)

is analytic on M for any analytic function f € C¥(G).

2. (Right-invariance) For any arrow y Lyand fe C*(s71(z)), we have
[ s = [ o).
571 () s (x)

3. (Normalization) The support of p* is compact and for all x € M

/ n(g) = 1.
s=1(z)

Let G be an s-proper analytic groupoid and A be its algebroid. Let p be a positive analytic density on
the dual bundle of Lie algebra A*. Define the map ¢ : Ker(ds) — G by ¢(g,v) = (t(g),dRg4-1(v)). We have
the following commutative diagram

Ker(ds) —% A

| |

G —L— M.

Pulling back an analytic density p through ¢ gives an analytic density fi on (Ker(ds))*, which induces a
family of analytic densities {ji”} on each fiber s7!(z). According to Lemma 2.4.4, {i*} varies analytically

across the fiber. It is easy to check that for any arrow y & x, i¥ = Ry i*. So {i"} is right-invariant. We
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define the following function:

= [ o

By Lemma 2.4.4, ¢(x) is analytic. Replacing i* by ﬁ ", we have an analytic normalized density and also

call it fi. Now we have the following theorem.

Theorem 2.4.6. Fvery s-proper groupoid G admits an analytic normalized Haar density.

2.5 Analytic Metric on Groupoids

Given an analytic right-splitting o, we can lift the groupoid action 6 to obtain cotangent quasi-action 77;6.
For simplicity, we denote ge = 6,(e) and ga = T; 04 0y(ax). Let p be an analytic normalized Haar density on
G, which always exists by theorem 2.4.6. Given an analytic metric 7 on E, we can take average of the metric
by the following method defined on [6].

Definition 2.5.1. Let G be an s-proper analytic groupoid and 6 : G ~ E be a groupoid action and 7 be an
analytic metric on E. The cotangent average 7 € I'(E,S?(T*E)) is an analytic metric on E obtained by

averaging n*, given by
(ie8)i= [ ilgaa9) (o)
G(—,x)
where z = q(e), y < z, and o, § € T*E.

Theorem 2.5.2. [6] Given groupoid action 0 : G ~ E and a metric n, let 77 be the cotangent average metric ,

then 1 is transversally 0-invariant.

Proof. Tt suffices to show that for any orbit @ C E, the conormal representation Ng(0) : G ~ (T'O)° acts by
isometry respect to the metric 7*|(roye x70)e. According to theorem 2.3.5, for any a € (T'O)°,

Né (0)(g7e) (a) = g«

h(ge) = N5 (0) (h,gey N6 (0) (g.e) (@) = N (0) (hg.e) (@) = (hg)a

O

Let GI¥! be k-tuple of arrows in G with the same target. Let G*) be the k-tuple of composable arrows.
G acts on GI*¥ by left multiplication g(hi,--- ,hg) = (gh1,--- ,ghk). The action is free and proper, with
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quotient map
7k . gkl _y g(k) ~ g[k]/g

where 7% (g1, -+, g) = (97 "2, . 97 19k)-

Definition 2.5.3. We say that an analytic Riemannian metric 7®) on G(? is an analytic 2-metric if n(?

is 7y, mo, m-transverse and (71).n?) = (12).n? = m.n?.
Theorem 2.5.4. Every Hausdorff analytic s-proper groupoid admits an analytic 2-metric n(?).

Proof. Let 1 be an analytic t-transverse metric on G, which induces the pull-back metric nl*! on G/, By
taking the cotangent average, we obtain 7*! on G, which is transversely invariant for left multiplication. 7*!
is transverse for the quotient map 7*) : G*l — G(*) hence induces the push-forward metric 7% = ﬂ,(kk) flk]
on G(F) (cf. Lemma 2.3.2). We claim that 77(2) is an analytic 2-metric on G(2).

We have the following commutative diagram:

...gll 5 gl —=g¢g
o ]
7 t
..g®@ T;> g ? M

where all the arrows are Riemannian submersions. Since the graph is commutative, we have (wl)*ﬁ(z) =
(2)4ii® = m i@ = 7 M52l 0

Theorem 2.5.5 ([6]). Let G be a proper groupoid and S be a saturated groupoid. Let 1) be a 2-metric on
G®@ | which induces a metric nV = m,n® on G. Then the exponential map of nV) gives a Linearization of
G at S. Namely, there exist an open neighborhoods of S, U C M and V C N, such that the following map is
an isomorphism:

Noslv — Glu

| |

| VA N

If we further assume that G is s-proper, then U and V' can be chosen to be invariant so that G is invariant

linearizable.

If we assume that the 2-metric is analytic, then the induced metric is also analytic. Hence we have the

exponential map gives an analytic groupoid isomorphism.

Theorem 2.5.6. Let G be an analytic s-proper groupoid and S be a saturated groupoid. Then G can be
analytically invariant linearizable at S.

22



Chapter 3

Complexification of Algebroids and
Groupoids

3.1 Complexification of Manifolds

Definition 3.1.1. Let N be a complex manifold and M C N be an embedded analytic submanifold of IV,
we say that M is a totally real submanifold of N if

T,M & J(T,M) = T,N

for any z € M

Remark. In this case, we also call M¢ a complexification of M.

We will see that the embedding M — M looks like the standard embedding R™ — C™ on local charts.

Lemma 3.1.2. Let N be a complex manifold and M C N be an embedded analytic submanifold of N. The

following are equivalent:
1. M is a totally real submanifold of N

2. For any x € M, there is a coordinate chart U C N containing x, such that

MNU={(z1,...,2,) €C" |z, €R i=1,...,n}

3. There is an open neighborhood U C N containing M and an antiholomorphic involution o : U — U
with Fix(o) = M

Proof. Let M be a totally real submanifold of N. Let z € N. In local coordinate, then analytic embedding
i : M — N can be represented by a embedding f : R™ — C". Since f is analytic, we can extend f to a
holomorphic map f : V' — C™, where V is an open set of C™ containing R™. Since M is totally real, we have
rank;d f =n. f gives a holomorphic local chart of N near x, which satisfies condition 2.

At any point z € M, let U C N be a local chart satisfying condition 2, define oy : U — U by

o(z1,+,2n) = (21, -+, Zn). We have the fixed point of Fiz(cy) = U N M. Since oy|lunvany = ov|vnvan
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for any such charts U,V C N. By analytic continuation, oy |yny = ov|vny. We can glue oy to get an
antiholomorphic involution o : W — W, where W C N is an open neighborhood of M in N.

Assuming 3, let # € M. Since (d,o0)? = id, T, N decomposes to +1 and —1 eigenspace of d,o. The
+1 eigenspace is T, M. Since do o J = —J o do, the —1 eigenspace is given by J(T,M). Hence we have
T.M& J(T,M)="T,N for any x € M. O

Example 3.1.3. Let g be a Lie algebra and g ® C be its complezification. Let G and G¢ be the simply
connected Lie groups integrating g and g ® C respectively. Then G — G is a totally real submanifold.

Example 3.1.4. Assume that X C R™ is an smooth affine variety, which is defined by polynomials f1,--- , fr €
Rlz1, - ,xn]. We can view f1,---, fi as polynomials in Clxy,--- ,x,]. Hence they define a smooth affine
variety Xc C C". X — X¢ is a totally real submanifold.

The following theorem shows that every analytic manifold can be realized as a totally real submanifold.

Theorem 3.1.5. [7][253] Any analytic manifold M can be analytically embeded to an complex manifold M¢

as a totally real submanifold.

In this case, we say that Mc is a complexification of M, and M is a real form of M. If N and N’ are

two complexification of M, then N and N’ are isomorphic in a neighborhood of M.

Lemma 3.1.6. Let M be a totally real submanifold of Mc. Then any analytic function on M extends to a
holomorphic function on a neighborhood of M in Mc¢

Proof. For any point z € M, take a local normal coordinate around x as in Lemma 3.1.2. Any analytic

function f can be written as its Taylor expansion

- o gtz L gtk
f= E Qi g e iy T T *
11,02, ik
We define the holomorphic extension of f to be
I= E ai1,i2,“wikzllzl2 e gt

11,82, ik

By analytic continuation, the extension is unique around z. Glue all those f, we get a holomorphic function
around M extending f. O

Proposition 3.1.7. Let M be a totally real submanifold of Mc. Let N be a complex manifold and ¢ : M — N
be a real analytic map. Then there exists neighborhood U C Mc containing M and a holomorphic map
q~5 :U — N such that q~5|M = ¢. Moreover, we have mnkcdmé = rankrd,¢ for any x € X.

Proof. Similar to 3.1.6, we can always extend ¢ by extending its Taylor expansion in each coordinate. We

have d,¢ is the complexification of d,¢ for all z. Hence they have the same rank. O
We also have the following proposition by analytic continuation.

Proposition 3.1.8. Suppose that a complex manifold Mc is connected. Let M be a totally real submanifold
of Mc and f be an (complex or real) analytic function on Mc. If f vanishes on M then it must vanish on
Mc.
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Let M be a smooth manifold. By Whitney’s theorem [23], we can always find an analytic coordinate chart
for M which is compatible with the given smooth structure. Then we can embed M be a complex manifold
Mc¢ as a totally real submanifold. Hence any smooth manifold M admits a complexification Mc.

Let (M, ) be a Poisson manifold. We can always give M an analytic structure. But the problem is,
in general, 7 may not be analytic on coordinate charts. When 7 is nondegenerate, we can always find an

analytic structure on M, such that 7 is analytic.

Theorem 3.1.9. [2/] Let (M, w) be a symplectic structure. There exists an analytic structure on M compatible

with the smooth structure, such that the symplectic form w is analytic on coordinate charts.

3.2 Complexification of Analytic Algebroids

Definition 3.2.1. Let (4, p, [-,-]) be an analytic Lie algebroid over an analytic manifold M. We say that a
holomorphic algeborid (Ac, pc, [, -]c) over Mc is a complexification of A or A is a real form of Ac if the
following holds:

1. M is a totally real submanifold of Mc¢,
2. Ac|lp = A® J(A), where J is the complex structure on Ac,

3. We have the following commutative diagram:

A— Ac

lp lpc (3.1)

TM —— TMg,

4. For any analytic section «a, 8 of A and any point « € M, we have

where & and B are holomorphic sections extending « and 3 near x.

Example 3.2.2. Every Lie algebra g can be viewed as a Lie algebroid over a point. Its complexification is

just the usual complexification of Lie algebra g @ C.

Example 3.2.3. Let TM — M be an analytic algebroid with identity anchor map. Let Mc be a com-
plexification of M. Then TMc — Mc with the identity anchor map is a complexification of the algebroid
TM — M.

Example 3.2.4. Let (R™, ) be an analytic Poisson manifold. Write
- 0 0
m ijzzl Tij (LC) 8.73i 8.73j

Embed R™ to C" by standard embedding. Since m;; is analytic, we can extend m;; to get holomorphic functions

i near an open neighborhood U C C™ of R™. We have a holomorphic Poisson manifold on U,

. 0 0
TC = Z 7”"(2)(% A 90
i J

ij=1
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Then (T*U, Wg, [, ]xc) is complexification of (T*R™, 7% [, ]).
Proposition 3.2.5. Fvery analytic algebroid A — M admits a complezification.

Proof. According to [7], [25], [26], there exists a holomorphic vector bundle Ac — Mc such that M is a
totally real submanifold of M¢ and Ac|y = A ® J(A). Locally we can choose trivialization such that the
embedding A — Ac looks like the standard embedding of R™ to C™:

Ao —— Acly
5 [
R® x RF L ¢ x Ck
Locally p can be expressed as a function R” — M« (R), which can be extended to a holomorphic function
U — M,xr(C), where U C C™ is an open neighborhood of C". Possibly by shrinking A¢ to an open

neighborhood of M, we can glue those extensions to get a holomorphic anchor map pc : Ac — TMc.
Similarly, we can define the bracket [, -]c by holomorphically extending [-,-]. O

Remark. The complexification of an algebroid A is not unique, but is unique near A, meaning that if A; and

Ay are two complexification of A, then they are isomorphic when restricted to an open neighborhood of M.

Proposition 3.2.6. Let x € M. Let g, be the isotropy Lie algebra of A at x and gc . be the isotropy Lie
algebra of Ac at x, we have

gc,z = 92 ® C as Lie algebras.

Proof. According to the Definition 3.2.1, Ac , = A, & J(A,;) for all z € M. Let w = u+ J(v) € gc,», Where
u,v € Az. Then pc(w) = pe(u) + pc(Jv) = p(u) + J o p(v) = 0. We have u € Ker(p) and v € J(Ker(p)).
Hence gc , = g, ® C as vector spaces. They are isomorphic as Lie algebra since the bracket in gc , extends

the bracket in g, by C-linearity. O

Proposition 3.2.7. If A is reqular then there is an open neighborhood U C Mc containing M such that

Aclu is reqular. Moreover, in this case, we have rankg p = rankc pc|y

Proof. By choosing local trivialization, locally p can be represented by a function R™ — M« (R),z — p;;(z).
Assume that rankg p = [. There exists a non-zero ! x [ minor of the matrix (p;;). And every (I +1) x (I +1)
minor is zero. Since pc can be represented by a n X k matrix (p;;), where p;; is the holomorphic extension of
pi;j- By analytic continuation, we have the same [ x [ minor of (p;;) is non-zero in an open neighborhood and

every every (I + 1) x (I 4 1) minor is zero. O

Definition 3.2.8. Let Gc = M¢ be a holomorphic groupoid and G = M be an analytic subgroupoid of G¢.
We say that G is a real form of G if it is a totally real submanifold of G¢. In this case, we also say that G¢

is a complexification of G.

Remark. As in the case of Lie algebroids, the complexification of a Lie groupoid G is not unique. However, the
groupoid structure on G¢ is uniquely determined in a neighborhood of G. The structure maps sc, tc, m¢ of
the complexified groupoid G¢ are holomorphic extensions of the analytic maps s,t, m, and by the uniqueness

of analytic continuation, they are uniquely determined near G.

G —— Gc



Now we have a notion of the real form of holomorphic algebroids and the real form of holomorphic

groupoids. They are related in the following way.

Proposition 3.2.9. Let G¢ be a holomorphic groupoid over a complexr manifold Mc. Let G be a real form of
Gc. Then Lie(G) is a real form of Lie(Gc).

Proof. We have the following commutative diagram:

M%Q:ﬁ;MC

Lol

M¢ —— Gc — Mc
(o}
For all x € M, we have

T, Mc = dscdic (T Mc)
C dsc(T.Ge)
=dsc(T»G ® J(T,G))
= dsc(T:G) ® J(dsc(T:9))
= ds(TuG) ® J(ds(T,G)) C ToM @ J(T, M)

ToM & J(Ty M) = dsdi(T, M) & dsdu(J (T, M))
= dscdic (TIM) D dSCdbc(J(TzM))
= dS(Cch(TwM) (5] J(dSCdbc(TwM)) C T, Mc

We have TMc|y = TM @ J(TM). Write Ac = Lie(Ge) and A = Lie(G). By the similar argument, we can
show that Ac|y = A® J(A). The commutative diagram (3.1) comes from the fact that G is a subgroupoid
of G¢. Let a, 8 € T'(A) be sections of A. Extending «, 8 to the right-invariant vector fields of G, then the Lie
bracket [, 3] is the usual Lie bracket of the vector fields in TG. Extending o and 8 holomorphically, we get
&, B as the right-invariant vector field of TGe. We have the holomorphic extension of [a, O] is @&, B]C. O

Proposition 3.2.10. Let (Ac, pc, [, Jc) = Mc be a holomorphic Lie algebroid. Let Ar be the underlying
real Lie algebroid. Let A — M be an analytic subbundle of Agr. Then A is a real form of Ac if and

only if there exists an open neighborhood V' containing M and an antiholomorphic Lie algebroid involution
o AR|V — AR|V with FZ(L’(O’) =A.

Proof. Assume A is a real form of Ac. At each point x € M, we can always find a local trivialization of A¢

and A such that we have the following commutative diagram:
Alunn —— Aclu
% [
R x RF —7 5 ¢n x CF
where ¢ and ¢ are local trivialization of A and A¢ around z, U is an open set in M¢ containing x, and j is

the standard embedding of R x R* to C"™ x C*. Let oy be defined by requiring ou(21, " Zny ULy e, Ug) =
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(Z1,++* yZn, U1, -+ ,Ux). By analytic continuation, we can glue such oy to get an anti-holomorphic involution
o on a neighborhood of M with Fiz(c) = M.

It suffices to show that o is a Lie algebroid morphism. Let A : V' — V be the anti-holomorphic involution
covered by 0. Then dAoproo: Agr — TV is a holomorphic map which is identity when restricting to A
is the same as pc. By analytic continuation, dX o pg 0 0 = pc, i.e., d\ o pr = pc 0 0. Any smooth section
of A can be locally written as linear combination ), frex, where e is a holomorphic section and fj, is a

complex-valued smooth function. It suffices to show that for any smooth complex valued function f and g,

[o«(fei), 0*(963')]1% = O« [feiagej]R

where 0,(e) = coeoA7L.

oulfei,gejln(2) = m
F@)9(@)lei,e5] + prlei)(9)(2) - F(2)e; — pr(e;)(F)(Z) - g(Z)es
F@)9(2)lei,e5] + prled)(9(2) - F(Z)e; — pr(e;)(F(2)) - g(2)es
= [f()ei, g(2)eslr
= lou(fei), 0 (9¢))]r

O

Theorem 3.2.11. Let Ac be a complexification of A. If Ac is integrable, then A is analytically integrable.
Moreover, there is an open neighborhood U C Mc containing M, such that A integrates to a real form of Gc,

where Ge is the source simply connected integration of Aclu.

Proof. According to Proposition 3.2.10, there exists an open neighborhood U C M¢ and a Lie algebroid
involution ¢ : Acly — Ac|u. Let G¢ be the simply connected integration of Ac|y. Integrating the
antiholomorphic Lie algebroid morphism o, we have an antiholomorphic involution ¥ : Gc — Ge (cf. [16]). Let
G be the fixed point set of Gc. Restricting the structure maps to G, we can give G a Lie groupoid structure.

By Lemma 3.1.2, we have that G is a real form of Gc. O

3.3 Integration of the Complexification

Theorem 3.2.11 shows that integrability of the complexification implies the integrability of A. In this section,

we are going to show that the converse also holds in the following cases:
1. The anchor map is zero;
2. The anchor map p: A — T'M is injective at some point;
3. A is transitive, meaning the anchor map is surjective.

Let A be an analytic algebroid with zero anchor map. Then it is an analytic bundle of Lie algebras with
fibers g,. Its complexification Ac is a bundle of complex Lie algebras with fibers g, ® C. Let G, and G¢
be the simply connected Lie groups integrating g, and g, ® C respectively. According to Corollary 1.2.12,
both A and Ac can be integrated to bundles of Lie groups, whose fibers are G, and G¢ , respectively.

For the Lie algebroid with ”almost injective” anchor map, we have the following theorem:
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Theorem 3.3.1 ([27],[9]). If a Lie algebroid A has injective anchor map on a dense open set, then it is

integrable.
If the anchor map of a holomorphic algebroid is injective at one point, then it is injective on a ”large set”.

Theorem 3.3.2. Let Ac be a holomorphic algebroid over a connected complex manifold Mc. If the anchor

map pc 1S injective at some point, then Ac is integrable.

Proof. According to Theorem 3.3.1, it suffices to show the set
{x € Mc|pc,, is injective}

is open and dense. Let k be the rank of the vector bundle A¢ and n be the dimension of M¢. Since the

anchor map pc is injective at some point, we have k < n. Let x be a point such that pc . is injective. O

Corollary 3.3.3. Let A be an analytic algebroid over a connected analytic manifold M. If the anchor map

of A is injective at one point, then A is analytically integrable.

Proof. Let Ac — Mc be a complexification of A. We may assume that Mc¢ is connected. Assume that the
anchor map is injective at some point x, by Proposition 3.2.6, the anchor map p¢ of Ac is also injective at x.

We have Ac is integrable, which implies that A is analytically integrable (cf. Theorem 3.2.11). O

Let A be a transitive analytic algebroid and let Ac — M¢ be a complexification of A. According to
Proposition 3.2.7, possibly by shrinking Mc, we may assume that Ac is also transitive. By shrinking M¢ to
a tubular neighborhood of M in M¢, we may assume that M and M¢ are homotopy equivalent. We will
show that the integrability of A implies the integrability of Ac.

Recall that a transitive Lie algebroid is integrable if and only if the monodromy group NI(A) is closed for
some z (cf. Corollary 1.2.10). Recall from Proposition 1.2.11, we have the following exact sequence:

G(i)

T (M, z) 25 Glga) 2% G(A)y 25 m (M, z) — 1.

The image of 3, is the monodromy group N, (A). We will use the exact sequence to compare the monodromy

groups for A and Ac.

Theorem 3.3.4. Let A be a transitive integrable analytic Lie algebroid. Let Ac — Mc be a complexification
of A, then there is an open neighborhood U C Mc containing M such that Acly is integrable.

Proof. By shrinking M¢, we may assume that M¢ has the same homotopy type of M and Ac is transitive.
We will prove that Ac is integrable in this case. It suffices to show that its underlying real Lie algebroid
is integrable (cf. [17]). By abuse of notation, we will use the same notation Ac for the underlying real Lie

algebroid. The inclusion A — Ac is a morphism of real Lie algebroids, which gives a commutative diagram:

o (M, ) —%— G(g,) — G(A),

s |o@ |

mo(Mc, x) e, G(gc,z) — G(Ag)q.

j is induced by the inclusion M — M¢. Since M — M¢ gives a homotopy equivalence, we have j : mo(M, z) —
7o (Mg, x) is an isomorphism. According to Proposition 3.2.6, gc, = g ® C. Let ¢ : g, — gco be the

29



inclusion. We have ¢ is a real Lie algebroid morphism, hence can be integrated to a Lie algebra morphism
G(¢p) : G(9s) — G(gc,x)- Let ¢ : goo — g be the projection to its real part. ¢ is a morphism of real Lie
algebras and we obtain G(¢) : G(gc,») — G(g). We have G(¢) 0 G(¢) = id. Since G(¢) 0, = I, © j, we have

Oz = G(0)G(¢) 0 0y = G(p) © e,z 0 J-
Since j is an isomorphism, we have
(G(#)) 1N (A)) = Na(Ac).

Since N, (Ac) is closed, we have NV, (Ac) is also closed. O

For transitive Lie algebroids, there is only one orbit, and thus all monodromy groups are isomorphic. In
such cases, understanding the monodromy groups of A provides information about the monodromy groups of
its complexification Ac. However, in the general (non-transitive) case, it is not straightforward to relate the
monodromy groups of A and Ac¢. In particular, there may exist orbits of A¢ in M¢ that lie arbitrarily close
to M but do not intersect it.

Example 3.3.5. Consider the linear Poisson manifold (so(3)*, 7). With respect to the basis Fa3, E31, E12,

we can identify s0(3) = R3. Using coordinates 1,2, 3, the Poisson bivector is given by:

0 0 0 0 0

e T LI A s I A P

The symplectic leaves (orbits) of this Poisson structure are {0} and the spheres
52 ={(z1,22,23) ER® ’ a3 +a5+a3=r"}  forr>0.

The complezification of s0(3) is
50(3,C) =s0(3) ®r C = s((2,C),

and the complexified Poisson manifold is (s0(3,C)*,mc). The complex Poisson bivector takes the form:

0,0 0 0, 0 0
92 0z 2 0m 0m TP an N ony

TTC = 21 —
The symplectic leaves are given by the level sets:

O, = {Z S 50(3,@)*

42 +25=A}, AeC.

When X is sufficiently close to a real number, the orbit Oy may contain points arbitrarily close to
50(3)* Cs0(3,C)*, but it does not intersect the real form unless A is itself real.
3.4 Complexification of Source Proper Groupoids

Definition 3.4.1. Let G be a Lie group. We say that a complex Lie group G¢ is a complexification of G

if there is an injective group homomorphism

L: G — Ge
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satisfying the universal property: for any complex Lie group H and any Lie group homomorphism ¢ : G — H,
there exists a holomorphic Lie group homomorphism ¢¢ : Gec — H such that ¢ = ¢¢ o ¢.

Every compact Lie group G admits a complexification G¢ (cf. [28], [29]). In that case, the Lie algebra
of G¢ is the complexification of Lie algebra of G and G is a totally real submanifold of G¢. Moreover, the
complexification of a compact group G is unique up to isomorphism.

A principal G-bundle is determined by an open over {U;} and transition functions:
gij:Uij = UiﬁUj—>G

which satisfy the cocycle conditions.
Assume that P is an analytic principal bundle over an analytic manifold M. Let M¢ be a complexification

of M. Then we can holomorphically extend the transition functions to

9ij : Uij = Gc
where ﬁij C Mg is an open neighborhood of U;;. Then we can glue charts by the transition functions to
obtain a principal G¢ bundle. First we need the following lemma.

Lemma 3.4.2. Let M — N be an embedding of smooth manifold. Let U be an open set in M. There exists
an open set V. on N such that VN M = U and

VAM=VnM
Proof. There is a tubular open neighborhood W C N of M and a smooth retraction:
r:W —X

such that r|x = idy. Let V =r=3(U) N W. Since U is open in M and r is continuous, we have V is open in
N. We claim that V' is the desired open set.

We have VN M =r~Y(U)NWNM =U. It is clear that VN M C VN M. To see that VN M C VM
let z € V.N M. There is a sequence of points {yx} C V, such that y, — 2. Then we have r(yx) — r(x)

=z
Hence z € (V) C VN M. O

)

The following theorem gives a special case for [30, Theorem 1].

Theorem 3.4.3. Let G be a compact group and P be an analytic principal G-bundle over an analytic manifold
M. Let G¢ be the complezification of G. There exists a holomorphic principal Ge-bundle Pc such that P is
a totally real submanifold of Pc and the embedding P — P is G equivariant.

Proof. Let {U;} be an open cover of M with transition functions g;; : U;; = U; N U; — G for the principal
bundle P. Let M¢ be a complexification of M. By analytic continuation, extending g;;, we get a holomorphic
function

gij : ﬁij C Mg — G((j,

where Uij is an open set in Mc containing U;;. We may also assume that g;; satisfies the cocycle conditions.
We can find an refinement {V,,} of the open cover {U;}, such that V, C Ui(a) is compact and V,, only
intersects finite many Vj’s. Replacing {U;} by {V,,}, we may assume that U; NU; C U;;, where the closure is

31



taken inside M.

According to Lemma 3.4.2, we can choose open sets [71 in M¢ such that M N 01 = U; and i NnNM="U,.
Possibly by taking a refinement, we may assume that each U; only intersects finitely U;’s. By modifying the
open cover {U;}, we want to find a set of open sets {W;} in Mc, which satisfying the following conditions:

1. {W;} covers M, ie, M C U;W;;

2. Wiﬁszwifﬁiﬁszw'

3. WiijCUij 1f[]'zﬂUJ7é®

Suppose that {V~Vl} exists. We can restrict the function g;; on Wi N Wj to obtain holomorphic transition
functions:

§ij : Wiij — G(C.

Write W = U;W;. Define a principal bundle over W by:
P = |_|V~Vl X Gc/ ~,
i

where the equivalence relation is given by (z,A) ~ (z, §i;A). Then Pc is the desired holomorphic G¢ principal
bundle.

Now it suffices to show that such an open cover exists. Take

V;‘j = (Ul — Ul n ﬁ]) U Uij.
Let \Zj be the interior of IN/” We claim that f/ij is an open neighborhood of U;. For any point z € U;, if
T € ﬁﬂﬁj, since ﬁzﬁﬁ] - Uij, we have x € (]}j is an interior point of f/” Since Ui N M C U;, we have

U,NU;NMCUNT;nMCT;,NT,

g U; N 7j, then it is not in the set Ul N Uj, hence it is an interior point of Ul — Uz N Uj.
Set

01‘(-101'750

We have W; is an open neighborhood of U;. Then U;W; is an open neighborhood of M. If U; N U; =0, then
WinW,; =0. fU; nU; # 0,

WiﬂWjC‘zjﬂﬁimUjCUﬁ
O

Definition 3.4.4. Let A be an analytic Lie algebroid. We say that A is of s-proper type if there exists an
analytic s-proper groupoid G integrating A.

Assume that G is an analytic s-proper groupoid integrating A. Let O be an orbit of the groupoid G.
Let x € O and P = s~ (x). We have t : P — O is a principal bundle over O with the structure group
G = s Yx)ntl(x). Let N = T,M/T,O be the normal bundle at x. We have G acts on N by normal
representation. The linear model of G can be realized as follows (cf. [4]).

32



e The normal bundle of O is isomorphic to the associated vector bundle
No = (P x N)/G,
where G ~ P x N by A(g,v) = (gA7 %, Mv).
e The normal bundle of Go = s71(0) is:
Ngo, 2 (P x P xN)/G,
where G ~ P x P x N by (g, h,v) = (gA~1, hA71, \v).
e The structure of the linear model is given by:

5([gvhvv]) = [h,v],t([g,h,v]) = [971)]7 [gvhv U] : [h,kﬁ,’l}] = [g7kvv] (3'2)

Now we can complexify the linear model to obtain a holomorphic groupoid. Let Pc be a complexification
of P in Theorem 3.4.3. Since G acts on N by normal representation p : G — GL(N), by the universal
property of G, we can extend p to a holomorphic representation pc : Gc¢ — GL(N ®C). Denote N¢c = N®C.

We can define a holomorphic groupoid
(Pc x Pc X N¢)/Ge = (Pc X N¢)/Ge,

whose structure maps are define in the same way of (3.2). To show that the groupoid is actually a

complexification of the linear model, we need the following lemma about quotient map.

Lemma 3.4.5. Let f: M — N be an embedding. Let G be a Lie group acting N and H C G be a subgroup

acting on M. Both actions are free and proper. Assume that:
e f is H-equivariant,
e the induced map f: M/H — N/G is injective,

Then f: M/H — N/G is an embedding.

Proof. f is injective means that every orbit of G in N restricts to an orbit of H in M:
FHG - f(m))=H-m forall m € M.

We have the following commutative diagram:

¢771\/I B \I(TFN
m/HE L NG

Let v = d7rM(w) S Ker(d?)v

df[m](v) = df[m] o dnn|m(w) = dn|f(m) © df [m(w) = dmar(w) =0
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We have
df|m(w) € Tyim)(G - f(m)) = w € T (H - m) = v = dmrpy(w) = 0.

We have f is an injective immersion. Let U C M/H be an open set. Then F]_VII(U) C M. Since f is an
embedding, f(7,;(U)) C M is open in the subspace topology of f(M). Then

v (f(myf (U))) = F(U)
is open in the image of f in the subspace topology. O

Proposition 3.4.6. Let Mc be a complex manifold and M be a totally submanifold. Let G be a compact Lie
group acting on M and G¢ be the complexification. G acts holomorphically on M¢. Assume that:

e both G and G¢ actions are free and proper,
e the embedding M — Mc is G-equivariant.
Then M /G — Mc¢/Gc is a totally real submanifold.

Proof. Fix x € M, define the orbit map:
e ,:G—>G-x, g— gr.
Taking the differential, since the action is free, we obtain the following isomorphism:

d
dPyle 9 = To(G-x), v+— —

p exp(tv) - x.

t=0

Taking differential of the following commutative diagram:

G—— G-z

| l

G([j E— GC - T,
we obtain:

g —— T,(G-x)

J |

gc 2 g®ig — T,(Gc - x),

where the bottom map is holomorphic. We have
T(Ge-x) 2 g@ig = Tu(G - 2) & J(T:(G - z)),
which shows the following:

Tm(M((j/Gc) = Tch/TZ<G(C . w)
=(TeM @ J(ToM))/(To(G - ) & J(Te(G - x)))
~T,.(M/G)® J(T,(M/G))
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Proposition 3.4.7. The holomorphic groupoid (Pc x Pc X N¢)/Ge = (Pc X N¢)/Ge defined above is a
complezification of the linear model (P x P x N)/G = (P x N)/G.

Proof. Let (g,h,v),(¢',h',v") € P x P x N. If they belongs to the same orbit in Pc x Pc x Ng, then there
exist A € G¢, such that
(gA~H AT dw) = (¢, W,

Since ¢ = ¢’\, we have g and ¢’ belongs to the same fiber of P. Then there exist a unique element
£ € G, such that g = ¢’¢. We have A € G. This shows that the induced map between the quotient spaces
(PxPxN)/G— (Pc x Pc x N¢)/Gg is injective.
By Lemma 3.4.5, the standard embedding P x P x N — Pr X Pc x N¢ induces the following embedding
between groupoids:
(PxPxN)/G — (Pcx Pcx Nc)/Ge

H H ;
(PXN)/G — (PCch)/G(C

where all the structure maps of groupoids are preserved. According to Proposition 3.4.6, (P x P x N)/G is a
totally real submanifold of (Pc x Pc X N¢)/Ge.
O

We say that a Lie algebroid is integrable if it is a Lie algebroid of some Lie groupoid. We say that a Lie
algebroid A — M is locally integrable if for every point z € M, there is an open neighborhood U of z,
such that A|y is integrable.

Remark. Integrability is not a local problem. There are Lie algebroid that are locally integrable but not
globally integrable (cf. [9, Example 4.3 and 4.5]). There are also algebroids which are not locally integrable
((cf. [9, Example 4.4])).

Theorem 3.4.8. Let A be an analytic algebroid of s-proper type and let Ac be its complexification. Then Ac
is locally integrable around M (i.e. for every point x € M, there is an open neighborhood U C M containing

x, such that Ac|y is integrable).

Proof. Tt suffices to show A is integrable around each point of z € M. Let G be an s-proper analytic groupoid
integrating A. Let O be an orbit. According to Theorem 2.5.6, G can be analytically linearizable around O.
There exists an open neighborhoods V' and W, such that G|y = (P x P x N)/G|w. According to Proposition
3.2.9 and 3.4.7, the Lie algebroid of (Pc x Pc X N¢)/Gc is a complexification of A|y. Then there is an open
neighborhood W C (Pc x Ng¢)/Ge¢ and V C Mg, such that (Pc x Pc x Nc¢)/Gclyy integrates Acly O
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Chapter 4

Poisson Cohomology of Projective

Spaces

4.1 Poisson Structure on Projective Spaces

Let X be a complex manifold. Recall that a holomorphic Poisson structure on X is a holomorphic bivector
field 7 € HO(X, \® Tx) which satisfies the Schouten bracket [r, 7] = 0.

Definition 4.1.1. Let 7 be a holomorphic Poisson structure on C**!, we can write
0 0
= i m— N 5—
Z 0z 0z
0<i<j<n
We say that 7 is a quadratic Poisson structure if 7;; are homogeneous quadratics.

Definition 4.1.2. Let v € H?(A¥T¢n11) be a multivector field. We say that v is homogeneous of degree

k if v can be written as:

0 0
v = Z fjlwwjk%jl/\"'/\azjkv (4'1)

0<y1<g2<;,<gr<n

where f;, ... j.’s are homogeneous polynomials of degree k.

Let p : C"*1\ {0} — P" be the quotient map. Let v € HY(A*7T¢ns1) be a multivector field of homogeneous
degree k. Since v is invariant for the C* action A : C"*1\ {0} — C"*1\ {0} v — Av, v descends to
a multivector field p,v € HO(A*TP™). Actually, any multivector field in P" comes from a homogeneous

multivector field in C*t1.

Lemma 4.1.3 ([31]). Any multivector field w € H(X, \¥Tpn) can be written as
w = p,v,

where v € HY(AF*Tgni1) is homogeneous of degree k. Two multivector fields v,v' in C"*1 present the same
multivector fields in P™ if and only if:
v—v' =FAu,

where E =", zL£ is the Euler vector field and v € H(A*~1Tcn11) is homogeneous of degree k — 1.
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Definition 4.1.4. Let ¢ : X — Y be a smooth map between smooth manifolds. We say that two multivector
fields © € I‘(/\pTX) and v € I‘(/\”TX) are ¢-related if and only if, for every point x € X and for every
choice of covectors ay,...,q, € T;(m)Y, we have:

Vf(a) (ozl, . ,ap) = U, ((b;(al), ce ¢>;(ap)).
In this case, we denote v = ¢,0.

Lemma 4.1.5 ([31]). Let ¢ : X — Y be a smooth map between smooth manifolds. Let ¥, be two multivector
fields on X and v,w be multivector fields on Y such that ¢.v = v and ¢.w = w, then we have the Schouten

bracket commutes with ¢ in the following way:
[v, W] = Pu[V, W]

By the above lemmas, every Poisson structure on P" comes from a quadratic Poisson structure on C"*1:
> g gy
™= 7Tij
0z 0z
0<i<j<n v J

where 7;; are homogeneous quadratics. Two Poisson structures m and 7’ on C"™! descend to the same

Poisson structure on P” if and only if a vector field Z such that

T—n' =EANLZ,
where E = Z?:1 Zia%i is the Euler vector field.
Example 4.1.6. Any bivector field of the form:
0 0]
™ = Z aijZing A\ g
i J

0<i<j<n

descends to a Poisson structure on P", called a diagonal Poisson structure.

4.2 Poisson Cohomology of P"

Let (X, 7) be a holomorphic Poisson manifold of dimension n. Recall that the Poisson cohomology H2(X) is

the cohomology group of the complex of sheaves
dr dr dr i dr dr n
0-0x =Tx — - S NTx — - = AN"Tx =0

Lemma 4.2.1. [10] The Poisson cohomology of a holomorphic Poisson manifold (X, ) is isomorphic to the
total cohomology of the double complex

37



o1 w1l

000(x,720x) & Qol(x,T20x) & Q0(X,T*0X)
dr] dr] dr]

Q00(x, THOX) 2 0i(x, Thox) 2 0r(x, Ti0x) &
dy ] dy dr 1

000(x,700x) & qolx,T00x) & Qor(x,T00%) &

\LQJ\

where Q%4(X,T90X) = D(AY(T*X)% @ A (THOX)).

Lemma 4.2.2. Let (X, ) be a holomorphic Poisson manifold. If all the higher cohomology groups
HY(X,NTx) vanish for i > 0, then the Poisson cohomology H2(X) is isomorphic to the cohomology
of the complex

0 HO(X,0x) L= HOX, Tx) 2= - 2 HO(X, A" Tx) = 0 (4.2)

According to Bott formula and Serre duality, we can compute the following cohomology for projective
spaces.

Theorem 4.2.3. The Betti number for the multivector sheaf is given by:

1
(“Z* )(Z) ifqg=0,0<k<n,
ha(B", AFTpn) =

0, otherwise.

To compute the Poisson cohomology of projective spaces, we observe that each vector space in the sequence
(4.2) is finite-dimensional. Therefore, it suffices to determine how the Poisson differential acts as a linear map
between these vector spaces.

Let 7 be a Poisson structure on P™. There exist a quadratic Poisson structure 7 such that m = p,7. Define
Vi as the vector space of all homogeneous multivector fields of degree k in C"*'. Let W}, = HO(P", AFTpn).
According to Lemma 4.1.3, Wi, = Vi, /(E A Vi;—1). We have the following commutative diagram:

dx
Vi Vi1

| |

dﬂ' ~
Wy & Vk/(E A kal) — Wi = V}c+1/(E A Vk),

For any positive integer k and multi-index I = (i1,--- ,ix) and J = (j1,- -, jr), write
& 0 Aen 0
1,J 11 1k 6Zj1 8Z]k

ThenSk:{w’f’J|0§i1gigg-.'gikgn,Oﬁjl < Jo <-+- < jr <n}isa basis of V. Write

where 7;; is a homogeneous quadratic. Write f7(z) = z;, - - - 2;,. By direct computation, we have:
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dﬁ(w]]g,J) = [7~T’ f1(z) a]]

= [7, f1] NOs + fi1(2) [, 0/]
:Zzﬁ'ab(z)ai%aa/\ajl/\---/\aj

k -
T D) ) L A, O as(2) Oa NOyNDjy A---D; -+

. P
0z},

ADj,.

With the basis, the Poisson differential difr can be represented by a dimVy4; X dimVy matrix involving
uv k : .
biy. Then the rank of d is given by:
rank d¥ = dim(Im(d%) + E A Vig1) — dim(E A Vigq)
Then the dimension of the holomorphic Poisson cohomology for 7 in P" is given by

dim H*(P") = dim H°(P", A\*Tpn) — rank d¥ — rank d*~1,

which is computable by the code in Appendix A.

4.3 Applications

4.3.1 Poisson Cohomology of P?

A Poisson structure on P? is given by a holomorphic bivector field 7 € HO(P?, A2Tp2) = HO(P?, Op2(3)).
Since the Schouten bracket |7, 7] lies in H?(P?, A2Tp2) = 0, every holomorphic bivector is automatically

Poisson. Hence the Poisson structure on P? is classified by the homogeneous polynomail of degree 3. Let

_ ik
F(z0,21,22) = E Qijk 2021 2o -
i+j+k=3

It determines a Poisson structure on P? given by:

ap=p (2P 2,0 [ OF 9 9  OF 9 9
B =D 82’0 821 82’2 82’1 822 82:0 822 82’0 62:1 '

For the purpose of computation, we write:
3 2 2 2 2 3 2 2 3
F = a1z + 22021 + a32522 + a2021] + 5202122 + 62025 + arz] + agziz2 + agz125 + a102;5,

which gives the Poisson structure:

T = Py ((3@12'3 + 2a02021 + 2a32022 + a4z% + asz120 + a6z§) 0z, N Oy,
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+ ((IQZ(Q) + 2a42021 + a5z0z2 + 3a7zf + 2agz122 + agzg) 0z, N Oz,

+ (a3zg + a52021 + 2a62022 + Cng% + 2a9z129 + 3aloz§) 0z N 8Z1).

We can use our code to compute the Poisson cohomology for any Poisson structure on P?. The Poisson
cochain (4.2) on P? is:

0 __ 1
HO(P2,0p2) = C =% HOP2, Tp2) =5 HO(P2, A2T52) — 0

We have the Poisson cohomology of 7 is given by:

1 i =0,
) o 8 —rank(dl) i=1,
dim H,. (P*) =
10 — rank(dl) i=2,
0 1> 2.
The moduli space of Poisson structures on P? is C'° with coordinates ai,--- ,a19. By the computation,

we find that dl is of full rank in an open dense subset of C!°. Therefore, we have the following proposition.

Proposition 4.3.1. For the generic Poisson structure on P?, we have the Poisson cohomology is given by:

1 i=0,

. 0 i=1,
dim H: (P?) =

2 i=2,

0 7>2.

We also compute Poisson cohomology for some specific Poisson structure on P2, which recovers the result
in [32].

Example 4.3.2. o For F(z20,21,22) = 23, T = pa (3 22 6%1 A 6%2), we have:
dim H}(P?) =5, dim H2(P?) = 7.

_ .3 p) p) 2 8 d .
o For F(zy,21,%2) = 23, ™ = Px (22021 727 N3y — %0 955 872)’ we have:

dim H}(P?) =3, dim H2(P?) = 5.

o For F(zo,21,20) = 2 + 2821 — 12229, ™ = ps ((2z0z1 +323) 8%1 A 6%2

+ (=28 + 1421 29) 8%0 A %), we
have:
dim H}(P?) =0, dim H2(P?) = 2.

40



4.3.2 Poisson Cohomology of P?

Theorem 4.3.3 ([31], [33]). Let 7 be a quadratic Poisson structure on C"*1. Then 7 has a unique
decomposition
T=mo+ZANE,

where my s a unimodular Poisson structure and E is the FEuler vector field.

Every Poisson structure on P? comes from the quadratic Poisson structure on 3. The space of unimodular
Poisson structures on C* has six irreducible components shown in the Table 4.1 (cf. [11], [12], [34]), which

also classified the Poisson structures on P2. Here we compute Poisson cohomology for some examples in P3.

Example 4.3.4. 1. For the Poisson structure  in E(3), the Poisson cohomology is:

1 =0,
1 i=1,
dimHL(P*) =40 i=2,
4 =3,
0 7>3.
2. Letm = 2xox28%0/\8%2 — 21‘19026%1/\8%2 + 29613:38%1/\6%3 — 2xox38%0/\8%3 in L(1,1,1,1).
The Poisson cohomology is:
1 =0,
3 i=1,

dim H:(P*) =49 =2,

11 =3,
0 >3
3. For
T = —Hxox i/\i—i—élacx i/\i-i-xx i/\i
o 23 81‘0 833‘1 12 6370 833‘2 12 8.130 (9l‘3
g LN OO 9O
03 61‘1 81’2 02 8.’171 8%3 01 81’2 6.’173
in R(2,2), the Poisson cohomology is:

1 =0,

0 =1,

dimHL(P*) =40 =2,

5 1=3,

0 ¢>3.
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Table 4.1: Normal forms for generic unimodular quadratic Poisson structures on C*

Type Poisson brackets Parameters
L(1a17171) ) ap+ay+az+as =0
{zi, i1} = (=1)"(aiys — Gip2)TiTit1,
{zi,2ito} = (=1) (@41 — @iy3)TiTiyo,
1€ Z/AZ
L(1,1,2) co,c1, A€ C
{zo, 21} =0, {z1,22} = —c17122,
{zo, 22} = comox2, {wo,23} = —comoxs,
{xlva} = (12173,
{z2,23} = (co — cl)(x% + Arox1 + x% + Tox3
+ 2001’% — 2011‘%)
R(272) a1 =+ ag —+ az = O
{Io,xl} = (a3 - a2)l’25637 {x27931} = ZoTs3,
{mo, 22} = (a1 — az)xox1, {x3,22} = w021,
{zo, 23} = (a2 — ar)x122, {71,223} = w022
R(1,3)
{z3,2;} =0,
2 bij = bji,
{$i+1,$i} = 1/1:?+2 — ATjp1%; + Zbijxjm& i,j € Z/SZ,
j=0 det(bij) = 1, AeC
i €Z/3Z
5(2,3) ]
{zi, 23} = o] + z;(biwip1 + ciwim1) + dizip1 21,
fos, 25} =0, i,j €2/37 Vortan 2 =0
d; € C
i€ Z/3Z
E(3) none

{zo, 21} =523, {x1,22} = 27 + 3wo22,
{zo, 22} = bxoz1, {1,273} = x122 + T2023,

{zo, 23} = browe, {w2,23} = Tx125 — 373
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Appendix A

Code for Computing Poisson

Cohomology

import itertools
import sympy as sp
import math

from sympy import expand

def wedge_permutation_sign(from_list, to_list):
nnn
Both lists have the same length, same distinct entries.
Returns +1 or -1 depending on parity of the permutation sending
from_list -> to_list.
nmnn
perm = []
[False]*len(from_list)

used
for val in to_list:
for j, w in enumerate(from_list):
if (not used[j]) and (w == val):
perm. append (j)
used[j] = True
break
inversions = 0O
for i in range(len(perm)):
for j in range(i+1l, len(perm)):
if perm[i] > perm[j]:
inversions += 1

return 1 if (inversions 7 2 == 0) else -1

# Get exponents (multi-indices)
def get_multi_index(expr, var_list):

powers = expr.as_powers_dict()
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index_list = []

for i, var in enumerate(var_list):
exp = powers.get(var, 0)
index_list.extend([i] * exp)

return tuple(index_list)

def compute_poisson_differential(n: int, b_dict: dict, k: int = 1) -> sp.Matrix:
Z = sp.symbols(f'z0:{n+1}")
# pi~{ab}(z)
pi = [[0]*(n+1) for
for (p,q), uv in b_dict.items():

in range(n+1)]

poly = sum(c*Z[ul*Z[v] for (u,v), ¢ in uv)
pilpl[q]l = poly
pilql [p] = -poly

# bases

ms = lambda r: itertools.combinations_with_replacement (range(n+1), r)
inc = lambda r: itertools.combinations(range(n+l), r)

S_.k = [(I,J) for I in ms(k) for J in inc(k)]

S_k1 = [(I,J) for I in ms(k+1) for J in inc(k+1)]

row = {key:i for i,key in enumerate(S_k1)}

M = sp.zeros(len(S_k1), len(S_k))
for col,(I,J) in enumerate(S_k):
f = sp.prod(Z[i] for i in I)
#for a,b in b_dict.keys():
for a in range(n+1):
for b in range(n+1):
polyno = pilal[b] * sp.diff(f, Z[b])
if (a not in J) and polyno:
monomials = expand(polyno).as_ordered_terms()
for term in monomials:
coeff, _ = term.as_coeff_mul()
new_I = get_multi_index(term, Z)
new_J_unsorted = (a,) + J
new_J = tuple(sorted(new_J_unsorted))
sign = wedge_permutation_sign(new_J_unsorted, new_J)

Mlrow[(new_I,new_J)], col] += sign*coeff

for p in range(k):
#for a,b in b_dict.keys():
for a in range(n+1):
for b in range(a+l, n+1):
polyno = f * sp.diff(pilal[b]l, Z[J[plD)
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if a < b and polyno:
monomials = expand(polyno).as_ordered_terms()
for term in monomials:
coeff, _ = term.as_coeff_mul()
new_I = get_multi_index(term, Z)
J_rest = J[:p] + J[p+1i:]
if (a in J_rest) or (b in J_rest):
continue
new_J_unsorted = (a,b) + J_rest
new_J = tuple(sorted(new_J_unsorted))
sign = -1 * ((-1)**p) * wedge_permutation_sign(new_J_unsorted, new_J)
Mlrow[(new_I,new_J)], col] += sign*coeff

return M

def compute_gE_matrix(n: int, k: int):
ms = lambda r: list(itertools.combinations_with_replacement(range(n+1), r))

inc = lambda r: list(itertools.combinations(range(n+1), r))

S_.k = [(I, J) for I in ms(k) for J in inc(k)]
S_k1 = [(I, J) for I in ms(k+1) for J in inc(k+1)]
row = {key: r for r, key in enumerate(S_k1)}

M = sp.zeros(len(S_k1), len(S_k))

for col, (I, J) in enumerate(S_k):

I =1ist(I); J = 1list(J)

for r in range(n + 1):
if r in J: # parttal_r already present -> wedge vanishes

continue

# monomial part
I_prime = tuple(sorted(I + [rl))
# sign = (1) {#(j in J with j < r)}
#sign = -1 if sum(j < r for j in J) J 2 else 1
sign = wedge_permutation_sign([r] + J, sorted([r] + J))
# wedge index part
J_prime = tuple(sorted([r] + J))
Mlrow[(I_prime, J_prime)], col] += sign

return M
def Poisson_differential_proj(n, b_dict, k):
nmnn

Compute dim(image(d_pi~k) + image(g_E"k)) - dim(image(g9_E"k)).

nnn

if k <=0 or k >= n:
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def

return O
# Compute full matrices
M_d = compute_poisson_differential(n, b_dict, k)
M_g = compute_gE_matrix(n, k)

# Concatenate column-wise: [M_d | M_g]
M_concat = M_d.row_join(M_g)

# Compute ranks
rank_concat = M_concat.rank()

rank_g = M_g.rank()

return rank_concat - rank_g

Poisson_cohomology(n, b_dict, k):

nmnn

Compute the Poisson cohomology H'k of P°n .

The input %s the dimension n and a dictionary b_dict that contains
the Poisson bivector coefficients in the form:
b_dict = {(p,q): [(u,v, ¢c), ...]} where c is the coefficient of
the monomial z_u * z_v in the Poisson bivector pi {pqlt.
The output is the dimension of the Potsson cohomology Hk(P°n).
if k > n or k < 0:
return O
# First term: binomial product
terml = math.comb(n + 1 + k, k) * math.comb(n, k)
# rank(d_pi~k)
rank_k = Poisson_differential_proj(n, b_dict, k)
# rank(d_pi~(k-1))

rank_prev = Poisson_differential_proj(n, b_dict, k - 1)

return terml - rank_k - rank_prev
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