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Abstract. Starting from a conformal symmetry, higher-order Poisson tensers, deformation
relations and master symmetries for the Toda lattice are obtained. A hierarchy of time-dependent
symmetries is also constructed. Using reduction, deformation relations previously known to hold
up to & certain equivalence refation are shown to be exact.

Introduction .
In Damianou (1990), master symmetries and deformation relations for the Toda lattice were
constructed, and its connection with the R-matrix approach given. On the other hand, a
well known theorem of Oevel (1987) (see also theorem 2.1) relates master symmetries
to a conformal symmetry of the system, when a recursion operator is available. In this
paper we relate the two approaches using a recursion operator and reduction. In particular,
deformation relations previously known to hold up to a certain equivalence relation -are
shown to be exact. . ) ) _

Our approach consists in working in physical variables and then reducing to Flaschka’s
variables. Although the recursion operator itself cannot be reduced (this is also observed
in Morosi and Tandi- (1990)), the deformation relations and master symmetries do reduce.

. One advantage of this approach is that it immediately yields a hierarchy of time-dependent
symmetries of the Toda lattice. These symmetries also appear in Damianou (1993).

1. Master symmetries for differential equations
‘We recall some basic facts of the theory of master symmetries for differential equations.
More details can be found in Fuchssteiner (1983). Consider a differential equation on a
manifold M: -

= X({). (1.1)
As usual, a vector ﬁeld Y is a symmetry of (1.1} if

[¥, X] =0. , (1.2)
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More generally, a family ¥ = Y (x, t) of vector fields depending smoothly on ¢ is a time-
dependent symmetry of (1.1} if

%—I—[Y, X] =0 (1.3)

We should view ¥ as a time-dependent vector field.
We can generalize (1.2} as follows. A vector field Z is called a_generator of degree n if

I[...[Z, X],..., X], X]} = 0.

If Z is a generator of degree n then the time-dependent vector field
n rk
Yz =explad X)Z = ; E[[' ..[Z,X],..] X1, X1] (1.4)

satisfies (1.3), and so is a time-dependent symmetry of (1.1). Thus, ¢ time-dependent
symmetries which are polynomial in ¢ are in 1:1 correspondence with generators of degree
n.

Generators satisfy the following properties:

(i) if Z is a generator of degree n, then [Z, X] is a generator of degree n — 1;

(i) if Z, and Z» afe generators of degree ny and ma, then [Z, Z»] is a generator of
degree ny 4-nz — 1;

(iii) a symmetry is a generator of degree Q.

In particular we see that the set of all generators form a Lie subalgebra of the algebra
of all vector fields A'(M). We shall call a generator of degree | a master symmetry. Thus
the condition for Z to be a master symmetry is

[z, X1, Xx]=0 and [Z, X]#0.

Proposition 1.1,  Let Z be a master symmetry. Then
() [Z, X1 is an ordinary symmetry;
(i) [Z,[Z, X]] is an ordinary symmetry;

Progf. It is obvious from the definitions and the Jacobi identity. U

In general, given a master symmetry all we get is the two symmetries given in the
proposition. Under an additional assumption we can generate further symmetries as follows.

Proposition 1.2. Suppose Y is a symmetry of (1.1) which commutes with every other
symmetry, and let Z be a master symmetry. Then [Z, ¥] is also a symmetry.

Proof. Use the Jacobi identity again. [l
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2. Master symmetries and hi-Hamiltonian systems.

On a manifold M on which the first cohomology vanishes, we consider a bi-Hamiltonian
vector field

X; = JydHy = JodHy 2.1

where J; are compatible Poisson tensors, and H; are the Hamiltonian functions. We assume
that Jy is symplectic, so we can define the recursion operator

N = JJ5l. , 2.2)

Recall that N is a tensor of type (1,1} with vanishing Nijenhuis torsion. There is a whole
hierarchy of higher-order flows associated with the vector fields

X; = NTX i=1,2,.... . (2.3)
If we introduce the h@gher—prder Poisson ten‘sprs
J,=N'Jy i=1,2,... - (24)
and define the Hamiltonians {F;} by | _
= (N*Y'dHp i=1,2,...

where N* denotes the adjoint of N, then the hlgher-order tlows have the mu1t1 Hamiltonian
formulation

Xip; = JidH;. (2.5)

Magri’s (1978) theorem states that the flows (2.3) all commute with each other, and the
functions {H;} form a sequence of first integrals of each flow, in involution with respect to
both Poisson brackets. ) )

For a bi-Hamiltonian system master symmetries can be obtained from the following
result due to Oevel (1987):

Theorem 2.1. . Supbose that Z, is a conformal symmetry for both Jp, J; and Hy, ie. for
. some scalars «, 8, and ¥ we have

Lz, Jo=aly Lz, 1 =80 . Lz Hy=yHy.
Then the vector fields
Z; =N'Z
satisfy
O 1Z,.X]l=B+y+ T —D{B—a)Xiy;
(i) [Zi, Zj]=(B—a)j—D)Zisj
(i) Lz J; =B+ —i—1}B—a)li;.
The set of first integrals {H;} can be obtained from the formula
(v) WdH, Z)=@+(0+ j)(ﬁ — W)} Hiy .

A proof of this result can be found in Oevel (1987) Using the methods of section 1
we immediately obtain
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Corollary 2.2, Under the hypothesis of the theorem, for each integer / = 1,2,..., the
vector fields

are time-dependent symmetries of the ith-order flow.

Proof. Each Z;, j = 1,2,..., is a master symmetry. Using (1.4) and relation (i) of
theorem 2.1 we compute

Yz) = Zj +1[Z;, Xil = Z; + 1B + v + (i — D(B — @)} Xis;. a

3. The Toda lattice
We consider the finite, non-periodic, Toda lattice, i.e. a system of particles on the line

under exponential interaction with nearby particles. It has the following bi-Hamiltonian
formulation:

P S
0 i 8q" Bpi
ZZ 2(&? _qH-l)

i=1 apt-i-l

n n 2 n—1
i I oi+1
HD=§. l:pf HI=§£ !:-:;:—4-2 l:ezfq ),
= = =

Note that Jg is symplectic. The recursion operator is then

n—1
d
N= § p:———@dq +222@’f-‘1"“)(a

i=1 Pi

9 3
Pi— o 3 [ d I8 2
+ 5 E (3 [ qu®dp;)+f§=1p 55 6P (3.2)

:<J

3p1 gplaq, > "Zaq: qi @.D)

. ? ,
dg — — ® dg'*!
o' - o9

We will now show that the vector field

Zo= Z"“‘z‘ Zp[ (33)

i=1l i=]

is a conformal symmetry for both Jy, J1 and Hy, so we will be able to apply theorem 2.1
and its corollary.
In fact, we compute

n

Lzdo=

i,j=I

—

+1-2;8 a3 @ x 3 3 3
2 dg/ " d¢*  Ipl 5 dp; dg*  Opy

3 8
=0-3 s Ag-=—h
2 3g " dp; ¢

uMz
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Next observe that Zp is a Hamiltonjan vector ﬁeld with respect to J; for the Hamiltonian
I=Y,4" sowe have .

Lz, i =0. -

Finally, a simple computation shows that Lz Hy = Hy. Therefore theorem 2.1 holds with
o=—1,8=0,y = 1. It follows that the higher-order Poisson tensors for the Toda lattice
satisfy the deformation relations:

Lz 0y = —i— DJiyy _ o (G4

Lz Hy = (i+j+ DHy; ) (35)
where Z; = N'Z, satisfy

(Zi. Zj) = (f — i} Ziy;- _ (3.6

If we denote by X; the Hamiltonian vector field generated by H;, with respcct to Jy, we
also have

[Z:, X1 = jXit; (3.7
and from the cdrollary we obtain the time-dependent symmetries 7
Yz, =Z;+itXin; - j=L2.... : (3.8)

Another multi-Hamiltoniar formulation is known for Toda lattice in terms of the
Flaschka’s variables. Recall that the Flaschka transformation is the map 7 : R% — R2*-1
defined by -

(91,---aqn;Pl;---,Pn)""(als---,an—l,bl,--wbn)

where a; = e@ ") p. = p,. The Poisson tensors Jp and J; reduce to R¥~!, This can be
checked directly by setting -

] d
Jy = - -
° Z“’ (aat Bay abf+:)

n—1
. 3 8 3 a
Ji = by — A —— — ab;
! ;(“‘ e b % ablﬂ)
3 31 3 3
2 i, — 3.9
+Z a ab,+: ab +Z 2 Sy 8ai41 Aaaf G2

and observing that the projection 7 : (R%*, J,) = (R?*~L, ;) is a Poisson morphism.
The bi-Hamiltonian formulation for the Toda lattice in Flaschka’s variables is exactly
the one defined by the Poisson tensors (3.9) and the reduced Hamiltonians

ﬁoﬂzn:bi H1 i%"i—zaiz.
T i=l
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There is, however, a big difference between the original bi-Hamiltonian formulation and the
reduced bi-Hamiltonian formulation. The Poisson structures J and J; are. not symplectic,
and so there is no obvious recursion operator. In fact, the recursion operator N given by
(3.2) cannot be reduced. This is most easily seen using the notion of projectable vector
field. Recall that a vector field Z is projectable if for every vector field Y tangent to the
fibres = (x), the vector field Ly Z is also tangent to the fibres. If that is the case, the vector
field Z can be reduced to a vector field Z given by Z(z(x)) =dm(x) - Z(x). Conversely,
any vector field on the reduced space is the image by 7 of a projectable vector field.

Now we claim that NN does not map projectable vector fields to projectable vector fields,
as is necessary for the reduction to work. To prove this we note that the fibres are the lines
in R* parallel to the vector (1,....1,0,...,0), so a vector field Z is projectable if for
every function f € C™(M) there exists a function g € C*{M) such that

3 d
21 S|~ T e
For example, the vector field /34 is projectable but

3 3 2( 1-—1_‘;1) 2( _, :-i-l) a
3g' _p‘ar — 2% api-t 267 apiti

is not projectable. We conclude that no recursion operator exists relating the two reduced
Poisson tensors.

In spite of the fact that there is no recursion operator for the reduced Toda lamcc
higher-order Poisson structures are known, and they satisfy certain deformation relations
[1]. This can be explained by the following result.

Theorem 3.1I. The vector fields Z; = NiZ; i = 0,1,2,..., are projectable. The
corresponding reduced vector fields satisfy

(Z:i, Z)) = (G — D) Ziyj- (3.10)

In particular, the higher-order Poisson tensors can be reduced to Poisson tensors J;, satisfying
the deformation relations

LzJy=(j — i — DJisj. (3.11)
There are also reduced Hamiltonians {;} and reduced higher-order flows X; satisfying

Ly H;=G+j+1)Huy (3.12)

[Z:'a}?j] =J'3~(:+j- (3.13)

Proof. All we have to prove is that the vector fields Z; are projectable, so that all the
hierarchy can be reduced. The rest of the proposition follows from relations (3.4)—{3.7).
‘We compute

] } A gty [ O ; 8 :
Ny — | = N 2 —e™) (—— ® dg't! — ® dq’)
[ ; ag’ Z ap: apit

_ zz(q"—q)( ®dsi — — ®d f"’):{).
; Pt 1 q 3P: g
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Therefo;'c, for any f € C®({M), we find
; g
[N‘zo, fZa—q,.] = (N‘zu)(f)Z— - f[N'zo, Za—f’l—]
_gz__ __thl:ZO Zi:| =gZ,..a_
—~ 3q' ~ dq*

sothe Z; = N'Zy, i =0,1,2,..., are projectable. ’ O

The deformation relations (3.11) were known to hold up to a certain equivalence relation
Damianou (1990}, Our proof shows that they are, in fact, exact. We note that the master
symmetries {Z;}, for i > 2, are different from the master symmetries given in Damianou
(1990). However, for i = 1 they differ by a multiple of the Hamiltonian vector field X,
and so the higher order reduced Poisson tensors (3.11). coincide with the ones given in
Dadmianou (1990).

It follows, exactly as in corollary 2.2. that we have a hierarchy of reduced time-
dependent symmetries: '

Corollary 3.2. For each integer [ =1, 2, ..., the vector fields
YzJEZf-{-itii.;,.jr— i=12...

are time-dependent symmetries of the z‘rth-order Toda flow.

We have learned during the preparation of this manuscript that corollary 3.2 had also
been obtained in Damianou (1993), although by different methods.
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