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Abstract

This thesis explores analytic and holomorphic structures in Lie groupoids, Lie algebroids, and Poisson

geometry. The first chapter provides background material on Lie groupoids, Lie algebroids, and Poisson

structures. In the second chapter, we prove that any analytic s-proper Lie groupoid is analytically linearizable.

Our approach relies on constructing an analytic Haar density and an analytic 2-metric on groupoids. The

third chapter introduces the notion of complexification for analytic Lie algebroids. We establish that when

the anchor map is injective or surjective, the integrability of the original algebroid implies the integrability of

its complexification. Moreover, if the analytic algebroid is of s-proper type, its complexification is locally

integrable. In the fourth chapter, we develop a computer program for computing the holomorphic Poisson

cohomology of projective spaces.

ii



Acknowledgments

First and foremost, I would like to express my deepest gratitude to my advisor, Rui Fernandes, for his

invaluable guidance and support throughout my doctoral studies. His insights and mentorship have shaped

both my mathematical thinking and research direction.

I am also sincerely thankful to the members of my prelim and final defense committees: Pierre Albin,

Susan Tolman, Eugene Lerman, and Sheldon Katz. Their feedback and suggestions have greatly enriched my

work.

I would like to thank all the instructors who have taught me over the years—their dedication and teaching

laid the foundation for my mathematical journey. I am also grateful to all the mathematicians I have had the

opportunity to talk with, whose conversations have inspired and influenced my thinking in various ways.

Finally, I owe my deepest appreciation to my family for their unwavering love and support throughout

this journey. Their patience, understanding, and encouragement have been a constant source of strength.

iii



Table of contents

Chapter 1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1 Lie Algebroids and Lie Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Integrability of Algebroids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Source Simply Connected Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2.2 Cranic-Fernandes Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.2.3 Holomorphic Lie Algebroid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3 Poisson Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter 2 Linearization of Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1 Linear Model of Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Riemannian Submersions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 Quasi-action on Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.4 Analytic Haar Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5 Analytic Metric on Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

Chapter 3 Complexification of Algebroids and Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.1 Complexification of Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2 Complexification of Analytic Algebroids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 Integration of the Complexification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.4 Complexification of Source Proper Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Chapter 4 Poisson Cohomology of Projective Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.1 Poisson Structure on Projective Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2 Poisson Cohomology of Pn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.3.1 Poisson Cohomology of P2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.3.2 Poisson Cohomology of P3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

Appendix A Code for Computing Poisson Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

iv



Introduction

Lie groupoids and Lie algebroids are geometric structures that generalize Lie groups and Lie algebras,

respectively. While Lie groups capture global symmetries and Lie algebras describe infinitesimal ones, Lie

groupoids and algebroids provide a framework for describing symmetries and constraints that vary from point

to point on a manifold. These objects can be defined not only in the smooth category, but also in the real

analytic and holomorphic settings. Much of the foundational theory has been developed in the smooth case.

In this thesis, we aim to extend key results and techniques from the smooth category to the analytic category.

The first topic of the thesis is linearization of proper groupoid. It is known that proper Lie groupoids are

linearizable around their orbits, originally conjectured by Weinstein [1], [2] and later proved in full generality

in [3], [4] (see also [5], [6]). A special case is the classical Bochner linearization theorem, which states that

every compact group action can be linearized around a fixed point. To prove this theorem, one can firstly

find a Riemannian metric invariant under the group action and use the exponential map to achieve the

linearization. This approach was generalized to proper Lie groupoids through the introduction of 2-metrics in

[6], which enable linearization via the exponential map of the 2-metric.

These results, however, are all formulated in the smooth setting. In Chapter 2, we investigate whether

the linearization theorem holds in the analytic category. We show that an analytic s-proper Lie groupoid

admits an analytic 2-metric, constructed using an analytic averaging process based on the existence of an

analytic Haar measure. As a consequence, we obtain an analytic version of the linearization theorem:

Theorem 1. Every s-proper analytic groupoid admits an analytic invariant linearization.

The second topic is to study the complexification of an analytic Lie algebroids. Given a real Lie algebra

g, we can complexify the underlying vector space and extend the Lie algebra structure linearly to get the

complex Lie algebra gC. We say that g is a real form of gC and gC is a complexification of gC.

One has analogues of the concepts of real form and complexification for Lie algebroids. Given an analytic

manifold M , by [7], we can always embed M into a holomorphic manifold MC, such that on local charts it

looks like the standard embedding of Rn in Cn. Given a real analytic Lie algebroid A→M one can extend it

to be a holomorphic Lie algebroid AC →MC. In this case, we say that A is a real form of AC and AC is a

complexification of A, which was original proposed by Weinstein in [8].

Let G be a Lie group. Recall that its Lie algebra g consists of all left invariant vector fields on G. Similarly,

given a Lie groupoid G, we can associate to G a Lie algebroid A = Lie(G), such that sections of A correspond

left invariant vector fields in G. Lie’s third theorem states that every Lie algebra g is the Lie algebra of some

Lie group G. Lie’s third theorem fails, in general, for Lie algebroids, and Crainic and Fernandes [9] found

the necessary and sufficient conditions for integrability of a real Lie algebroid. Later [10] showed that a

holomorphic Lie algebroid is integrable if and only if its underlying real Lie algebroid is integrable. Hence the

Cranic-Fernandes criterion applies also in the holomorphic context. Since a subalgebroid of an integrable Lie
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algebroid is integrable, if AC is integrable it follows that A must be integrable. We want to explore whether,

conversely, the integrability of A implies the integrability of its complexification AC near M .

In Chapter 3, we will show that:

Theorem 2. When the anchor map is ”almost” injective or surjective everywhere, the integrability of A

implies the integrability of AC near M .

We will also look at the case when the real analytic algebroid A is of s-proper type, meaning that it

can be integrated to an analytic s-proper groupoid. Since every s-proper analytic groupoid is analytically

linearizable, by complexifying the linear model, we obtain a local integration of AC near A. This leads to the

following theorem:

Theorem 3. If an analytic groupoid A is of s-proper type, then its complexification AC is locally integrable

near A.

While integrability implies the local integrability, the converse is not true. There exist locally integrable

Lie algebroids that are not globally integrable, as well as Lie algebroids that are not even locally integrable

(cf. [9]). However, we can not establish the global integrability in this context.

The final topic of this thesis concerns the Poisson cohomology of projective spaces. Poisson cohomology

groups are invariants associated with Poisson manifolds and can be defined in both the smooth and holomorphic

categories. In the smooth setting, these groups may be infinite-dimensional even when the underlying manifold

is compact. However, in the holomorphic setting, Poisson cohomology groups are always finite-dimensional

for compact manifolds (cf. [10]).

In projective space Pn, a Poisson structure can be described via a homogeneous quadratic bivector

field on Cn+1, and multivector fields on Pn correspond to homogeneous multivector fields on Cn+1. This

correspondence allows for an explicit, linear-algebraic description of the Poisson differential. Based on this

observation, we develop a computer program that computes holomorphic Poisson cohomology for projective

spaces in arbitrary dimensions.

As an application, we examine the case of P3, whose holomorphic Poisson structures have been classified in

[11], [12]. We compute the Poisson cohomology for some Poisson structures on P3, illustrating the effectiveness

of our algorithm.
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Chapter 1

Background

This chapter provides an overview of Lie algebroids, Lie groupoids and Poisson geometry. For further details,

the reader is referred to the textbook [13]. Readers already familiar with the material may wish to proceed

directly to Chapter 2. In this thesis, when we say analytic, we always mean real analytic. We will use

holomorphic for complex analytic.

1.1 Lie Algebroids and Lie Groupoids

Definition 1.1.1. A Lie algebroid over a manifold M is a triple (A, ρ, [·, ·]) where:

• A→M is a vector bundle;

• the anchor map ρ : A→ TM is a bundle map;

• [·, ·] is a Lie bracket on the A, sheaf of smooth sections on A,

such that:

[X, fY ] = ρ(X)(f)Y + f [X,Y ] (Leibniz rule)

for any X,Y ∈ A(U), f ∈ C∞(U).

Remark. We can define the notion of an algebroid in different categories. We say that A is an ana-

lytic/holomorphic algebroid by requiring A to be a analytic/holomorphic bundle, the anchor map ρ to be

an analytic/holomorphic bundle map and A to be the sheaf of analytic/holomorphic sections.

Lie algebroids are generalization of Lie algebras. Let M be a point, g be a Lie algebra, and ρ be the

trivial map, then g becomes a Lie algebroid.

Example 1.1.2. For any smooth manifold, TM is a Lie algebroid with identity anchor map and usual Lie

brackets for vector fields.

Example 1.1.3. Let A → M be a bundle of Lie algebra, where each fiber Ax comes with a Lie algebra

structure varying smoothly. Then A is a Lie algebroid with zero anchor map.

Example 1.1.4. Let a : g→ X(M) be a Lie algebra homomorphism. The action algebroid g⋉M is defined

as follows. The vector bundle A is the trivial vector bundle M × g, the anchor map ρ :M × g→ TM is:

ρ(x, v) = a(v)x.
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Since the section of M × g can be viewed as smooth g-valued functions on M , the bracket can be defined by:

[f, g]x = [f(x), g(x)]g + a(f(x))x(g)− a(g(x))x(f)

Definition 1.1.5. Let A be a Lie algebroid over M . At each point x ∈ M , the kernel of the anchor map

gx := Ker(ρ)x is a Lie algebra with the Lie bracket defined by:

[v, w]gx
= [ṽ, w̃]A(x)

where ṽ, w̃ are local sections of A with ṽ(x) = v and w̃(x) = w. gx is called the isotropy Lie algebra at x.

One can show by Leibniz rule that the above definition does not depend on the choice of the local extension

ṽ and w̃.

We say that a Lie algebroid is called regular if the anchor map is of constant rank. When the anchor

map ρ is regular, since ρ preserves Lie brackets, Im(ρ) ⊂ TM gives an involutive distribution on TM , hence

define a foliation FA with

TFA = Im(ρ) ⊂ TM.

The leaf of of this foliation is called the orbit of A.

In the case when A is not regular, Im(ρ) ⊂ TM is a singular distribution, which gives a singular foliation

on M (cf. [14]). We also call the leaf this this foliation the orbit of A. Points in the same leaf has isomorphic

isotropy Lie algebras. We say that a Lie algebra is transitive if the anchor map is surjective.

Definition 1.1.6. Let

(A→M, [·, ·]A, ρA) and (B → N, [·, ·]B , ρB)

be two Lie algebroids. A morphism of Lie algebroids F is a vector-bundle map:

A B

M N

F

f

such that:

(i) Anchor compatibility:

ρB ◦ F = Tf ◦ ρA

(ii) Bracket compatibility: For all section α ∈ A(U), we write

F (α) = F ◦ α, f∗(α) = α ◦ f.

Given a section α, β ∈ A(U), we can write their image of F as finite linear combinations:

F (α) =
∑
i

ci f
∗(αi), F (β) =

∑
i

c′i f
∗(βi),

where ci, c
′
i ∈ C∞(U) and αi, βi ∈ B(U). We require the following compatibility for Lie bracket:

F
(
[α, β]A

)
=

∑
i,j

ci c
′
j f

∗([αi, βj ]B) +
∑
j

Lρ(α)
(
c′j
)
f∗(βj) −

∑
i

Lρ(β)
(
ci
)
f∗(αi).
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Definition 1.1.7. A groupoid is a category where every morphism is invertible. We denote the space of

arrows by G, the space of objects by M and the groupoid by G ⇒M .

A groupoid consists of the following structure maps:

• source/target map s, t : G →M

• multiplication m : G(2) := Gs ×t G → G

• unit map u :M → G, u(x) = 1x

• inverse map ι : G → G, ι(g) = g−1

We denote an arrow g ∈ G with s(x) = y, t(g) = y by g : y ← x.

G is a Lie groupoid if M and G are manifolds, all structure maps are smooth, and s, t are submersions.

We say that the Lie groupoid is analytic/holomorphic if M and G are analytic/complex manifold and all

structure maps are analytic/holomorphic.

Let Gx := s−1(x) ∩ t−1(x). Since every two arrows in Gx can be multiplied, Gx is a Lie group, called the

isotropy Lie group at x. G defines an equivalence relation ∼G on M : x ∼G y if there is an arrow g ∈ G
such that s(x) = x and t(x) = g. The equivalence class of x is called the orbit Ox through x. Points in the

same orbits share some common properties, they have:

• isomorphic source fiber s−1(x) and target fiber t−1(x),

• isomorphic isotropy groups.

Proposition 1.1.8 ([15]). We have the following properties for a Lie groupoid:

1. u :M → G is an embedding,

2. every orbit is an immersed submanifold,

3. t : s−1(x)→ Ox is a principal Gx bundle for all x ∈M .

Lie groupoids generalize Lie groups. Every Lie group is a Lie groupoid over a point.

Example 1.1.9 (Pair groupoids). Let M be a smooth manifold. M ×M is a Lie groupoid with s(y, x) = x,

t(y, x) = y and (z, y) · (y, x) = (z, x).

Definition 1.1.10. Let G be a groupoid over M . A G action on a manifold E with moment map µ : E →M

is defined by a map:

G ×M E := {(g, e)|s(g) = µ(e)} → E, (g, e) 7→ ge

satisfying:

1. µ(ge) = t(g),

2. g(he) = (gh)e, where every both sides are defined,

3. 1µ(e)e = e for all e ∈ E.

Given a G action on E. We say that e and e′ in E are in the same orbit if there exists g ∈ G, such that

e′ = ge.
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Example 1.1.11. Let G be a Lie group acting on a manifold M . The manifold G ×M has a groupoid

structure with s(g, x) = x, t(g, x) = g · x and (h, g · x) · (g, x) = (hg, x). We denote the groupoid by G⋉M .

Example 1.1.12. Given a G action on E with moment map µ : E → M . We can define the action

groupoid G ×⋉E, with space of arrows is G ×M E. The structure maps are:

s(g, e) = e, t(g, e) = ge, (h, ge) · (g, e) = (hg, e)

Example 1.1.13 (Gauge groupoids). Let P be a principal G bundle. The gauge groupoid P ⊗G P is defined

as follows: the space of arrows is the quotient space (P × P )/G, where G acts on P × P by

g · (q, p) = (qg−1, pg−1),

the structure maps are: s([q, p]) = p, t([q, p]) = q, [r, q] · [q, p] = [r, p].

We say that a groupoid is transitive if it consists of a single orbit. Gauge groupoids are examples of

transitive groupoids. In fact, every transitive groupoid can be described as a gauge groupoid.

Let G be a transitive groupoid. Pick a point x ∈ M . Let Gx = s−1(x) ∩ t−1(x) be the isotropy group.

According to Proposition 1.1.8, Px = s−1(x) is a Principal Gx-bundle. Then G is isomorphic to P ⊗Gx P .

Let G be a Lie groupoid. Let A := Kerds|M be the kernel of ds restricting on M . A becomes a Lie

algebroid with anchor map ρ = dt|A : Kerds|M → TM . Let g : y ← x ∈ G. Let Rg : s
−1(x)→ s−1(y) be the

right multiplication by g. Given a section α on A, we can extend it to obtain a section α̃ on Kerds ⊂ TG by

α̃(g) = dRg(α(1t(g))).

Then bracket of A is defined by:

[α, β]A(x) = [α̃, β̃](1x),

where the left hand side is just the usual Lie bracket of vector fields. We call A the Lie algebroid of the

groupoid G, denoted by Lie(G). If we assume that the groupoid G is analytic/holomorphic, then Lie(G) is
an analytic/holomorphic Lie algebroid.

Let A be the Lie algebroid of a Lie groupoid G. The orbit of A is the connected component of the orbit of

G. If G is source connected, then the orbit of A coincides the orbit of G.

Definition 1.1.14. Given two Lie groupoids G ⇒M and H⇒ N , a morphism of groupoids is a pair of

smooth maps (F , f):

G H,

M N

F

f

which is compatible with all structure maps. We say that (F , f) is an isomorphism of groupoids if it is

invertible.

By compatibility of (F , f), we mean that the following conditions hold:

1. F(g) has source f ◦ s(g) and target f ◦ t(g),

2. For any composable arrows g, h ∈ G, F (gh) = F (g)F (h),
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3. F (1x) = 1f(x) for any x ∈M .

4. F (g−1) = (F (g))−1.

Given a morphism F : G → H between two Lie groupoids, the differential of F induces a morphism

Lie(F) : Lie(G)→ Lie(H) between their corresponding Lie algebroids.

1.2 Integrability of Algebroids

1.2.1 Source Simply Connected Integration

Given a Lie algebra g, there is a unique simply connected Lie group integrating G, which is known as Lie’s

third theorem. Lie’s third theorem fails, in general, for Lie algebroids.

Definition 1.2.1. Let A be a (holomorphic/analytic) Lie algebroid. We say that A is (holomorphi-

cally/analytically) integrable if there is a (holomorphic/analytic) Lie groupoid G with Lie(G) = A. In

that case, we say that G is an integration of A.

Crainic and Fernandes [9] found the necessary and sufficient conditions for integrability of a real Lie

algebroid. Later [16] showed that a holomorphic Lie algebroid is integrable if and only if its underlying real

Lie algebroid is integrable. Hence the Crainic-Fernandes criterion applies also in the holomorphic context.

There may be multiple Lie groupoids integrating the same Lie algebroid A. A groupoid is said to be

source connected if its source fibers are connected. It is called source simply connected if the source

fibers s−1(x) are simply connected. The source simply connected groupoid plays a central role: if A is

integrable, there exists a unique source simply connected Lie groupoid integrating A.

Proposition 1.2.2 ([15]). Let G be a source connected Lie groupoid. There exist a groupoid morphism

π : G̃ → G covering the identity, where:

• G̃ is source simply connected,

• π is a local diffeomorphism,

• G and G̃ has the same Lie algebroid.

A morphism of Lie algebroids can be integrated to obtain a morphism from the corresponding simply

connected Lie groupoid. We get the following algebroid version of Lie’s II theorem.

Theorem 1.2.3. [[9], [17], [18]] Let F : A→ B be a morphism between integrable Lie algebroids. Let G and

H be integrations of A and B, respectively. Assume that G is simply connected, then F can be integrated to a

Lie groupoid morphism F : G → H.

Proposition 1.2.2 and Theorem 1.2.3 show that: once a Lie algebroid A is integrable, its source simply

connected integration exists and is unique up to isomorphism. The source simply connected integration can

be constructed as Weinstein groupoid of A, denoted by G(A) (see [9] for the detail). Without assuming

the integrability of A, one can define G(A) as a topological groupoid (without smooth structure). It turns

out that the Weinstein groupoid is the canonical model for measuring the integrability:

• A is integrable iff G(A) is a Lie groupoid ([9]),
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• A is holomorphically integrable iff G(A) is a holomorphic groupoid ([16]),

• A is analytically integrable iff G(A) is an analytic groupoid.

The last argument can be proved as follows:

Proposition 1.2.4. If A be an analytically integrable algebroid, then its source simply connected integration

is analytic.

Proof. Let G be an analytic groupoid integrating A. On each fiber s−1(x), we take the connected component

containing the identity 1x. Union all those connected components gives us a subgroupoid whose source fibers

are connected. Hence we may assume that the G is source connected. Let G̃ be the source simply connected

integration with the groupoid morphism:

G̃ G

M,

π

s̃

t̃
st

where π is a local diffeomorphism.

Let (Uα, ϕα) be an analtyic atlas for G with ϕα : Uα → Rn. For any point p ∈ G̃, there is an open

neighborhood V ⊂ G̃ such that π|V : V → π(V ) is a diffeomorphism. Possibly by shrinking the V , we may

assume that π(V ) is contained in some chart Uα. Then (V, ϕ ◦ π) is a coordinate chart on G̃ with

ϕα ◦ π|V : V → Rn.

Combining such coordinate chart gives us an atlas on G̃, whose transition functions:

(ϕβ ◦ π|W ) ◦ (ϕα ◦ π|V )−1 = ϕβ ◦ π|W ◦ (π|V )−1 ◦ ϕ−1
α = ϕβ ◦ ϕ−1

α

are analytic. With such analytic structure on G̃, π is just the identity map on the local coordinates. Since π

is a groupoid morphism, on local coordinates, the structure maps of G̃ has the same representations as in G,
hence are analytic.

1.2.2 Cranic-Fernandes Criterion

In this subsection, we will describe the construction of Weinstein groupoid and the obstruction for the

integrability. Given a Lie algebroid A, let p : A→M be the projection onto the base manifold. We say that

a C1 curve a : I → A is an A-path if

ρ(a(t)) =
d

dt
γ(t)

where γ(t) = p ◦ a(t) is the base curve. Let P (A) denote the space of all A-paths, which is a Banach manifold

with the topology of uniform convergence.

Definition 1.2.5. We say that two A-path a0, a1 : I → A are A-path homotopic if there exists a Lie

algebroid morphism

Φ : T (I × I)→ A, Φ = Φtdt+Φϵdϵ
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such that

Φt(t, 0) = a0, Φt(t, 1) = a1, Φϵ(0, ϵ) = Φϵ(1, ϵ) = 0

In this case, we say that Φ is an A-path homotopy between a0 and a1.

The A-homotopy defines an equivalence relationship on the space of A-path, P (A). The Weinstein

groupoid G(A) = P (A)/ ∼, where s(a) = a(0), t(a) = a(1) and the multiplication is induced by concatenating

two paths (see [9] for details). With the quotient topology, G(A) becomes a topological groupoid. G(A) is
smooth if and only if A is integrable.

Example 1.2.6. Let gx be the isotropy Lie algebra of at x ∈M , which can be viewed as a Lie algebroid over

a point. The simply connected Lie group integrating gx is G(gx), which can also be viewed as a Lie groupoid

over a point.

Let F : A→ B be a morphism between two Lie algebroids. F induces a morphism G(F ) : G(A)→ G(B)

between the corresponding Weinstein groupoids. For any A-path a : I → A, G(F )([a]) = [F ◦ a]. If the both

A and B are integrable, then G(F ) is a smooth map.

For any x ∈ M , that the inclusion i : gx → A is a morphism of Lie algebroids. Hence it induces a

morphism between topological groupoids G(i) : G(gx)→ G(A). Let G(A)x = s−1(x) ∩ t−1(x) be the isotropy

group and G(A)0x be its connected component of containing the identity. We have the image of G(i) is in
G(A)0x. Suppose that A is integrable, then G(i) : G(gx)→ G(A)0x becomes a morphism of Lie groups. From

the classical Lie theory we know that G(i) gives a covering map and G(A)0x ∼= G(gx)/ker(G(i)). Therefore,
ker(G(i)) must be discrete when A is integrable. The kernel of G(i) is called the monodromy group of A,

denoted by Ñx(A). More explicitly,

Ñx(A) := {[a] ∈ G(gx)| a ∼ 0x as A-paths }

The usual exponential map exp : gx → G(gx) between the Lie algebra and the corresponding Lie group is

given by mapping v ∈ gx to its gx-homotopy class, i.e., exp(v) = [v]. Define

Nx(A) := exp−1(Ñx(A)) = {v ∈ gx| v ∼ 0x as A-paths}

It turns out that discreteness of Nx(A) and Ñx(A) are equivalent to each other.

Proposition 1.2.7 ([9]). For any Lie algebroid A and any x ∈M , the following are equivalent:

1. Nx(A) is discrete,

2. Ñx(A) is discrete,

3. Nx(A) is closed,

4. Ñx(A) is closed.

For the points in the same orbit, their monodromy groups coincide.

Proposition 1.2.8 ([15]). If x, y ∈M are in the same orbit of A, then there are canonical isomorphisms:

Nx(A) ∼= Ny(A), Ñx(A) ∼= Ñy(A)
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Combining all the monodromy groups at each point, we get:

N (A) := ∪xNx(A) ⊂ A

The property of N (A) gives a necessary and sufficient condition for measuring the integrability of A, which is

called Cranic-Fernandes criterion.

Theorem 1.2.9 ([9]). A is integrable if and only if there is an open neighborhood U ⊂ A containing the zero

section 0M such that U ∩N(A) = 0M .

The condition for N(A) in the above theorem is called the uniform discreteness of N(A). Notice that

if N(A) is uniformly discrete, then Nx(A) is discrete for all x ∈M , which implies each Ñx(A) is also discrete.

Later we will see that the converse also holds when the algebroid is transitive.

According to Proposition 1.2.8, for a transitive Lie algebroid, to check the integrability, we just need to

check discreteness of the monodromy group at one point.

Corollary 1.2.10. [9] Let A be a transitive Lie algebroid. A is integrable if and only if one of the following

holds for some point x ∈M :

1. Nx(A) is discrete,

2. Ñx(A) is discrete,

3. Nx(A) is closed,

4. Ñx(A) is closed.

Let O ⊂ M be an orbit passing through x. Let [γ] ∈ π2(O, x) be represented by a smooth map

γ : I × I → O with the γ(∂(I × I)) = x. We choose an A-path homotopy:

Φ : T (I × I)→ A|O, Φ = Φtdt+Φϵdϵ

Φt(t, 0) = 0x, Φϵ(0, ϵ) = Φϵ(1, ϵ) = 0x,

such that Φ covers γ in the commutative diagram:

T (I × I) A|O

I × I O.

Φ

p

γ

Write a(t) = Φt(t, 1). Since ρ ◦ Φ = dγ and γ is constant on the boundary of I × I, we have a(t) ∈ gx for

all t ∈ [0, 1]. Hence a represents [a] ∈ G(gx). It has been shown that the equivalence class [a] does not the

choice of the A-path homotopy Φ. It only depends on the homotopy class [γ]. Hence we obtain a morphism

of groups:

∂x : π2(O, x)→ G(gx), [γ] 7→ [a] = ∂x[γ].

Moreover, we have

Im(∂x) = Ñx(A),

which can be seen from the following proposition.
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Proposition 1.2.11. [9] For any Lie algebroid A, there is a short exact sequence of groups:

π2(O, x)
∂x−→ G(gx)

G(i)−−→ G(A)x
px−→ π1(O, x)→ 1,

where px([a]) = [p ◦ a].

If a Lie algebroid has zero anchor map, it is a bundle of Lie algebras. Since the orbits are discrete points,

we have that the monodromy group Ñx(A) is trivial. Hence, the algebroid is integrable.

Corollary 1.2.12 ([19]). A bundle of Lie algebras can be integrated to a bundle of Lie groups.

1.2.3 Holomorphic Lie Algebroid

In this section, we will see that the Cranic-Fernandes criterion also works on the holomorphic category.

Let (A, ρ, [·, ·]) be a holomorphic algebroid and let J be the complex structure on A. Forgetting about the

complex structure on A, we can view A as a real vector bundle, and the anchor map ρ : A→ TM as a real

vector bundle map. Let A be the sheaf of holomorphic sections on A and A∞ be the sheaf of smooth sections

on A. By choosing local trivialization, any smooth section s ∈ A∞(U) can be written as linear combination:

s =

m∑
k=1

(fkak + gkJ(ak))

where fi, gi ∈ C∞(U) are smooth functions on U and ak ∈ A(U) is a holomorphic section. We can define a

bracket [·, ·]R in A∞(U) by extending the bracket on A(U) using Leibniz rule and C-linearity. Explicitly, the
bracket of s =

∑m
k=1 (fkak + gkJ(ak)) and s

′ =
∑m
k=1 (f

′
kak + g′kJ(ak)) is given by:

[s, s′]R =
∑
k,s

(fk f
′
s [ak, as] + fk f

′
s [ak, as] + fk f

′
s [ak, as] + fk f

′
s [ak, as])

+
∑
s

(
Lρ(s)

(
f ′s
)
as + Lρ(s)

(
g′s
)
J(as)

)
−
∑
k

(
Lρ(s′)

(
fk
)
ak + Lρ(s′)

(
gk
)
J(ak)

)

Let AR be the underlying real vector bundle of A and ρR = ρ. It has been shown that the above bracket

defines a real Lie algebroid (AR, ρR, [·, ·]R), which is called the underlying real Lie algebroid of the

holomorphic Lie algebroid A.

Theorem 1.2.13 ([10]). Let (A, ρ, [·, ·]) be a holomorphic Lie algebroid. Then there is a unique real Lie

algebroid structure on the real vector bundle A with the same anchor map ρ such that the inclusion of the

sheaf A → A∞ is a morphism of sheaf of Lie algebras.

The integrability of A is equivalent to the integrability of its underlying real Lie algebroid AR.

Theorem 1.2.14 ([16]). Let A be a holomorphic Lie algebroid. A is holomorphically integrable if and only if

the underlying real Lie algebroid AR is integrable as a real Lie algebroid.

Moreover, Lie’s II theorem holds for holomorphic algebroids.
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Theorem 1.2.15 ([16]). Let G and F be holomorphic Lie groupoids. Let F : G → H be a real Lie groupoids

morphism between the underlying real Lie groupoids. Assume that Lie(F) : Lie(G)→ Lie(H) is a morphism

of holomorphic algebroids. Then F is a morphism of holomorphic Lie groupoids.

Corollary 1.2.16. Let F : A → B be a morphism between integrable holomorphic Lie algebroids. Let G
and H be integrations of A and B, respectively. Assume that G is source simply connected, then F can be

integrated to a holomorphic Lie groupoid morphism F : G → H.

Proof. According to Theorem 1.2.3, F can be integrated to a morphism F : G → H of real Lie algebroid.

Since F = Lie(F) : A→ B is holomorphic, F is actually a morphism between holomorphic Lie groupoids.

1.3 Poisson Manifolds

Let M be a smooth manifold and denote by C∞
M sheaf of smooth function of M .

Definition 1.3.1. A Poisson bracket on M is a sheaf morphism

{·, ·} : C∞
M × C∞

M −→ C∞
M

such that for all f, g, h ∈ C∞
M (U):

1. Skew-symmetry: {f, g} = −{g, f}.

2. Leibniz rule: {f, gh} = {f, g}h+ g {f, h}.

3. Jacobi identity: {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.

In local chart, by Leibniz rule, the Poisson bracket f, g ∈ C∞
M (U) can be written as:

{f, g} =
∑
i,j

∂f

∂xi

∂g

∂xj

Locally, a Poisson structure can be expressed as:

π =
∑
i<j

πij
∂

∂xi
∧ ∂

∂xj
.

Hence the above definition is equivalent to specifying a bivector field:

π ∈ ∧2TM

satisfying the Schouten bracket [π, π] = 0 (cf. [13, Chapter 2]). The Poisson bracket can be recovered form

the bivector by

{f, g} = π(df, dg).

Remark. The above definitions extend to the categories of real-analytic and complex-analytic manifolds. If

M is a real-analytic manifold and the bracket takes analytic functions to analytic functions, then π defines an

analytic Poisson structure. If X is a complex manifold, replacing C∞(M) by the sheaf OX of holomorphic

functions, and TM by the holomorphic tangent bundle, the same axioms yield a holomorphic Poisson

structure on X.
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Let (M,π) be a Poisson manifold. π induces a bundle map

π# : T ∗M → TM α 7→ iαπ,

and a Lie bracket on the space of differential one forms:

[α, β]π := Lπ♯α(β)− Lπ♯β(α)− d
(
π(α, β)

)
.

Then the triple (T ∗M,π#, [·, ·]π) define a Lie algebroid over M .

Example 1.3.2. Any smooth manifold has a zero Poisson structure π ≡ 0.

Example 1.3.3. Let g be a Lie algebra. For any ξ ∈ g∗, the tangent bundle Tξg
∗ can be identified with g.

There is a Poisson structure π on g∗ called the Kostant-Kirilov-Souriau (KKS) Poisson structure, which

is defined by:

πξ(df, dg) :=< [dξf, dξg], ξ >

for any holomorphic functions g, h on g∗.

More explicitly, if g has a basis {e1, · · · , en} with the bracket

[ei, ej ] =

n∑
k=1

ckijek.

Then the KKS Poisson structure on g∗ ∼= Cn can be written as:

π =
∑

1≤i<j≤n

ckijzk
∂

∂zi
∧ ∂

∂zj
.

Such Poisson structures are also called linear Poisson structure.

Definition 1.3.4. For a smooth Poisson manifold (M,π). The Poisson differential is the linear map

dπ : Γ(∧kTM)→ Γ(∧k+1TM) defined by:

(dπϑ)(α0, . . . , αk) =
k∑
i=0

(−1)i Lπ♯(αi)

(
ϑ(α0, . . . , α̂i, . . . , αk)

)
+

∑
0≤i<j≤k

(−1)i+j ϑ
(
[αi, αj ]π, α0, . . . , α̂i, . . . , α̂j , . . . , αk

)
.

The Poisson differential gives a cochain complex:

0→ C∞(M)
dπ−→ TM

dπ−→ · · · dπ−→ ∧kTM dπ−→ · · · dπ−→ ∧nTM → 0

Definition 1.3.5. The Poisson cohomology of a Poisson manifold (M,π) is the cohomology of the cochain

complex (Γ(∧kTM), dπ):

Hk
π(M) :=

ker
(
dπ : Γ(∧kTM)→ ∧k+1TM

)
Im

(
dπ : Γ(∧k−1TM)→ Γ(∧kTM)

) .
Remark. For a holomorphic Poisson manifold, the Poisson differential is defined on the sheaf of multi-vector

fields, and the Poisson cohomology is the sheaf cohomology of the cochain complex.
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Example 1.3.6. Let M be a smooth manifold and π ≡ 0 be the zero Poisson structure on M . Then the

Poisson cohomology is Hk
π(M) = Γ(∧kTM), which is always an infinitely dimensional vector space.

Example 1.3.7. Let g be a Lie algebra. Then g∗ is a Poisson manifold with linear Poisson structure π. The

Poisson cohomology of (g∗, π) can be expressed as the Lie algebra cohomology with coefficients:

Hk
π(g

∗) ∼= H∗(g, C∞(g∗)),

Here we view C∞(g∗) as an infinitely dimensional representation induced by Poisson structure:

ρ : g→ gl(C∞(g∗)) ρ(v)(f) = π(dgv, df),

where any v ∈ g can be viewed as a linear function gv : α 7→< α, v > on g∗.

In the smooth category, Poisson cohomology groups may have infinitely many dimensions and are difficult

to compute in most cases. However, Poisson cohomology groups for holomorphic Poisson manifold is always

of finite dimension ([10]).
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Chapter 2

Linearization of Groupoids

2.1 Linear Model of Groupoids

Let G ⇒M be a Lie groupoid. We say that a submanifold S ⊂M is a saturated submanifold if S is a union

of orbits. Denote GS = s−1(S). Then we have the following groupoid:

NGS
:= TG/TGS ⇒ NS := TM/TS,

whose structure maps are induced by the differential of structure maps of G. We call the groupoid NGS
⇒ NS

the linear model of G at S.

There are various ways of describing the groupoid structure of the linear model. The normal bundle NGS

is also the pull-back of NS by s:

NGS
= {(g, v) ∈ GS ×NS |s(g) = π(v)}

GS acts on S by normal representation. The groupoid structure on NGS
is given by the action groupoid

GS ⋉NS .

Definition 2.1.1. Let G ⇒M be an (analytic) Lie groupoid and S be a saturated submanifold of M . We

say that:

1. G is (analytically) linearizable at S if there exist an open neighborhoods of S, U ⊂ M and V ⊂ NS ,
such that the there is an (analytic) groupoid isomorphism:

G|U ∼= NGS
|V

which is identity on GS .

2. G invariant (analytically) linearizable if we can choose open neighborhoods U and V to be invariant.

Definition 2.1.2. We say that a Lie groupoid G is:

• proper if the map (s, t) : G × G →M ×M is proper,

• s-proper if the the source map s : G →M is proper.
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In the smooth category, proper groupoids can be linearized.

Theorem 2.1.3 ([4], [5], [1], [2], [3]). If a groupoid G is proper, then it is linearizable at any saturated

submanifold S. If we further assume that G is s-proper, then it is invariantly linearizable.

In the remainder of this chapter, we will mainly focus on the analytic category. We will show that when

G is analytic and s-proper, the linearization can be made analytic.

2.2 Riemannian Submersions

Let (E, ηE) and (B, ηB) be Riemannian manifolds. Let p : E → B be a submersion, we say that p is a

Riemannian submersion if for any e ∈ E, the differential of p at e restricts to an isomortry between the

horizontal space at e and the tangent space of B at b = p(e):

dep : (kerdp)
⊥
e → TbB

In that case, ηB = p∗η
E is completely determined by the metric ηE , called the push-forward metric. We say

that the metric ηE is p-transverse if for any two points e, e′ ∈ E with p(e) = p(e′), the composition

(kerdp)⊥e → TbB ← (kerdp)⊥e′

is an isometry. When ηE is p-transverse, it induces the push-forward metric ηB = p∗η
E on B, which makes

p : E → B a Riemannian submersion. If we further assume that η is analytic and p is analytic, then the

push-forward metric p∗η is also analytic.

Lemma 2.2.1. Let p : E → B be an analytic submersion. There exists a p-transversal analytic metric ηE on

E.

Proof. We have the following exact sequence on E

0 ker(dp) TE p∗(TB) 0.
s∗

σ

Choose an analytic metric gE on E. Let σ : TB → (Ker(dp))⊥ be the projection onto the orthogonal

complement of Ker(dp), which induces an isomorphism

TE ∼= p∗TB ⊕Ker(dp)

Choose an analytic metric gB on the manifold B, which induces a metric p∗gB on p∗(TB). Define ηE =

gE |Ker(dp) +p∗gB . We have ηE is p-transversal and analytic.

Lemma 2.2.2 ([6]). Let q : Ẽ → E and p : E →M be surjective submersions. Let η be a q-transverse metric

on Ẽ. Then η is q ◦ p-transverse if and only if q∗η is p-transverse. In that case, (q ◦ p)∗η = p∗(q∗η).
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2.3 Quasi-action on Groupoids

Let θ : G ↷ E be an analytic groupoid action with momentum map q : E →M . Let O be an orbit of the

action. Restricting the action groupoid G ⋉ E to the orbit O, we get the analytic groupoid

G ⋉ E|O = G ⋉O = {(g, e) ∈ G ×O|s(g) = q(e)}.

G ⋉O acts linearly on the normal bundle NO = TE/TO. Any (g, e) ∈ G ⋉O induces a linear isomorphism:

(g, e) : Ne → Nge,

which is defined as follows. Given v ∈ Ne, choose curves g(t) in G and e(t) in E such that g(0) = g, e(0) = e,

e′(0) represents v, and s(g(t)) = q(e(t)). Then (g, e)v is represented by d
dt

∣∣
t=0

(g(t)e(t)). One can check it

is independent of choice of curves, hence defines a groupoid action, called the normal representation,

denoted by NO(θ).

We can dualize the normal representation to define the conormal representation N ∗
O(θ) : G ⋉O ↷ N ∗

O.

Identifying N ∗
O
∼= (TO)◦, for any α ∈ (TO)◦, the action is given by:

N ∗
O(θ)(g,e)(α) = α ◦ NO(θ)(g−1,ge).

To explicitly express the normal and conormal representations, let A be the Lie algebroid of G and let σ

be a right-splitting of the following exact sequence.

0 t∗A TG s∗TM 0.
s∗

σ

(2.1)

By right-splitting of the exact sequence, we mean that the bundle map σ : s∗TM → TG satisfies

s∗ ◦ σ = ids∗TM . Notice such σ always exists and can be analytic. Given an analytic Riemannian metric

on G, let (t∗A)⊥ be the orthogonal complement of t∗A ⊂ TG. Restricting to the orthogonal complement,

s∗|(t∗A)⊥ : (t∗A)⊥ → s∗TM is an isomorphism. Let σ : s∗TM → TG be the inverse of the isomorphism. We

have σ is an analytic right-splitting.

Given a vector v ∈ TeE, which represents a normal vector [v] ∈ NO,e, the normal representation can be

written as:

NO(θ)(g,e)([v]) = [dθ(σg(deq(v), v)] (2.2)

For α ∈ (TO)◦e and v ∈ TgeE, the conormal representation is:

⟨N ∗
O(θ)(g,e)(α), v⟩ = ⟨α, dθ(σg−1(dgeq(v), v)⟩ (2.3)

The above expressions does not depend on the choice of our splitting σ.

Given an analytic metric η on TE, we can identify the normal bundle NO ∼= (TO)⊥. η induces an analytic

metric η∗ on the cotangent bundle T ∗E. Restricting the metric η on (TO)⊥ ∼= N ∗
O and η∗ to (TO)◦ ∼= N ∗

O,

we get metrics on NO and N ∗
O respectively.

Definition 2.3.1. Let Let θ : G ↷ E be a groupoid action. We say that a metric η on E is transversely

θ-invariant if for any orbit O, the normal representation NO(θ) : G ⋉ O ↷ NO acts by isometry, or

equivalently, if the conormal representation N ∗
O(θ) : G ⋉O ↷ N ∗

O acts by isometry.
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Lemma 2.3.2 ([6]). Let θ : G ↷ E be free and proper groupoid action with the quotient map π : E → E/G.
The metric η on E is transversely θ-invariant if and only if η is π-transverse. In that case, E/G has a

push-forward metric π∗η, which makes π a Riemanina submersion.

Definition 2.3.3. Let G ⇒ M be a Lie groupoid E be a manifold with a map q : E → M . Denote

G ×M E = {(g, e) ∈ G ×E | s(g) = q(e)}. We say that θ : G ×M E → E is a quasi-action if q(θ(g, e)) = t(g),

denoted by θ : G↷̃E.

For any arrow g : y ← x, the quasi-action θ gives a map θg : Ex → Ey between the fibers of the moment

map q. A groupoid action θ : G ↷ E may not be lifted to a groupoid action on the tangent bundle TE, but

we can always lift it to have a quasi-action.

With the splitting map, we can list the action θ to the tangent space of E.

Definition 2.3.4. Let σ : s∗TM → TG be a splitting of the exact sequence 2.1 and θ : G ↷ E be a groupoid

action with moment map q : E →M . The tangent lift of θ is the groupoid quasi-action Tσθ : G ⋉ E↷̃TE

with the moment map the projection p : TE → E defined by:

Tσθ(g,e)(v) = dθ(σg(deq(v), v) (2.4)

We can also define the cotangent lift T ∗
σθ : G ⋉ E↷̃T ∗E by:

⟨T ∗
σθ(g,e)(α), v⟩ = ⟨α, Tσθ(g−1,ge)(v)⟩ (2.5)

In the analytic setting, we have the tangent lift Tσθ and the cotangent lift T ∗
σθ are analytic maps.

The following theorem generalizes [6] on the analytic context. When restricting to the conormal bundle,

the cotangent lift is independent of the choice of the splitting.

Proposition 2.3.5. Given a (analytic) right-splitting of the exact sequence 2.1 and a groupoid action

θ : G ↷ E with moment map q : E → M , let O be an orbit of the action. (TO)◦ is invariant under the

cotangent lift quasi-action T ∗
σθ : G ⋉E↷̃T ∗E. Moreover, when restricting to the conormal bundle (TO)◦, the

cotangent lift and the conormal representation agree with each other, namely, T ∗
σθ |(TO)◦= N ∗

O(θ).

Proof. When restricting to the orbit O,

θ |O: G ×M O → O.

Taking differentiation on both sides, we have

dθ |O: TG ×TM TO → TO

For any v ∈ TeO, Tσθ(g,e)(v) = dθ(σg(deq(v), v) ∈ TgeO. Hence TO is invariant under the quasi-action Tσθ.

By equation 2.5, (TO)◦ is invariant under the cotangent quasi-action T ∗
σθ. When restricting to (TO)◦, the

conormal representation 2.3 and cotangent lift 2.5 gives the same formula.

2.4 Analytic Haar Density

It is well known that every proper groupoid admits a Haar density (cf. [20], [21]), which can be used to

average functions or sections of vector bundles. We will extend this result to the analytic setting.
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For the reminder of this chapter, we always assume that that the groupoid G is analytic and s-proper. In

this section, we will demonstrate the existence of a Haar density that varies analytically across the source

fibers.

Let V be a vector space of dimension n. A density on V is a function

µ : V × · · · × V︸ ︷︷ ︸
n copies

→ R

such that µ(Tv1, · · · , T vn) = |det(T )|µ(v1, . . . , vn) for any linear map T . D(V ) denote the set of all densities

on V . We say that µ is positive if µ(v1, · · · , vn) > 0 for any linearly independent vectors v1, · · · , vn. Let E
be a vector bundle on M . The set of all densities on each fiber D(E) =

⊔
p∈M D(Ep) gives a line bundle

over M , called density bundle of E. Let e1, · · · , en be a local basis of E, then |e1 ∧ · · · ∧ en| is local basis
of D(E). A smooth section µ of D(E) is called a density of E. We say that µ is positive if it is positive

at every point. In this paper, we only consider positive densities. When the bundle E is analytic, the line

bundle D(E) is analytic. We say that a density µ is analytic if it is an analytic section of D(E). We denote

D(M) = D(T ∗M) and say µ is a density on M if it is a density on its cotangent bundle. When the manifold

M is oriented, a volume form ω induces a positive density |ω| by requiring ωp = |ωp| for every p in M . Not

every manifold is oriented and admits a volume form, but every manifold admits a density and we can further

assume it to be analytic when M is analytic.

The following lemma is a well-known criterion for analytic functions [22].

Lemma 2.4.1. A smooth function f : U → R is an analytic function on an open set U ⊂ Rn if and only if

for any compact set K ⊂ U , there exists a constant C > 0 depending on K such that for all α ∈ Z≤0 and all

x ∈ K, ∣∣∣∣∂αf∂xα

∣∣∣∣ ≤ C |α|+1α!

The above lemma immediately yeilds the following.

Lemma 2.4.2. If f is a positive analytic function, then
√
f is also analytic.

By the result of Morrey and Grauert, every analytic bundle E admits an analytic Riemannian metric

{gαβ}. We can define a positive analytic density by the local formula

µ =
√
det(gαβ)|e1 ∧ · · · ∧ en|.

According to the above lemma, µ is analytic. Hence we have the following theorem.

Theorem 2.4.3. Every analytic vector bundle has a positive analytic density.

Lemma 2.4.4. Let s : E →M be an proper analytic submersion between two analytic manifolds. Given an

analytic measure on the vector bundle (Ker(ds))∗ → E, it induces a family of analytic measure µx on each

fiber s−1(x). For any analytic function f on E, we have the function

x 7→
∫
s−1(x)

f(g)µx(g)

is analytic on M .
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Proof. By analytic version of Ehresmann theorem, s is a locally trivial fibration. Choosing some open

neighborhood U of x, we can just assume E|U = U × s−1(x) and s = prU . Let {Vi} be a finite open cover of

s−1(x) and {ρi} be a partition of unity subordinate to it.∫
s−1(x)

f(g)µx(g) =
∑
i

∫
Vi

ρif(g)µ
x(g).

It suffices to prove that gi(x) =
∫
s−1(x)∩Vi

ρif(g)µ
x(g) is analytic. In local coordinates, write g = (x, y) and

µx(g) = λ(x, y)dy, we have

gi(x) =

∫
Vi

ρi(y)f(x, y)λ(x, y)dy.

Since f and λ are analytic, so is fλ. By Lemma 2.4.1, for any compact set K ⊂ U × Vi, there exists

constant C such that
∣∣∣∂α(fλ)
∂xα (x, y)

∣∣∣ ≤ C |α|+1α!. Therefore∣∣∣∣∂αgi∂xα
(x)

∣∣∣∣ ≤ ∫
supp(ρi)

∣∣∣∣∂α(fλ)∂xα
(x, y)

∣∣∣∣ dy ≤ |supp(ρi)|C |α|+1α!.

Definition 2.4.5. We say that a family of positive density {µx}x∈M on s-fibers of G is an analytic

normalized Haar density if the following condition are satisfied:

1. (Analyticity) The function

x 7→
∫
s−1(x)

f(g)µx(g)

is analytic on M for any analytic function f ∈ Cω(G).

2. (Right-invariance) For any arrow y
h←− x and f ∈ Cω(s−1(x)), we have∫

s−1(y)

f(gh)µy(g) =

∫
s−1(x)

f(g)µx(g).

3. (Normalization) The support of µx is compact and for all x ∈M∫
s−1(x)

µx(g) = 1.

Let G be an s-proper analytic groupoid and A be its algebroid. Let µ be a positive analytic density on

the dual bundle of Lie algebra A∗. Define the map ϕ : Ker(ds)→ G by ϕ(g, v) = (t(g), dRg−1(v)). We have

the following commutative diagram

Ker(ds) A

G M.

ϕ

t

Pulling back an analytic density µ through ϕ gives an analytic density µ̃ on (Ker(ds))∗, which induces a

family of analytic densities {µ̃x} on each fiber s−1(x). According to Lemma 2.4.4, {µ̃x} varies analytically
across the fiber. It is easy to check that for any arrow y

h←− x, µ̃y = R∗
hµ̃

x. So {µ̃x} is right-invariant. We
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define the following function:

c(x) =

∫
s−1(x)

µ̃x(g).

By Lemma 2.4.4, c(x) is analytic. Replacing µ̃x by 1
c(x) µ̃

x, we have an analytic normalized density and also

call it µ̃. Now we have the following theorem.

Theorem 2.4.6. Every s-proper groupoid G admits an analytic normalized Haar density.

2.5 Analytic Metric on Groupoids

Given an analytic right-splitting σ, we can lift the groupoid action θ to obtain cotangent quasi-action T ∗
σθ.

For simplicity, we denote ge = θg(e) and gα = T ∗
σθ(g,e)(α). Let µ be an analytic normalized Haar density on

G, which always exists by theorem 2.4.6. Given an analytic metric η on E, we can take average of the metric

by the following method defined on [6].

Definition 2.5.1. Let G be an s-proper analytic groupoid and θ : G ↷ E be a groupoid action and η be an

analytic metric on E. The cotangent average η̃ ∈ Γ(E,S2(T ∗E)) is an analytic metric on E obtained by

averaging η∗, given by

(η̃)∗e(α, β) :=

∫
G(−,x)

η∗ge(gα, gβ)µ
x(g),

where x = q(e), y
g←− x, and α, β ∈ T ∗

eE.

Theorem 2.5.2. [6] Given groupoid action θ : G ↷ E and a metric η, let η̃ be the cotangent average metric ,

then η̃ is transversally θ-invariant.

Proof. It suffices to show that for any orbit O ⊂ E, the conormal representation N ∗
O(θ) : G ↷ (TO)◦ acts by

isometry respect to the metric η̃∗|(TO)◦×TO)◦ . According to theorem 2.3.5, for any α ∈ (TO)◦,

N ∗
O(θ)(g,e)(α) = gα

h(gα) = N ∗
O(θ)(h,ge)N ∗

O(θ)(g,e)(α) = N ∗
O(θ)(hg,e)(α) = (hg)α

(η̃)∗ge(N ∗
O(θ)(g,e)(α),N ∗

O(θ)(g,e)(β))

=(η̃)∗ge(gα, gβ)

=

∫
G(−,y)

η∗h(ge)(h(gα), h(gβ))µ
y(h)

=

∫
G(−,y)

η∗(hg)e((hg)α, (hg)β)µ
y(h)

=

∫
G(−,y)

η∗he(hα, hβ)µ
y(h)

=(η̃)∗e(α, β).

Let G[k] be k-tuple of arrows in G with the same target. Let G(k) be the k-tuple of composable arrows.

G acts on G[k] by left multiplication g(h1, · · · , hk) = (gh1, · · · , ghk). The action is free and proper, with

21



quotient map

π(k) : G[k] → G(k) ∼= G[k]/G

where π(k)(g1, · · · , gk) = (g−1
1 g2, · · · , g−1

k−1gk).

Definition 2.5.3. We say that an analytic Riemannian metric η(2) on G(2) is an analytic 2-metric if η(2)

is π1, π2,m-transverse and (π1)∗η
(2) = (π2)∗η

(2) = m∗η
(2).

Theorem 2.5.4. Every Hausdorff analytic s-proper groupoid admits an analytic 2-metric η(2).

Proof. Let η be an analytic t-transverse metric on G, which induces the pull-back metric η[k] on G[k]. By

taking the cotangent average, we obtain η̃[k] on G[k], which is transversely invariant for left multiplication. η̃[k]

is transverse for the quotient map π(k) : G[k] → G(k), hence induces the push-forward metric η̃(k) = π
(k)
∗ η̃[k]

on G(k) (cf. Lemma 2.3.2). We claim that η̃(2) is an analytic 2-metric on G(2).
We have the following commutative diagram:

· · · G[3] G[2] G

· · · G(2) G M

π(2)
π(1) s

π1

m
π2

t

s

where all the arrows are Riemannian submersions. Since the graph is commutative, we have (π1)∗η̃
(2) =

(π2)∗η̃
(2) = m∗η̃

(2) = π
(1)
∗ η̃[2].

Theorem 2.5.5 ([6]). Let G be a proper groupoid and S be a saturated groupoid. Let η(2) be a 2-metric on

G(2), which induces a metric η(1) = m∗η
(2) on G. Then the exponential map of η(1) gives a Linearization of

G at S. Namely, there exist an open neighborhoods of S, U ⊂M and V ⊂ NS, such that the following map is

an isomorphism:

NGS
|V G|U

V U

exp

exp

If we further assume that G is s-proper, then U and V can be chosen to be invariant so that G is invariant

linearizable.

If we assume that the 2-metric is analytic, then the induced metric is also analytic. Hence we have the

exponential map gives an analytic groupoid isomorphism.

Theorem 2.5.6. Let G be an analytic s-proper groupoid and S be a saturated groupoid. Then G can be

analytically invariant linearizable at S.
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Chapter 3

Complexification of Algebroids and

Groupoids

3.1 Complexification of Manifolds

Definition 3.1.1. Let N be a complex manifold and M ⊂ N be an embedded analytic submanifold of N ,

we say that M is a totally real submanifold of N if

TxM ⊕ J(TxM) = TxN

for any x ∈M

Remark. In this case, we also call MC a complexification of M .

We will see that the embedding M →MC looks like the standard embedding Rn → Cn on local charts.

Lemma 3.1.2. Let N be a complex manifold and M ⊂ N be an embedded analytic submanifold of N . The

following are equivalent:

1. M is a totally real submanifold of N

2. For any x ∈M , there is a coordinate chart U ⊂ N containing x, such that

M ∩ U = {(x1, . . . , xn) ∈ Cn | xi ∈ R i = 1, . . . , n}

3. There is an open neighborhood U ⊂ N containing M and an antiholomorphic involution σ : U −→ U

with Fix(σ) =M

Proof. Let M be a totally real submanifold of N . Let x ∈ N . In local coordinate, then analytic embedding

i : M −→ N can be represented by a embedding f : Rn → Cn. Since f is analytic, we can extend f to a

holomorphic map f̃ : V → Cn, where V is an open set of Cn containing Rn. Since M is totally real, we have

rankxdf̃ = n. f̃ gives a holomorphic local chart of N near x, which satisfies condition 2.

At any point x ∈ M , let U ⊂ N be a local chart satisfying condition 2, define σU : U → U by

σ(z1, · · · , zn) = (z̄1, · · · , z̄n). We have the fixed point of Fix(σU ) = U ∩M . Since σU |U∩V ∩N = σV |U∩V ∩N
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for any such charts U, V ⊂ N . By analytic continuation, σU |U∩V = σV |U∩V . We can glue σU to get an

antiholomorphic involution σ :W →W , where W ⊂ N is an open neighborhood of M in N .

Assuming 3, let x ∈ M . Since (dxσ)
2 = id, TxN decomposes to +1 and −1 eigenspace of dxσ. The

+1 eigenspace is TxM . Since dσ ◦ J = −J ◦ dσ, the −1 eigenspace is given by J(TxM). Hence we have

TxM ⊕ J(TxM) = TxN for any x ∈M .

Example 3.1.3. Let g be a Lie algebra and g ⊗ C be its complexification. Let G and GC be the simply

connected Lie groups integrating g and g⊗ C respectively. Then G→ GC is a totally real submanifold.

Example 3.1.4. Assume that X ⊂ Rn is an smooth affine variety, which is defined by polynomials f1, · · · , fk ∈
R[x1, · · · , xn]. We can view f1, · · · , fk as polynomials in C[x1, · · · , xn]. Hence they define a smooth affine

variety XC ⊂ Cn. X → XC is a totally real submanifold.

The following theorem shows that every analytic manifold can be realized as a totally real submanifold.

Theorem 3.1.5. [7][23] Any analytic manifold M can be analytically embeded to an complex manifold MC

as a totally real submanifold.

In this case, we say that MC is a complexification of M , and M is a real form of MC. If N and N ′ are

two complexification of M , then N and N ′ are isomorphic in a neighborhood of M .

Lemma 3.1.6. Let M be a totally real submanifold of MC. Then any analytic function on M extends to a

holomorphic function on a neighborhood of M in MC

Proof. For any point x ∈ M , take a local normal coordinate around x as in Lemma 3.1.2. Any analytic

function f can be written as its Taylor expansion

f =
∑

i1,i2,··· ,ik

ai1,i2,··· ,ikx
i1xi2 · · ·xik

We define the holomorphic extension of f to be

f̃ =
∑

i1,i2,··· ,ik

ai1,i2,··· ,ikz
i1zi2 · · · zik

By analytic continuation, the extension is unique around x. Glue all those f̃ , we get a holomorphic function

around M extending f .

Proposition 3.1.7. Let M be a totally real submanifold of MC. Let N be a complex manifold and ϕ :M → N

be a real analytic map. Then there exists neighborhood U ⊂ MC containing M and a holomorphic map

ϕ̃ : U → N such that ϕ̃|M = ϕ. Moreover, we have rankCdxϕ̃ = rankRdxϕ for any x ∈ X.

Proof. Similar to 3.1.6, we can always extend ϕ by extending its Taylor expansion in each coordinate. We

have dxϕ̃ is the complexification of dxϕ for all x. Hence they have the same rank.

We also have the following proposition by analytic continuation.

Proposition 3.1.8. Suppose that a complex manifold MC is connected. Let M be a totally real submanifold

of MC and f be an (complex or real) analytic function on MC. If f vanishes on M then it must vanish on

MC.
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Let M be a smooth manifold. By Whitney’s theorem [23], we can always find an analytic coordinate chart

for M which is compatible with the given smooth structure. Then we can embed M be a complex manifold

MC as a totally real submanifold. Hence any smooth manifold M admits a complexification MC.

Let (M,π) be a Poisson manifold. We can always give M an analytic structure. But the problem is,

in general, π may not be analytic on coordinate charts. When π is nondegenerate, we can always find an

analytic structure on M , such that π is analytic.

Theorem 3.1.9. [24] Let (M,ω) be a symplectic structure. There exists an analytic structure onM compatible

with the smooth structure, such that the symplectic form ω is analytic on coordinate charts.

3.2 Complexification of Analytic Algebroids

Definition 3.2.1. Let (A, ρ, [·, ·]) be an analytic Lie algebroid over an analytic manifold M . We say that a

holomorphic algeborid (AC, ρC, [·, ·]C) over MC is a complexification of A or A is a real form of AC if the

following holds:

1. M is a totally real submanifold of MC,

2. AC|M = A⊕ J(A), where J is the complex structure on AC,

3. We have the following commutative diagram:

A AC

TM TMC,

ρ ρC (3.1)

4. For any analytic section α, β of A and any point x ∈M , we have

[α, β](x) = [α̃, β̃]C(x)

where α̃ and β̃ are holomorphic sections extending α and β near x.

Example 3.2.2. Every Lie algebra g can be viewed as a Lie algebroid over a point. Its complexification is

just the usual complexification of Lie algebra g⊗ C.

Example 3.2.3. Let TM → M be an analytic algebroid with identity anchor map. Let MC be a com-

plexification of M . Then TMC → MC with the identity anchor map is a complexification of the algebroid

TM →M .

Example 3.2.4. Let (Rn, π) be an analytic Poisson manifold. Write

π =

n∑
i,j=1

πij(x)
∂

∂xi
∧ ∂

∂xj

Embed Rn to Cn by standard embedding. Since πij is analytic, we can extend πij to get holomorphic functions

π̃ij near an open neighborhood U ⊂ Cn of Rn. We have a holomorphic Poisson manifold on U ,

πC =

n∑
i,j=1

π̃ij(z)
∂

∂zi
∧ ∂

∂zj
.
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Then (T ∗U, π#
C , [·, ·]πC) is complexification of (T ∗Rn, π#, [·, ·]π).

Proposition 3.2.5. Every analytic algebroid A→M admits a complexification.

Proof. According to [7], [25], [26], there exists a holomorphic vector bundle AC → MC such that M is a

totally real submanifold of MC and AC|M = A⊕ J(A). Locally we can choose trivialization such that the

embedding A→ AC looks like the standard embedding of Rn to Cn:

A|U∩M AC|U

Rn × Rk Cn × Ck

i

ψ ϕ

j

Locally ρ can be expressed as a function Rn →Mn×k(R), which can be extended to a holomorphic function

U → Mn×k(C), where U ⊂ Cn is an open neighborhood of Cn. Possibly by shrinking AC to an open

neighborhood of M , we can glue those extensions to get a holomorphic anchor map ρC : AC → TMC.

Similarly, we can define the bracket [·, ·]C by holomorphically extending [·, ·].

Remark. The complexification of an algebroid A is not unique, but is unique near A, meaning that if A1 and

A2 are two complexification of A, then they are isomorphic when restricted to an open neighborhood of M .

Proposition 3.2.6. Let x ∈M . Let gx be the isotropy Lie algebra of A at x and gC,x be the isotropy Lie

algebra of AC at x, we have

gC,x ∼= gx ⊗ C as Lie algebras.

Proof. According to the Definition 3.2.1, AC,x ∼= Ax ⊕ J(Ax) for all x ∈M . Let w = u+ J(v) ∈ gC,x, where

u, v ∈ Ax. Then ρC(w) = ρC(u) + ρC(Jv) = ρ(u) + J ◦ ρ(v) = 0. We have u ∈ Ker(ρ) and v ∈ J(Ker(ρ)).
Hence gC,x ∼= gx ⊗ C as vector spaces. They are isomorphic as Lie algebra since the bracket in gC,x extends

the bracket in gx by C-linearity.

Proposition 3.2.7. If A is regular then there is an open neighborhood U ⊂ MC containing M such that

AC|U is regular. Moreover, in this case, we have rankR ρ = rankC ρC|U

Proof. By choosing local trivialization, locally ρ can be represented by a function Rn →Mn×k(R), x 7→ ρij(x).

Assume that rankR ρ = l. There exists a non-zero l × l minor of the matrix (ρij). And every (l + 1)× (l + 1)

minor is zero. Since ρC can be represented by a n× k matrix (ρ̃ij), where ρ̃ij is the holomorphic extension of

ρij . By analytic continuation, we have the same l× l minor of (ρ̃ij) is non-zero in an open neighborhood and

every every (l + 1)× (l + 1) minor is zero.

Definition 3.2.8. Let GC ⇒MC be a holomorphic groupoid and G ⇒M be an analytic subgroupoid of GC.
We say that G is a real form of GC if it is a totally real submanifold of GC. In this case, we also say that GC
is a complexification of G.

Remark. As in the case of Lie algebroids, the complexification of a Lie groupoid G is not unique. However, the

groupoid structure on GC is uniquely determined in a neighborhood of G. The structure maps sC, tC,mC of

the complexified groupoid GC are holomorphic extensions of the analytic maps s, t,m, and by the uniqueness

of analytic continuation, they are uniquely determined near G.

G GC

M MC,

st sCtC
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Now we have a notion of the real form of holomorphic algebroids and the real form of holomorphic

groupoids. They are related in the following way.

Proposition 3.2.9. Let GC be a holomorphic groupoid over a complex manifold MC. Let G be a real form of

GC. Then Lie(G) is a real form of Lie(GC).

Proof. We have the following commutative diagram:

M G MC

MC GC MC

ι s

t

ιC

sC

tC

For all x ∈M , we have

TxMC = dsCdιC(TxMC)

⊂ dsC(TxGC)

= dsC(TxG ⊕ J(TxG))

= dsC(TxG)⊕ J(dsC(TxG))

= ds(TxG)⊕ J(ds(TxG)) ⊂ TxM ⊕ J(TxM)

TxM ⊕ J(TxM) = dsdι(TxM)⊕ dsdι(J(TxM))

= dsCdιC(TxM)⊕ dsCdιC(J(TxM))

= dsCdιC(TxM)⊕ J(dsCdιC(TxM)) ⊂ TxMC

We have TMC|M = TM ⊕ J(TM). Write AC = Lie(GC) and A = Lie(G). By the similar argument, we can

show that AC|M = A⊕ J(A). The commutative diagram (3.1) comes from the fact that G is a subgroupoid

of GC. Let α, β ∈ Γ(A) be sections of A. Extending α, β to the right-invariant vector fields of G, then the Lie

bracket [α, β] is the usual Lie bracket of the vector fields in TG. Extending α and β holomorphically, we get

α̃, β̃ as the right-invariant vector field of TGC. We have the holomorphic extension of [α, β] is [α̃, β̃]C.

Proposition 3.2.10. Let (AC, ρC, [·, ·]C)→MC be a holomorphic Lie algebroid. Let AR be the underlying

real Lie algebroid. Let A → M be an analytic subbundle of AR. Then A is a real form of AC if and

only if there exists an open neighborhood V containing M and an antiholomorphic Lie algebroid involution

σ : AR|V → AR|V with Fix(σ) = A.

Proof. Assume A is a real form of AC. At each point x ∈M , we can always find a local trivialization of AC

and A such that we have the following commutative diagram:

A|U∩M AC|U

Rn × Rk Cn × Ck

i

ψ ϕ

j

where ψ and ϕ are local trivialization of A and AC around x, U is an open set in MC containing x, and j is

the standard embedding of Rn×Rk to Cn×Ck. Let σU be defined by requiring σU (z1, · · · , zn, u1, · · · , uk) =

27



(z̄1, · · · , z̄n, ū1, · · · , ūk). By analytic continuation, we can glue such σU to get an anti-holomorphic involution

σ on a neighborhood of M with Fix(σ) =M .

It suffices to show that σ is a Lie algebroid morphism. Let λ : V → V be the anti-holomorphic involution

covered by σ. Then dλ ◦ ρR ◦ σ : AR → TV is a holomorphic map which is identity when restricting to A

is the same as ρC. By analytic continuation, dλ ◦ ρR ◦ σ = ρC, i.e., dλ ◦ ρR = ρC ◦ σ. Any smooth section

of A can be locally written as linear combination
∑
k fkek, where ek is a holomorphic section and fk is a

complex-valued smooth function. It suffices to show that for any smooth complex valued function f and g,

[σ∗(fei), σ∗(gej)]R = σ∗[fei, gej ]R

where σ∗(e) = σ ◦ e ◦ λ−1.

σ∗[fei, gej ]R(z) = [fei, gej ]R(z̄)

= f(z̄)g(z̄)[ei, ej ] + ρR(ei)(g)(z̄) · f(z̄)ej − ρR(ej)(f)(z̄) · g(z̄)ei
= f(z̄)g(z̄)[ei, ej ] + ρR(ei)(g(z̄)) · f(z̄)ej − ρR(ej)(f(z̄)) · g(z̄)ei
= [f(z̄)ei, g(z̄)ej ]R

= [σ∗(fei), σ∗(gej)]R

Theorem 3.2.11. Let AC be a complexification of A. If AC is integrable, then A is analytically integrable.

Moreover, there is an open neighborhood U ⊂MC containing M , such that A integrates to a real form of GC,
where GC is the source simply connected integration of AC|U .

Proof. According to Proposition 3.2.10, there exists an open neighborhood U ⊂ MC and a Lie algebroid

involution σ : AC|U → AC|U . Let GC be the simply connected integration of AC|U . Integrating the

antiholomorphic Lie algebroid morphism σ, we have an antiholomorphic involution Σ : GC → GC (cf. [16]). Let

G be the fixed point set of GC. Restricting the structure maps to G, we can give G a Lie groupoid structure.

By Lemma 3.1.2, we have that G is a real form of GC.

3.3 Integration of the Complexification

Theorem 3.2.11 shows that integrability of the complexification implies the integrability of A. In this section,

we are going to show that the converse also holds in the following cases:

1. The anchor map is zero;

2. The anchor map ρ : A→ TM is injective at some point;

3. A is transitive, meaning the anchor map is surjective.

Let A be an analytic algebroid with zero anchor map. Then it is an analytic bundle of Lie algebras with

fibers gx. Its complexification AC is a bundle of complex Lie algebras with fibers gx ⊗ C. Let Gx and GC,x

be the simply connected Lie groups integrating gx and gx ⊗ C respectively. According to Corollary 1.2.12,

both A and AC can be integrated to bundles of Lie groups, whose fibers are Gx and GC,x respectively.

For the Lie algebroid with ”almost injective” anchor map, we have the following theorem:
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Theorem 3.3.1 ([27],[9]). If a Lie algebroid A has injective anchor map on a dense open set, then it is

integrable.

If the anchor map of a holomorphic algebroid is injective at one point, then it is injective on a ”large set”.

Theorem 3.3.2. Let AC be a holomorphic algebroid over a connected complex manifold MC. If the anchor

map ρC is injective at some point, then AC is integrable.

Proof. According to Theorem 3.3.1, it suffices to show the set

{x ∈MC|ρC,x is injective}

is open and dense. Let k be the rank of the vector bundle AC and n be the dimension of MC. Since the

anchor map ρC is injective at some point, we have k ≤ n. Let x be a point such that ρC,x is injective.

Corollary 3.3.3. Let A be an analytic algebroid over a connected analytic manifold M . If the anchor map

of A is injective at one point, then A is analytically integrable.

Proof. Let AC →MC be a complexification of A. We may assume that MC is connected. Assume that the

anchor map is injective at some point x, by Proposition 3.2.6, the anchor map ρC of AC is also injective at x.

We have AC is integrable, which implies that A is analytically integrable (cf. Theorem 3.2.11).

Let A be a transitive analytic algebroid and let AC → MC be a complexification of A. According to

Proposition 3.2.7, possibly by shrinking MC, we may assume that AC is also transitive. By shrinking MC to

a tubular neighborhood of M in MC, we may assume that M and MC are homotopy equivalent. We will

show that the integrability of A implies the integrability of AC.

Recall that a transitive Lie algebroid is integrable if and only if the monodromy group Ñx(A) is closed for

some x (cf. Corollary 1.2.10). Recall from Proposition 1.2.11, we have the following exact sequence:

π2(M,x)
∂x−→ G(gx)

G(i)−−→ G(A)x
px−→ π1(M,x)→ 1.

The image of ∂x is the monodromy group Nx(A). We will use the exact sequence to compare the monodromy

groups for A and AC.

Theorem 3.3.4. Let A be a transitive integrable analytic Lie algebroid. Let AC →MC be a complexification

of A, then there is an open neighborhood U ⊂MC containing M such that AC|U is integrable.

Proof. By shrinking MC, we may assume that MC has the same homotopy type of M and AC is transitive.

We will prove that AC is integrable in this case. It suffices to show that its underlying real Lie algebroid

is integrable (cf. [17]). By abuse of notation, we will use the same notation AC for the underlying real Lie

algebroid. The inclusion A→ AC is a morphism of real Lie algebroids, which gives a commutative diagram:

π2(M,x) G(gx) G(A)x

π2(MC, x) G(gC, x) G(AC)x.

∂x

j G(ϕ)
∂C,x

j is induced by the inclusionM →MC. SinceM →MC gives a homotopy equivalence, we have j : π2(M,x)→
π2(MC, x) is an isomorphism. According to Proposition 3.2.6, gC,x ∼= g ⊗ C. Let ϕ : gx → gC,x be the
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inclusion. We have ϕ is a real Lie algebroid morphism, hence can be integrated to a Lie algebra morphism

G(ϕ) : G(gx) → G(gC,x). Let φ : gC,x → g be the projection to its real part. φ is a morphism of real Lie

algebras and we obtain G(φ) : G(gC,x)→ G(g). We have G(φ) ◦ G(ϕ) = id. Since G(ϕ) ◦ ∂x = ∂C,x ◦ j, we have

∂x = G(φ)G(ϕ) ◦ ∂x = G(φ) ◦ ∂C,x ◦ j.

Since j is an isomorphism, we have

(G(φ))−1(Nx(A)) = Nx(AC).

Since Nx(AC) is closed, we have Nx(AC) is also closed.

For transitive Lie algebroids, there is only one orbit, and thus all monodromy groups are isomorphic. In

such cases, understanding the monodromy groups of A provides information about the monodromy groups of

its complexification AC. However, in the general (non-transitive) case, it is not straightforward to relate the

monodromy groups of A and AC. In particular, there may exist orbits of AC in MC that lie arbitrarily close

to M but do not intersect it.

Example 3.3.5. Consider the linear Poisson manifold (so(3)∗, π). With respect to the basis E23, E31, E12,

we can identify so(3) ∼= R3. Using coordinates x1, x2, x3, the Poisson bivector is given by:

π = x1
∂

∂x2
∧ ∂

∂x3
+ x2

∂

∂x3
∧ ∂

∂x1
+ x3

∂

∂x1
∧ ∂

∂x2
.

The symplectic leaves (orbits) of this Poisson structure are {0} and the spheres

S2
r =

{
(x1, x2, x3) ∈ R3

∣∣ x21 + x22 + x23 = r2
}

for r > 0.

The complexification of so(3) is

so(3,C) = so(3)⊗R C ∼= sl(2,C),

and the complexified Poisson manifold is (so(3,C)∗, πC). The complex Poisson bivector takes the form:

πC = z1
∂

∂z2
∧ ∂

∂z3
+ z2

∂

∂z3
∧ ∂

∂z1
+ z3

∂

∂z1
∧ ∂

∂z2
.

The symplectic leaves are given by the level sets:

Oλ =
{
z ∈ so(3,C)∗

∣∣ z21 + z22 + z23 = λ
}
, λ ∈ C.

When λ is sufficiently close to a real number, the orbit Oλ may contain points arbitrarily close to

so(3)∗ ⊂ so(3,C)∗, but it does not intersect the real form unless λ is itself real.

3.4 Complexification of Source Proper Groupoids

Definition 3.4.1. Let G be a Lie group. We say that a complex Lie group GC is a complexification of G

if there is an injective group homomorphism

ι : G→ GC
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satisfying the universal property: for any complex Lie group H and any Lie group homomorphism ϕ : G→ H,

there exists a holomorphic Lie group homomorphism ϕC : GC → H such that ϕ = ϕC ◦ ι.

Every compact Lie group G admits a complexification GC (cf. [28], [29]). In that case, the Lie algebra

of GC is the complexification of Lie algebra of G and G is a totally real submanifold of GC. Moreover, the

complexification of a compact group G is unique up to isomorphism.

A principal G-bundle is determined by an open over {Ui} and transition functions:

gij : Uij := Ui ∩ Uj → G

which satisfy the cocycle conditions.

Assume that P is an analytic principal bundle over an analytic manifold M . Let MC be a complexification

of M . Then we can holomorphically extend the transition functions to

g̃ij : Ũij → GC

where Ũij ⊂ MC is an open neighborhood of Uij . Then we can glue charts by the transition functions to

obtain a principal GC bundle. First we need the following lemma.

Lemma 3.4.2. Let M → N be an embedding of smooth manifold. Let U be an open set in M . There exists

an open set V on N such that V ∩M = U and

V ∩M = V ∩M

Proof. There is a tubular open neighborhood W ⊂ N of M and a smooth retraction:

r :W → X

such that r|X = idX . Let V = r−1(U) ∩W . Since U is open in M and r is continuous, we have V is open in

N . We claim that V is the desired open set.

We have V ∩M = r−1(U) ∩W ∩M = U . It is clear that V ∩M ⊂ V ∩M . To see that V ∩M ⊂ V ∩M ,

let x ∈ V ∩M . There is a sequence of points {yk} ⊂ V , such that yk → x. Then we have r(yk)→ r(x) = x.

Hence x ∈ r(V ) ⊂ V ∩M .

The following theorem gives a special case for [30, Theorem 1].

Theorem 3.4.3. Let G be a compact group and P be an analytic principal G-bundle over an analytic manifold

M . Let GC be the complexification of G. There exists a holomorphic principal GC-bundle PC such that P is

a totally real submanifold of PC and the embedding P → PC is G equivariant.

Proof. Let {Ui} be an open cover of M with transition functions gij : Uij = Ui ∩ Uj → G for the principal

bundle P . Let MC be a complexification of M . By analytic continuation, extending gij , we get a holomorphic

function

g̃ij : Ũij ⊂MC → GC,

where Ũij is an open set in MC containing Uij . We may also assume that g̃ij satisfies the cocycle conditions.

We can find an refinement {Vα} of the open cover {Ui}, such that V α ⊂ Ui(α) is compact and Vα only

intersects finite many Vβ ’s. Replacing {Ui} by {Vα}, we may assume that Ui ∩Uj ⊂ Ũij , where the closure is
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taken inside M .

According to Lemma 3.4.2, we can choose open sets Ũi in MC such that M ∩ Ũi = Ui and Ũi ∩M = Ui.

Possibly by taking a refinement, we may assume that each Ũi only intersects finitely Uj ’s. By modifying the

open cover {Ũi}, we want to find a set of open sets {W̃i} in MC, which satisfying the following conditions:

1. {W̃i} covers M , i.e, M ⊂ ∪iWi;

2. W̃i ∩ W̃j = ∅ if Ũi ∩ Ũj = ∅;

3. W̃i ∩ W̃j ⊂ Ũij if Ũi ∩ Ũj ̸= ∅.

Suppose that {W̃i} exists. We can restrict the function g̃ij on W̃i ∩ W̃j to obtain holomorphic transition

functions:

g̃ij : W̃i ∩ W̃j → GC.

Write W̃ = ∪iW̃i. Define a principal bundle over W̃ by:

PC =
⊔
i

W̃i ×GC/ ∼,

where the equivalence relation is given by (x, λ) ∼ (x, g̃ijλ). Then PC is the desired holomorphic GC principal

bundle.

Now it suffices to show that such an open cover exists. Take

Ṽij = (Ũi − Ũi ∩ Ũj) ∪ Ũij .

Let ˚̃Vij be the interior of Ṽij . We claim that ˚̃Vij is an open neighborhood of Ui. For any point x ∈ Ui, if
x ∈ Ui ∩ Uj , since Ui ∩ Uj ⊂ Ũij , we have x ∈ Ũij is an interior point of Ṽij . Since Ũi ∩M ⊂ Ui, we have

Ũi ∩ Ũj ∩M ⊂ Ũi ∩ Ũj ∩M ⊂ Ui ∩ U j

. If x /∈ Ui ∩ Uj , then it is not in the set Ũi ∩ Ũj , hence it is an interior point of Ũi − Ũi ∩ Ũj .
Set

W̃i =

 ⋂
Ũi∩Ũj ̸=∅

˚̃Vij

 ∩ Ũi.
We have W̃i is an open neighborhood of Ui. Then ∪iW̃i is an open neighborhood of M . If Ũi ∩ Ũj = ∅, then
W̃i ∩ W̃j = ∅. If Ũi ∩ Ũj ̸= ∅,

W̃i ∩ W̃j ⊂ Ṽij ∩ Ũi ∩ Ũj ⊂ Ũij

Definition 3.4.4. Let A be an analytic Lie algebroid. We say that A is of s-proper type if there exists an

analytic s-proper groupoid G integrating A.

Assume that G is an analytic s-proper groupoid integrating A. Let O be an orbit of the groupoid G.
Let x ∈ O and P = s−1(x). We have t : P → O is a principal bundle over O with the structure group

G = s−1(x) ∩ t−1(x). Let N = TxM/TxO be the normal bundle at x. We have G acts on N by normal

representation. The linear model of G can be realized as follows (cf. [4]).
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• The normal bundle of O is isomorphic to the associated vector bundle

NO ∼= (P ×N)/G,

where G↷ P ×N by λ(g, v) = (gλ−1, λv).

• The normal bundle of GO = s−1(O) is:

NGO
∼= (P × P ×N)/G,

where G↷ P × P ×N by λ(g, h, v) = (gλ−1, hλ−1, λv).

• The structure of the linear model is given by:

s([g, h, v]) = [h, v], t([g, h, v]) = [g, v], [g, h, v] · [h, k, v] = [g, k, v] (3.2)

Now we can complexify the linear model to obtain a holomorphic groupoid. Let PC be a complexification

of P in Theorem 3.4.3. Since G acts on N by normal representation ρ : G → GL(N), by the universal

property of GC, we can extend ρ to a holomorphic representation ρC : GC → GL(N⊗C). Denote NC = N⊗C.
We can define a holomorphic groupoid

(PC × PC ×NC)/GC ⇒ (PC ×NC)/GC,

whose structure maps are define in the same way of (3.2). To show that the groupoid is actually a

complexification of the linear model, we need the following lemma about quotient map.

Lemma 3.4.5. Let f :M → N be an embedding. Let G be a Lie group acting N and H ⊂ G be a subgroup

acting on M . Both actions are free and proper. Assume that:

• f is H-equivariant,

• the induced map f :M/H → N/G is injective,

Then f :M/H → N/G is an embedding.

Proof. f is injective means that every orbit of G in N restricts to an orbit of H in M :

f−1(G · f(m)) = H ·m for all m ∈M.

We have the following commutative diagram:

M
f−→ N

↓πM ↓πN

M/H
f̄−→ N/G

Let v = dπM (w) ∈ Ker(df),

df̄[m](v) = df̄[m] ◦ dπM |m(w) = dπN |f(m) ◦ df |m(w) = dπM (w) = 0

33



We have

df |m(w) ∈ Tf(m)(G · f(m))⇒ w ∈ Tm(H ·m)⇒ v = dπM (w) = 0.

We have f is an injective immersion. Let U ⊂ M/H be an open set. Then π−1
M (U) ⊂ M . Since f is an

embedding, f(π−1
M (U)) ⊂M is open in the subspace topology of f(M). Then

πN (f(π−1
M (U))) = f(U)

is open in the image of f in the subspace topology.

Proposition 3.4.6. Let MC be a complex manifold and M be a totally submanifold. Let G be a compact Lie

group acting on M and GC be the complexification. GC acts holomorphically on MC. Assume that:

• both G and GC actions are free and proper,

• the embedding M →MC is G-equivariant.

Then M/G→MC/GC is a totally real submanifold.

Proof. Fix x ∈M , define the orbit map:

Φx : G→ G · x, g 7→ gx.

Taking the differential, since the action is free, we obtain the following isomorphism:

dΦx|e : g→ Tx(G · x), v 7→ d

dt

∣∣∣∣
t=0

exp(tv) · x.

Taking differential of the following commutative diagram:

G G · x

GC GC · x,

we obtain:

g Tx(G · x)

gC ∼= g⊕ ig Tx(GC · x),

where the bottom map is holomorphic. We have

Tx(GC · x) ∼= g⊕ ig ∼= Tx(G · x)⊕ J(Tx(G · x)),

which shows the following:

Tx(MC/GC) ∼= TxMC/Tx(GC · x)
∼=(TxM ⊕ J(TxM))/(Tx(G · x)⊕ J(Tx(G · x)))
∼=Tx(M/G)⊕ J(Tx(M/G))
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Proposition 3.4.7. The holomorphic groupoid (PC × PC × NC)/GC ⇒ (PC × NC)/GC defined above is a

complexification of the linear model (P × P ×N)/G⇒ (P ×N)/G.

Proof. Let (g, h, v), (g′, h′, v′) ∈ P × P ×N . If they belongs to the same orbit in PC × PC ×NC, then there

exist λ ∈ GC, such that

(gλ−1, hλ−1, λv) = (g′, h′, v′)

Since g = g′λ, we have g and g′ belongs to the same fiber of P . Then there exist a unique element

ξ ∈ G, such that g = g′ξ. We have λ ∈ G. This shows that the induced map between the quotient spaces

(P × P ×N)/G→ (PC × PC ×NC)/GC is injective.

By Lemma 3.4.5, the standard embedding P × P ×N → PC × PC ×NC induces the following embedding

between groupoids:

(P × P ×N)/G → (PC × PC ×NC)/GC

↓↓ ↓↓
(P ×N)/G → (PC ×NC)/GC

,

where all the structure maps of groupoids are preserved. According to Proposition 3.4.6, (P × P ×N)/G is a

totally real submanifold of (PC × PC ×NC)/GC.

We say that a Lie algebroid is integrable if it is a Lie algebroid of some Lie groupoid. We say that a Lie

algebroid A → M is locally integrable if for every point x ∈ M , there is an open neighborhood U of x,

such that A|U is integrable.

Remark. Integrability is not a local problem. There are Lie algebroid that are locally integrable but not

globally integrable (cf. [9, Example 4.3 and 4.5]). There are also algebroids which are not locally integrable

((cf. [9, Example 4.4])).

Theorem 3.4.8. Let A be an analytic algebroid of s-proper type and let AC be its complexification. Then AC

is locally integrable around M (i.e. for every point x ∈M , there is an open neighborhood U ⊂M containing

x, such that AC|U is integrable).

Proof. It suffices to show A is integrable around each point of x ∈M . Let G be an s-proper analytic groupoid

integrating A. Let O be an orbit. According to Theorem 2.5.6, G can be analytically linearizable around O.
There exists an open neighborhoods V and W , such that G|V ∼= (P ×P ×N)/G|W . According to Proposition

3.2.9 and 3.4.7, the Lie algebroid of (PC × PC ×NC)/GC is a complexification of A|U . Then there is an open

neighborhood W̃ ⊂ (PC ×NC)/GC and Ṽ ⊂MC, such that (PC × PC ×NC)/GC|W̃ integrates AC|Ṽ .
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Chapter 4

Poisson Cohomology of Projective

Spaces

4.1 Poisson Structure on Projective Spaces

Let X be a complex manifold. Recall that a holomorphic Poisson structure on X is a holomorphic bivector

field π ∈ H0(X,
∧2 TX) which satisfies the Schouten bracket [π, π] = 0.

Definition 4.1.1. Let π be a holomorphic Poisson structure on Cn+1, we can write

π =
∑

0≤i<j≤n

πij
∂

∂zi
∧ ∂

∂zj

We say that π is a quadratic Poisson structure if πij are homogeneous quadratics.

Definition 4.1.2. Let v ∈ H0(∧kTCn+1) be a multivector field. We say that v is homogeneous of degree

k if v can be written as:

v =
∑

0≤j1<j2<,··· ,<jk≤n

fj1,··· ,jk
∂

∂zj1
∧ · · · ∧ ∂

∂zjk
, (4.1)

where fj1,··· ,jk ’s are homogeneous polynomials of degree k.

Let p : Cn+1 \{0} → Pn be the quotient map. Let v ∈ H0(∧kTCn+1) be a multivector field of homogeneous

degree k. Since v is invariant for the C∗ action λ : Cn+1 \ {0} → Cn+1 \ {0} v 7→ λv, v descends to

a multivector field p∗v ∈ H0(∧kTPn). Actually, any multivector field in Pn comes from a homogeneous

multivector field in Cn+1.

Lemma 4.1.3 ([31]). Any multivector field w ∈ H0(X,∧kTPn) can be written as

w = p∗v,

where v ∈ H0(∧kTCn+1) is homogeneous of degree k. Two multivector fields v, v′ in Cn+1 present the same

multivector fields in Pn if and only if:

v − v′ = E ∧ u,

where E =
∑
i zi

∂
∂zi

is the Euler vector field and u ∈ H0(∧k−1TCn+1) is homogeneous of degree k − 1.
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Definition 4.1.4. Let ϕ : X → Y be a smooth map between smooth manifolds. We say that two multivector

fields ṽ ∈ Γ
(
∧pTX

)
and v ∈ Γ

(
∧pTX

)
are ϕ-related if and only if, for every point x ∈ X and for every

choice of covectors α1, . . . , αp ∈ T ∗
ϕ(x)Y , we have:

vf(x)
(
α1, . . . , αp

)
= ṽx

(
ϕ∗x(α1), . . . , ϕ

∗
x(αp)

)
.

In this case, we denote v = ϕ∗ṽ.

Lemma 4.1.5 ([31]). Let ϕ : X → Y be a smooth map between smooth manifolds. Let ṽ, w̃ be two multivector

fields on X and v, w be multivector fields on Y such that ϕ∗ṽ = v and ϕ∗w̃ = w, then we have the Schouten

bracket commutes with ϕ in the following way:

[v, w] = ϕ∗[ṽ, w̃]

By the above lemmas, every Poisson structure on Pn comes from a quadratic Poisson structure on Cn+1:

π =
∑

0≤i<j≤n

πij
∂

∂zi
∧ ∂

∂zj

where πij are homogeneous quadratics. Two Poisson structures π and π′ on Cn+1 descend to the same

Poisson structure on Pn if and only if a vector field Z such that

π − π′ = E ∧ Z,

where E =
∑0
i=1 zi

∂
∂zi

is the Euler vector field.

Example 4.1.6. Any bivector field of the form:

π =
∑

0≤i<j≤n

aijzizj
∂

∂zi
∧ ∂

∂zj

descends to a Poisson structure on Pn, called a diagonal Poisson structure.

4.2 Poisson Cohomology of Pn

Let (X,π) be a holomorphic Poisson manifold of dimension n. Recall that the Poisson cohomology H•
π(X) is

the cohomology group of the complex of sheaves

0→ OX
dπ−→ TX

dπ−→ · · · dπ−→ ∧iTX
dπ−→ · · · dπ−→ ∧nTX → 0

Lemma 4.2.1. [10] The Poisson cohomology of a holomorphic Poisson manifold (X,π) is isomorphic to the

total cohomology of the double complex
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· · · · · · · · ·
dπ

x dπ
x dπ

x
Ω0,0(X,T 2,0X)

∂̄−→ Ω0,1(X,T 2,0X)
∂̄−→ Ω0,2(X,T 2,0X)

∂̄−→ · · ·
dπ

x dπ
x dπ

x
Ω0,0(X,T 1,0X)

∂̄−→ Ω0,1(X,T 1,0X)
∂̄−→ Ω0,2(X,T 1,0X)

∂̄−→ · · ·
dπ

x dπ
x dπ

x
Ω0,0(X,T 0,0X)

∂̄−→ Ω0,1(X,T 0,0X)
∂̄−→ Ω0,2(X,T 0,0X)

∂̄−→ · · ·

where Ω0,i(X,T j,0X) = Γ(∧i(T ∗X)0,1 ⊗ ∧j(T 1,0X)).

Lemma 4.2.2. Let (X,π) be a holomorphic Poisson manifold. If all the higher cohomology groups

Hi(X,∧jTX) vanish for i > 0, then the Poisson cohomology H•
π(X) is isomorphic to the cohomology

of the complex

0→ H0(X,OX)
dπ−→ H0(X, TX)

dπ−→ · · · dπ−→ H0(X,∧nTX)→ 0 (4.2)

According to Bott formula and Serre duality, we can compute the following cohomology for projective

spaces.

Theorem 4.2.3. The Betti number for the multivector sheaf is given by:

hq
(
Pn, ∧kTPn

)
=


(
k + n+ 1

k

) (
n

k

)
, if q = 0, 0 ≤ k ≤ n,

0, otherwise.

To compute the Poisson cohomology of projective spaces, we observe that each vector space in the sequence

(4.2) is finite-dimensional. Therefore, it suffices to determine how the Poisson differential acts as a linear map

between these vector spaces.

Let π be a Poisson structure on Pn. There exist a quadratic Poisson structure π̃ such that π = p∗π̃. Define

Vk as the vector space of all homogeneous multivector fields of degree k in Cn+1. Let Wk = H0(Pn,∧kTPn).

According to Lemma 4.1.3, Wk
∼= Vk/(E ∧ Vk−1). We have the following commutative diagram:

Vk Vk+1

Wk
∼= Vk/(E ∧ Vk−1) Wk+1

∼= Vk+1/(E ∧ Vk),

dπ̃

dπ

For any positive integer k and multi-index I = (i1, · · · , ik) and J = (j1, · · · , jk), write

wkI,J = zi1 · · · zik
∂

∂zj1
∧ · · · ∧ ∂

∂zjk

Then Sk = {wkI,J | 0 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n, 0 ≤ j1 < j2 < · · · < jk ≤ n} is a basis of Vk. Write

π̃ =
∑

0≤i<j≤n

π̃ij
∂

∂zi
∧ ∂

∂zj
,

where π̃ij is a homogeneous quadratic. Write fI(z) = zi1 · · · zik . By direct computation, we have:
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dπ̃
(
wkI,J

)
= [π̃, fI(z) ∂J ]

=
[
π̃, fI

]
∧ ∂J + fI(z)

[
π̃, ∂J

]
=

n∑
a=0

n∑
b=0

π̃ab(z)
∂fI
∂zb

∂a ∧ ∂j1 ∧ · · · ∧ ∂jk

+

k∑
p=1

∑
a<b

(−1)p−1 zi1 · · · zik
∂π̃ab(z)

∂zjp
∂a ∧ ∂b ∧ ∂j1 ∧ · · · ∂̂jp · · · ∧ ∂jk .

With the basis, the Poisson differential dkπ̃ can be represented by a dimVk+1 × dimVk matrix involving

buvij . Then the rank of dkπ is given by:

rank dkπ = dim(Im(dkπ̃) + E ∧ Vk+1)− dim(E ∧ Vk+1)

Then the dimension of the holomorphic Poisson cohomology for π in Pn is given by

dimHk
π(Pn) = dimH0(Pn,∧kTPn)− rank dkπ − rank dk−1

π ,

which is computable by the code in Appendix A.

4.3 Applications

4.3.1 Poisson Cohomology of P2

A Poisson structure on P2 is given by a holomorphic bivector field π ∈ H0(P2,∧2TP2) ∼= H0(P2,OP2(3)).

Since the Schouten bracket [π, π] lies in H0(P2,∧2TP2) = 0, every holomorphic bivector is automatically

Poisson. Hence the Poisson structure on P2 is classified by the homogeneous polynomail of degree 3. Let

F (z0, z1, z2) =
∑

i+j+k=3

aijk z
i
0z

j
1 z

k
2 .

It determines a Poisson structure on P2 given by:

πF = p∗

(
∂F

∂z0

∂

∂z1
∧ ∂

∂z2
+

∂F

∂z1

∂

∂z2
∧ ∂

∂z0
+

∂F

∂z2

∂

∂z0
∧ ∂

∂z1

)
.

For the purpose of computation, we write:

F = a1z
3
0 + a2z

2
0z1 + a3z

2
0z2 + a4z0z

2
1 + a5z0z1z2 + a6z0z

2
2 + a7z

3
1 + a8z

2
1z2 + a9z1z

2
2 + a10z

3
2 ,

which gives the Poisson structure:

π̃ = p∗

((
3a1z

2
0 + 2a2z0z1 + 2a3z0z2 + a4z

2
1 + a5z1z2 + a6z

2
2

)
∂z1 ∧ ∂z2
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+
(
a2z

2
0 + 2a4z0z1 + a5z0z2 + 3a7z

2
1 + 2a8z1z2 + a9z

2
2

)
∂z2 ∧ ∂z0

+
(
a3z

2
0 + a5z0z1 + 2a6z0z2 + a8z

2
1 + 2a9z1z2 + 3a10z

2
2

)
∂z0 ∧ ∂z1

)
.

We can use our code to compute the Poisson cohomology for any Poisson structure on P2. The Poisson

cochain (4.2) on P2 is:

H0(P2,OP2) ∼= C
d0π=0−−−→ H0(P2, TP2)

d1π−→ H0(P2,∧2TP2)→ 0

We have the Poisson cohomology of π is given by:

dimHi
π(P2) =



1 i = 0,

8− rank(d1π) i = 1,

10− rank(d1π) i = 2,

0 i > 2.

The moduli space of Poisson structures on P2 is C10 with coordinates a1, · · · , a10. By the computation,

we find that d1π is of full rank in an open dense subset of C10. Therefore, we have the following proposition.

Proposition 4.3.1. For the generic Poisson structure on P2, we have the Poisson cohomology is given by:

dimHi
π(P2) =



1 i = 0,

0 i = 1,

2 i = 2,

0 i > 2.

We also compute Poisson cohomology for some specific Poisson structure on P2, which recovers the result

in [32].

Example 4.3.2. • For F (z0, z1, z2) = z30 , π = p∗

(
3 z20

∂
∂z1
∧ ∂
∂z2

)
, we have:

dimH1
π(P2) = 5, dimH2

π(P2) = 7.

• For F (z0, z1, z2) = z30 , π = p∗

(
2 z0z1

∂
∂z1
∧ ∂
∂z2
− z20 ∂

∂z0
∧ ∂
∂z2

)
, we have:

dimH1
π(P2) = 3, dimH2

π(P2) = 5.

• For F (z0, z1, z2) = z30 + z20z1 − 7z21z2, π = p∗

(
(2z0z1 + 3z20)

∂
∂z1
∧ ∂
∂z2

+ (−z20 + 14z1z2)
∂
∂z0
∧ ∂
∂z2

)
, we

have:

dimH1
π(P2) = 0, dimH2

π(P2) = 2.

40



4.3.2 Poisson Cohomology of P3

Theorem 4.3.3 ([31], [33]). Let π be a quadratic Poisson structure on Cn+1. Then π has a unique

decomposition

π = π0 + Z ∧ E,

where π0 is a unimodular Poisson structure and E is the Euler vector field.

Every Poisson structure on P3 comes from the quadratic Poisson structure on P3. The space of unimodular

Poisson structures on C4 has six irreducible components shown in the Table 4.1 (cf. [11], [12], [34]), which

also classified the Poisson structures on P3. Here we compute Poisson cohomology for some examples in P3.

Example 4.3.4. 1. For the Poisson structure π in E(3), the Poisson cohomology is:

dimHi
π(P3) =



1 i = 0,

1 i = 1,

0 i = 2,

4 i = 3,

0 i > 3.

2. Let π = 2x0x2
∂
∂z0
∧ ∂
∂z2
− 2x1x2

∂
∂z1
∧ ∂
∂z2

+ 2x1x3
∂
∂z1
∧ ∂
∂z3
− 2x0x3

∂
∂z0
∧ ∂
∂z3

in L(1,1,1,1).

The Poisson cohomology is:

dimHi
π(P3) =



1 i = 0,

3 i = 1,

9 i = 2,

11 i = 3,

0 i > 3.

3. For

π = −5x2x3
∂

∂x0
∧ ∂

∂x1
+ 4x1x2

∂

∂x0
∧ ∂

∂x2
+ x1x2

∂

∂x0
∧ ∂

∂x3

−x0x3
∂

∂x1
∧ ∂

∂x2
+ x0x2

∂

∂x1
∧ ∂

∂x3
− x0x1

∂

∂x2
∧ ∂

∂x3

in R(2,2), the Poisson cohomology is:

dimHi
π(P3) =



1 i = 0,

0 i = 1,

0 i = 2,

5 i = 3,

0 i > 3.
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Table 4.1: Normal forms for generic unimodular quadratic Poisson structures on C4

Type Poisson brackets Parameters

L(1,1,1,1)
{xi, xi+1} = (−1)i(ai+3 − ai+2)xixi+1,

{xi, xi+2} = (−1)i(ai+1 − ai+3)xixi+2,

i ∈ Z/4Z

a0 + a1 + a2 + a3 = 0

L(1,1,2)
{x0, x1} = 0, {x1, x2} = −c1x1x2,
{x0, x2} = c0x0x2, {x0, x3} = −c0x0x3,
{x1, x3} = c1x1x3,

{x2, x3} = (c0 − c1)(x20 + λx0x1 + x21 + x2x3

+ 2c0x
2
0 − 2c1x

2
1)

c0, c1, λ ∈ C

R(2,2)
{x0, x1} = (a3 − a2)x2x3, {x2, x1} = x0x3,

{x0, x2} = (a1 − a3)x2x1, {x3, x2} = x0x1,

{x0, x3} = (a2 − a1)x1x2, {x1, x3} = x0x2

a1 + a2 + a3 = 0

R(1,3)
{x3, xi} = 0,

{xi+1, xi} = νx2i+2 − λxi+1xi +

2∑
j=0

bijxjx3,

i ∈ Z/3Z

bij = bji,

i, j ∈ Z/3Z,
det(bij) = 1, λ ∈ C

S(2,3)
{xi, x3} = x2i + xi(bixi+1 + cixi−1) + dixi+1xi−1,

{xi, xj} = 0, i, j ∈ Z/3Z bi−1 + ci+1 + 2 = 0,

di ∈ C
i ∈ Z/3Z

E(3)
{x0, x1} = 5x20, {x1, x2} = x21 + 3x0x2,

{x0, x2} = 5x0x1, {x1, x3} = x1x2 + 7x0x3,

{x0, x3} = 5x0x2, {x2, x3} = 7x1x3 − 3x22

none
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[10] C. Laurent-Gengoux, M. Stiénon, and P. Xu, “Holomorphic poisson manifolds and holomorphic lie

algebroids,” International Mathematics Research Notices, vol. 2008, rnn088, 2008.

[11] F. Loray, J. V. Pereira, and F. Touzet, “Foliations with trivial canonical bundle on fano 3-folds,”

Mathematische Nachrichten, vol. 286, no. 8-9, pp. 921–940, 2013.

[12] D. Cerveau and A. L. Neto, “Irreducible components of the space of holomorphic foliations of degree

two in CPn, n ≥ 3,” Annals of mathematics, pp. 577–612, 1996.
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Université Paul Sabatier, Toulouse, 2000.

[28] A. W. Knapp and A. W. Knapp, Lie groups beyond an introduction. Springer, 1996, vol. 140.

[29] P. Heinzner and A. Huckleberry, “Analytic hilbert quotients,” Several complex variables (Berkeley, CA,

1995–1996), vol. 37, pp. 309–349, 1999.

[30] P. Heinzner, “Equivariant holomorphic extensions of real analytic manifolds,” Bulletin de la Société
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Appendix A

Code for Computing Poisson

Cohomology

import itertools

import sympy as sp

import math

from sympy import expand

def wedge_permutation_sign(from_list, to_list):

"""

Both lists have the same length, same distinct entries.

Returns +1 or -1 depending on parity of the permutation sending

from_list -> to_list.

"""

perm = []

used = [False]*len(from_list)

for val in to_list:

for j, w in enumerate(from_list):

if (not used[j]) and (w == val):

perm.append(j)

used[j] = True

break

inversions = 0

for i in range(len(perm)):

for j in range(i+1, len(perm)):

if perm[i] > perm[j]:

inversions += 1

return 1 if (inversions % 2 == 0) else -1

# Get exponents (multi-indices)

def get_multi_index(expr, var_list):

powers = expr.as_powers_dict()
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index_list = []

for i, var in enumerate(var_list):

exp = powers.get(var, 0)

index_list.extend([i] * exp)

return tuple(index_list)

def compute_poisson_differential(n: int, b_dict: dict, k: int = 1) -> sp.Matrix:

Z = sp.symbols(f'z0:{n+1}')

# pi^{ab}(z)

pi = [[0]*(n+1) for _ in range(n+1)]

for (p,q), uv in b_dict.items():

poly = sum(c*Z[u]*Z[v] for (u,v), c in uv)

pi[p][q] = poly

pi[q][p] = -poly

# bases

ms = lambda r: itertools.combinations_with_replacement(range(n+1), r)

inc = lambda r: itertools.combinations(range(n+1), r)

S_k = [(I,J) for I in ms(k) for J in inc(k)]

S_k1 = [(I,J) for I in ms(k+1) for J in inc(k+1)]

row = {key:i for i,key in enumerate(S_k1)}

M = sp.zeros(len(S_k1), len(S_k))

for col,(I,J) in enumerate(S_k):

f = sp.prod(Z[i] for i in I)

#for a,b in b_dict.keys():

for a in range(n+1):

for b in range(n+1):

polyno = pi[a][b] * sp.diff(f, Z[b])

if (a not in J) and polyno:

monomials = expand(polyno).as_ordered_terms()

for term in monomials:

coeff, _ = term.as_coeff_mul()

new_I = get_multi_index(term, Z)

new_J_unsorted = (a,) + J

new_J = tuple(sorted(new_J_unsorted))

sign = wedge_permutation_sign(new_J_unsorted, new_J)

M[row[(new_I,new_J)], col] += sign*coeff

for p in range(k):

#for a,b in b_dict.keys():

for a in range(n+1):

for b in range(a+1, n+1):

polyno = f * sp.diff(pi[a][b], Z[J[p]])
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if a < b and polyno:

monomials = expand(polyno).as_ordered_terms()

for term in monomials:

coeff, _ = term.as_coeff_mul()

new_I = get_multi_index(term, Z)

J_rest = J[:p] + J[p+1:]

if (a in J_rest) or (b in J_rest):

continue

new_J_unsorted = (a,b) + J_rest

new_J = tuple(sorted(new_J_unsorted))

sign = -1 * ((-1)**p) * wedge_permutation_sign(new_J_unsorted, new_J)

M[row[(new_I,new_J)], col] += sign*coeff

return M

def compute_gE_matrix(n: int, k: int):

ms = lambda r: list(itertools.combinations_with_replacement(range(n+1), r))

inc = lambda r: list(itertools.combinations(range(n+1), r))

S_k = [(I, J) for I in ms(k) for J in inc(k)]

S_k1 = [(I, J) for I in ms(k+1) for J in inc(k+1)]

row = {key: r for r, key in enumerate(S_k1)}

M = sp.zeros(len(S_k1), len(S_k))

for col, (I, J) in enumerate(S_k):

I = list(I); J = list(J)

for r in range(n + 1):

if r in J: # partial_r already present -> wedge vanishes

continue

# monomial part

I_prime = tuple(sorted(I + [r]))

# sign = (-1)^{#(j in J with j < r)}

#sign = -1 if sum(j < r for j in J) % 2 else 1

sign = wedge_permutation_sign([r] + J, sorted([r] + J))

# wedge index part

J_prime = tuple(sorted([r] + J))

M[row[(I_prime, J_prime)], col] += sign

return M

def Poisson_differential_proj(n, b_dict, k):

"""

Compute dim(image(d_pi^k) + image(g_E^k)) - dim(image(g_E^k)).

"""

if k <=0 or k >= n:
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return 0

# Compute full matrices

M_d = compute_poisson_differential(n, b_dict, k)

M_g = compute_gE_matrix(n, k)

# Concatenate column-wise: [M_d | M_g]

M_concat = M_d.row_join(M_g)

# Compute ranks

rank_concat = M_concat.rank()

rank_g = M_g.rank()

return rank_concat - rank_g

def Poisson_cohomology(n, b_dict, k):

"""

Compute the Poisson cohomology H^k of P^n .

The input is the dimension n and a dictionary b_dict that contains

the Poisson bivector coefficients in the form:

b_dict = {(p,q): [(u,v, c), ...]} where c is the coefficient of

the monomial z_u * z_v in the Poisson bivector pi^{pq}.

The output is the dimension of the Poisson cohomology H^k(P^n).

"""

if k > n or k < 0:

return 0

# First term: binomial product

term1 = math.comb(n + 1 + k, k) * math.comb(n, k)

# rank(d_pi^k)

rank_k = Poisson_differential_proj(n, b_dict, k)

# rank(d_pi^(k-1))

rank_prev = Poisson_differential_proj(n, b_dict, k - 1)

return term1 - rank_k - rank_prev

49


	Background
	Lie Algebroids and Lie Groupoids
	Integrability of Algebroids
	Source Simply Connected Integration
	Cranic-Fernandes Criterion
	Holomorphic Lie Algebroid

	Poisson Manifolds

	Linearization of Groupoids
	Linear Model of Groupoids
	Riemannian Submersions
	Quasi-action on Groupoids
	Analytic Haar Density
	Analytic Metric on Groupoids

	Complexification of Algebroids and Groupoids
	Complexification of Manifolds
	Complexification of Analytic Algebroids
	Integration of the Complexification
	Complexification of Source Proper Groupoids

	Poisson Cohomology of Projective Spaces
	Poisson Structure on Projective Spaces
	Poisson Cohomology of ¶n
	Applications
	Poisson Cohomology of P2
	Poisson Cohomology of ¶3


	References
	Code for Computing Poisson Cohomology

